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PEEFACE. 


This  work  contains  all  tlia  propositions  vhich  are  tuuiUl; 
included  in  elementary  treatises  on  algebra,  and  a  large  nnmber 
of  examples  for  ezercise. 

My  chief  object  has  been  to  render  the  work  easily  intelligible. 
Students  should  be  encouraged  to  examine  carefully  the  language 
of  the  book  they  are  using,  so  that  they  may  ascertain  it«  meaning 
or  be  able  to  point  out  exactly  where  their  difficulties  arise.  The 
language,  therefore,  ought  to  be  simple  and  precise ;  and  it  is 
essential  Uiat  apparent  conciseness  should  not  be  gained  at  the 
expense  of  clearness. 

In  attempting,  however,  to  render  the  work  easily  intelligible, 
I  tmst  I  have  neither  impaired  the  accuracy  of  the  demonstrations 
nor  contracted  the  limits  of  the  subject ;  on  the  wmtrary,  I  think 
it  will  be  found  that  in  both  these  respects  I  have  advanced 
beyond  the  line  traced  out  by  previous  elementary  writers. 

The  present  treatise  is  divided  into  a  large  number  of  chapters, 
each  chapter  being,  as  fiir  as  possible,  complete  in  itself.  Thus 
the  student  is  not  perpleKed  by  attempting  to  master  too  much 
at  once  ;  and  if  he  should  not  succeed  in  fully  comprehending 
any  chapter,  he  will  not  be  precluded  from  going  on  to  the  next, 
reserving  the  difficulties  for  future  consideration  :  the  latter  point 
is  of  especial  importance  to  those  students  who  are  without  the 
aid  of  a  teacher. 
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The  order  of  succesdon  of  tLe  several  cli&ptera  is  to  some 
extent  arbitnuy,  because  the  poBition  which  any  one  of  them 
Bhould  occupy  must  depend  partly  upon  its  difficulty  and  partly 
upon  itfi  importance.  But,  since  each  chapter  is  nearly  independ- 
ent, it  will  be  in  the  power  of  the  teacher  to  abandon  the  order 
laid  down  in  the  book  and  to  adopt  another  at  his  discretion. 

The  examples  have  been  selected  with  a  viev  to  illustrate 
every  part  of  the  subject,  and,  pa  tbf  Jtumber  of  them  is  more 
tiian  two  thousand,  I  trust  they  will  supply  ample  exercise 
for  the  student.  Complicated  and  difficult  problems  have  been 
excluded,  because  they  oonsume  time  and  enei^  which  may  be 
spent  more  profitably  on  other  branches  of  mathematics.  Each 
set  of  examples  baa  been  carefully  arranged,  commencing  with 
some  which  are  very  simple  and  proceeding  gradually  to  othem 
which  are  less  obvious;  those  sets  which  are  entitled  Atigeella/neous 
Sxam^ea,  together  with  a  few  in  each  of  the  other  sets,  may 
be  omitted  by  the  stadent  who  ia  reading  the  subject  for  the  first 
time.  The  auswera  to  the  examples,  with  hints  for  the  solution 
nf  some  in  which  assistance  may  be  needed,  are  given  at  the  ^id 
of  the  book. 

I  will  now  give  some  account  of  the  souTcos  from  which  the 
present  treatise  has  been  derived. 

Dr  Wood's  Algebra  has  been  so  long  current  that  it  has 
become  public  property,  and  it  is  so  well  known  to  teachers  that 
an  elementary  writer  would  naturally  desire  to  make  use  of  it 
to  some  extent.  The  first  edition  of  that  work  appeared  in  1795, 
and  the  tentJi  in  1835 ;  the  tenth  edition  was  the  last  issued 
in  Dr  Wood's  life-time.  The  chapters  on  Surds,  Batio,  and 
Proportion,  in  my  Algebra  are  almost  entirely  taken  from  Dr 
Wood's  Algebra.  I  have  also  fi«queatly  used  Dr  Wood's  e^- 
ain^les  either  in  my  t«xt  or  in  my  collections  of  extunples. 
Moreover,  in  the  statement  of  rules  in  the  elem^itaty  part  of 
my  book  I  bave  often  followed  Dr  Wood,  as,  fbr  example,  in  the 
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Bole  for  Long  Division ;  the  statomeut  of  such  rolea  miut  be 
almost  identicEtl  in  all  worka  on  Algebra.  I  Bhonid  have  been 
glad  to  have  had  the  advantage  of  Dr  Wood'a  authority  to  a 
greater  extent,  but  the  requirements  of  the  present  state  of 
mathematical  instruction  rendered  this  impoasible.  The  tenth 
edition  of  Dr  Wood's  Algebra  contains  lees  than  half  the  matter 
of  the  present  work,  and  half  of  it  is  devoted  to  subjects  which 
are  now  usually  studied  in  distinct  treatises,  namely,  Arithmetic, 
the  Theory  of  Eqimtions,  the  application  of  Algebra  to  Geometry, 
and  portions  of  the  Summation  of  Series ;  the  larger  part  of  the 
remainder,  from  its  brevity  and  incompleteness,  is  now  unsuitable 
to  the  wanto  of  students.  Thus,  on  the  whole,  a  very  small 
number  of  pages  comprises  all  that  I  have  been  able  to  retain  of 
©r  Wood's  Algebra. 

For  additional  matter  I  have  chiefly  had  recourse  to  the 
Treatise  on  Arithmetic  and  Algebra  in  the  Library  of  Useful 
Knowledge,  and  the  works  of  Bourdon,  Lefebure  de  Fourcy, 
Mayer  and  Choquet,  and  Schliimilch ;  I  have  also  studied  with 
great  advantage  the  A^bra  of  Professor  De  Morgan  (md  other 
woiis  of  the  same  author  which  bear  upon  the  subject  of  Algebra. 
I  have  also  occasionally  consulted  the  edition  of  Wood's 
Algebra  pubHahed  by  Mr  Lund  in  1841,  Hind's  Algebra,  1841, 
Colenso's  Algebra,  1849,  and  Goodwin's  Elementary  Course  of 
Mathematics,  1853. 

Although  I  hare  not  hesitated  to  use  the  materials  which  were 
available  in  preceding  authors,  yet  much  of  the  present  work  is 
peculi&r  to  it ;  and  I  believe  it  will  be  found  that  my  Algebra 
contains  more  that  is  new  to  elementary  works,  and  more  that  is 
origin^  than  any  of  the  popular  Bnglish  works  of  similar  plan. 
Originality  however  in  an  elementary  work  is  rarely  an  advan- 
tage ;  and  in  publishing  the  first  edition  of  my  Algebra  I  felt 
BOzne  apprehension  that  I  had  deviated  too  far  from  the  ordinary 
methods.     I  have  had  great  satisfaction  in  receiving  from  eminent 
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teachers  favourable  opiniDna  of  the  work  generally  and  aleo  of  tLuie 
parts  which  are  peculiar  to  it. 

The  present  edition  has  been  carefully  revised,  and  two  new 
chapters  have  been  added.  Three  hundred  misceUaneoua  examples 
have  abo  been  supplied ;  theee  are  arranged  in  sets,  each  set  con- 
taining ten  esamplea;  the  first  hundred  relate  to  the  first  twenty 
chapters  of  the  book,  the  second  hundred  extend  to  the  end  of  the 
fortieth  chapter,  and  the  last  hundred  relatfi  to  the  whole  book. 

I  have  to  return  my  thanks  to  many  able  mathetnaticiana  who 
have  fevoured  me  with  suggestions  which  have  been  of  service  to 
me ;  the  improvements  which  have  been  effected  in  the  work  will, 
I  trust,  render  it  still  more  useful  in  education,  and  still  more 
worthy  of  Uie  approbation  which  it  has  received. 

I  have  drawn  up  a  treatise  on  the  Theory  o/  Equations  to  form 
a  sequel  to  the  Algebra;  and  the  student  is  referred  to  that 
treatise  as  a  suitable  continuation  of  the  present  work. 
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I.      DEFINITIONS  AND  EXPLANATIOITS  OP  SIGNS. 

1.  Tbb  method  of  reasoning  about  numbers,  by  means  of 
letters  which  are  employed  to  represent  tbe  numbers,  and  sigiiiS 
which  are  employed  to  represent  their  rdations,  is  called  Mfftbra. 

2.  !LetteT3  of  the  alphabet  are  used  to  represent  numbers, 
which  xnaj  be  either  knouM  numbers,  or  numbers  which  have  to 
be  found  and  which  are  therefore  called  ttnknoion  numben.  It  is 
uBusl  to  represent  hunon  numbers  hj  the  firat  letters  of  the 
alphabet,  as  a,  (,  <!,  and  un-btoum  numbers  by  the  last  letters, 
SB  X,  y,  z;  this  is  not  however  a  necessary  rule,  and  so  need  not 
be  strictly  obeyed, 

Numbers  may  be  either  whole  or  fractional.  The  word  qttan- 
tiiy  is  frequently  used  as  synonymous  with  nwnAer.  The  word 
ijtleger  is  often  used  instead  of  whole  number. 

3.  The  sign  +  signifies  that  the  number  to  which  it  is  prefixed 
is  to  be  added.  Thus  a  +  b  signifies  that  the  number  represented 
by  £  is  to  be  added  to  the  number  represented  by  a.  If  a  repre- 
sent 9,  and  b  represent  3,  th^t  a  +  b  represents  12.  The  sigQ  +  la 
called  tJie  plug  tiffn,  and  a  +  6  is  read  thus  "  a  pliia  b." 

Similarly  a  +  &  +  e  signifies  that  we  are  to  add  &  to  a,  and  then 
add  c  to  the  result. 

4.  The  sign— signifies  that  the  number  to  which  it  is  prefixed 
is  to  be  whtraeted.  Thus  a~b  signifies  that  the  number  repre- 
sented by  &  is  to  be  subtracted  from  the  number  represented  by  a. 
If  a  represent  9,  and  b  represent  3,  then  a-b  represents  6.  The 
sign  —  is  called  the  minus  ngn,  and  a  —  bia  read  thus  "  a  mirvu*  b.' 
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2  DEFINITIOHS  AND  EXPLAKATIOHS  OF  BIQNS. 

Similarly  a~b  —  c  dgnifes  that  we  are  to  subtract  b  from  a, 
and  then  subtract  c  from  the  result ;  a  +  b  —  c  sigmfies  that  we  are 
to  add  (too,  and  then  subtract  c  from  the  result ;  a  —  b  +  e  sigui- 
fiee  that  we  are  to  subtract  6  from  a  and  then  add  e  to  the  result. 

B.  !nie  sign  x  Bigni£eB  that  the  numbers  between  which  it 
stands  are  to  be  multiplied  together.  Thus  axb  signifies  that  the 
number  represented  by  a  is  to  be  multiplied  hj  the  number  repre- 
sented by  6.  If  a  represent  9,  and  6  represent  3,  then  a  x  6  repre- 
sents 27.  The  sign  x  is  called  the  aiffn  of  TnulUplication,  and  axb 
is  read  thus  "  a  itUo  b."  Similarly  axb  xe  denotes  the  product  of 
the  numbo^  represented  by  a,  (  and  c. 

It  should  be  observed  that  tlie  sign  of  multiplication  is  often 
omitted  for  the  sake  of  brevity ;  thus  ab  is  used  instead  of  a  x  (, 
and  has  the  same  meaning  ;  bo  abe  is  used  for  a  x  5  x  c.  Sometimes 
.  a  point  is  used  instead  of  the  sign  x  ;  thus  a.b  is  used  for  axb 
or  ab.  But  the  point  is  here  superfluous,  because,  as  we  have 
said,  ab  is  used  instead  of  a  x  6.  Kor  is  the  point,  nor  the  sign  x, 
necessary  between  a  number  expressed  in  the  ordinaiy  way  by  a 
figure  and  a  number  represented  by  a  letter ;  so  that,  for  example, 
3a  is  used  instead  of  3  x  a,  and  has  the  same  meaning. 

The  sign  of  multiplication  must  not  be  omitted  when  numbers 
are  expressed  by  figures  in  the  ordinary  way.  Thus  45  cannot  be 
used  to  express  the  product  of  4  and  5,  because  a  different  mean- 
ing has  already  been  appropriated  to  45,  namely  ffyrly-f/oe.  We 
must  therefore  express  the  product  of  4  and  5  thus  4x5,  or  thus 
4.5.  To  prevent  any  confusion  between  the  point  thus  used  as  a 
sign  of  multiplication  and  the  point  as  used  in  the  notation  for 
decimal  fractions,  it  is  advisable  to  write  the  latter  higher  up ; 
thus  4'6  may  be  kept  to  denote  4  +-^. 

6.  The  sign  ■¥  signifies  that  the  number  which  precedes  it 
is  to  be  divided  by  the  number  which  follows  it.  Thus  a-i-b  sig- 
nifies that  the  number  represented  by  a  is  to  be  divided  by  the 
number  represented  by  b.  If  a  represent  9,  and  b  represent  3, 
then  a  -?■  6  represents  3.  The  sign  -^  is  called  the  sign  of  diviaion, 
and  a  -r  (  is  read  thus  "  a  6y  b."     There  is  also   another  way  of 
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denoting  that  one  nomber  is  to  be  divided  hj  another ;  the  divi- 
dend is  placed  over  the  divisor  wil^ 
ie  osed  instead  oia-i-h  and  has  the  same  meaning. 

7.  The  sign  =  Hignifiea  that  Hie  numbers  between  which  it  is 
plaoed  are  eqiud.  Thus  a  -  6  signifies  that  the  number  repre- 
sented by  a  is  equal  to  the  nomber  represented  by  B,  that  is,  a  and 
b  represent  the  same  nnmbei'.  The  sign  =  is  called  the  lign  t^ 
equalitg,  and  a  =  5  is  read  thus  "  a  equalt  b  "  or  "  a  u  equal  to  b." 

8.  The  difference  of  two  numbers  is  sometimes  denoted  1^ 
the  sign  ~ ;  thus  a~b  denotes  &e  difference  of  the  nnmbers 
denoted  by  a  and  h,  and  is  equal  to  a—h  or  to  b  —  a,  according 
as  a  is  greater  than  b  or  less  than  b. 

9.  The  sign  >  denotes  greater  than,  and  the  sign  <  denotes  Ut» 
than;  thus  a->h  denotes  that  the  number  represented  by  a  is 
greater  than  the  number  represraited  by  h,  and  &<  a  denotes  tbat 
the  number  represented  by  6  is  less  &an  the  number  represented 
by  a.  Thus  in  both  mgns  the  opening  of  the  angle  is  turned 
towards  the  greater  number. 

10.  The  sign  .'.  denotes  then  or  ihertfore;  the  sign  *.'  d^iotes 
nnce  or  beeaase. 

11.  When  several  numbers  ore  to  be  taken  collectively  they 
are  enclosed  by  brackeU.  Thus  (a  —  &  +  c)  x  (cf  +  e)  aignifiea  that 
the  number  represented  by  a— 6  +  e  is  to  be  multiplied  by  the 
number  represented  by  if  +  e.  This  may  also  be  written  thus 
(a  -  (  +  e)  ((2  +  e).  The  use  of  the  brackets  will  be  seen  by  com- 
paring what  we  have  just  given  with  (o  —  J  +  c)  d  +  « ;  the  latter 
denotes  that  the  number  represented  bya-i  +  cistobe  mul- 
tiplied by  d.  and  then  e  b  to  be  added  to  the  product. 

Sometimes  instead  of  using  brackets  a  line  called  a  vtncwJwn 
is  drawn  over  the  numbers  which  are  to  be  taken  collectivdy. 
Thus  a  —  b  +  c  X  d+e  is  used  with  the  same  meaning  as 
(a-J  +  c)x(d  +  <). 

12.  Tba  letters  of  the  alphabet,  and  Ihe  signs  or  marks  whidi 
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we  have  already  introduced  and  explained,  togeUier  witt  thoae 
vhich  may  occur  hereafter,  are  called  algebraical  tt/mboU,  dnce 
they  are  n»ed  to  reprMtnt  the  thicga  about  which  we  may  be 
reaaonirtg.  Any  collection  of  algebraical  symbols  is  called  an 
algebraical  exprestion,  or  briefly,  an  exprewton,  or  a /ormnda.  An 
algebraical  expression  is  sometimes  called  an  algebraical  quantity, 
or  briefly,  a  quantity, 

13.  Those  parts  of  an  expresfflon  wMrfi  a«  connected  by  the 
B^ns  +  or  —  are  called  its  temu.  When  an  ezpre^on  consiBta  of 
two  terms  it  is  called  a  binomial  expretaion ;  when  it  consists  of 
three  terms  it  is  called  a  trinomial  ex^reaaion;  any  expression 
consisting  of  several  terms  may  be  called  a  muUinom,ial  exjMtaeion 
or  a  polynotmeU  expreeeion.  When  an  expression  does  not  contain 
parte  connected  by  the  sign  -(•  or  the  sign  —  it  may  be  called  a 
simple  expression,  or  it  may  be  said  to  contain  only  wie  term. 

Thus  abc  is  a  simple  expression  ;  ofic  +  sc  is  a  binomial  eirpres- 
tion,  of  which  abc  is  one  term,  and  x  is  the  other;  ab  +  ac—bc  is 
a  trinomial  ea^esaion,  of  which  aib,  ac,  and  be  are  the  term*. 

14.  When  one  number  consists  of  the  product  of  two  or  more 
numbers,  each  of  the  Utter  is  called  a /actor  of  the  product.  Thus 
a,  b  and  c  axtfactore  oi  i^ts  prodtict  abc. 

15.  A  product  may  consist  of  one  factor  which  is  a  Dumber 
represented  arithmetunally,  and  of  another  &ctor  which  is  a  num- 
ber represented  algebraically,  that  is,  by  a  letter  or  letters  ;  in  this 
ease  the  former  factor  is  said  to  be  the  coe£ieient  of  the  latter. 
Thus  in  the  product  Tabe  the  factor  7  is  called  the  coefficient  of 
the  factor  abc.  Where  there  is  no  arithmetloal  fector,  we  may 
supply  nuity  ;  thus  we  may  say  that,  in  the  product  abc,  the  co- 
efficient is  unity. 

And  when  a  product  is  represented  entirely  algebraically, 
ar.y  one  Bictor  may  be  called  the  coefficient  of  the  product  of  the 
remdining  factors.  Thus,  in  the  product  abc,  we  may  call  a  the 
coefficient  of  be,  or  b  the  coefficient  of  ac,  or  c  the  coefficient  of  ab. 
If  it  be  necessary  to  distinguish  this  use  of  the  word  eoejieient 
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from  the  former,  we  maj  call  the  latter  coefficients  literal  coef- 
JkUnlt,  and  the  former  coefficients  nvmerieal  coeffleienta. 

16.  If  a  number  be  multiplied  by  itself  any  number  of  times, 
the  product  is  called  a  power  of  that  niunber,  Thua  a  xaia  called 
the  eeeond  power  of  a ;  also  aiea  xa  is  called  the  ihird  power  of 
a ;  and  axax  axa  is  called  the  fouHh  power  of  a ;  and  bo  on. 
The  number  a  itself  ia  otlen  called  thajirtt  povser  of  a. 

17.  Any  pover  of  a  quantity  is  usually  expressed  by  placing 
above  the  quantity  the  number  which  represents  how  often  it  ia 
repeated  in  the  product.  Thus  a'  is  used  to  express  a  yia;  also 
a'  is  used  to  express  axaxa;  and  a'  is  used  to  express axaxaxa; 
and  BO  on.  And  a'  may  be  used  to  denote  the  first  power  of  a 
or  a  itself;  that  ia,  a'  has  the  same  meaning  as  a. 

Numbers  placed  above  a  quantity  to  express  the  powers  of 
that  quantity  are  called  tndicee  of  the  powers,  or  exponents  of  the 
powers/  or  more  briefly  indices  or  exponent*. 

18.  Hence  we  may  sum  up  the  two  preceding  Articles  thus; 
the  product  of  n  factors  each  equal  to  a  is  expressed  by  a",  and 
n  is  called  the  index  or  exponent  of  a",  where  n  may  denote  any 
whole  number. 

19.  The  second  power  of  o  or  o'  is  often  called  the  square 
of  a,  and  the  third  power  of  a  or  a*  is  often  called  the  euie 
ot  a.  The  symbol  a*  is  read  thus  "a  to  the  fourth  power"  or 
briefly  "  a  A)  the  fourth  ;"  and  a'  is  read  thus  "&  lo  the  n"*." 

20.  The  square  root  of  any  assigned  number  is  that  number 
which  has  the  assigned  number  for  its  square  or  second  power. 
Hie  cube  root  of  any  assigned  number  is  that  number  which  has 
the  atBtgned  number  for  its  euhe  or  third  power.  The/ourth  root 
of  any  assigned  number  is  that  number  which  has  the  assigned 
nomber  for  its  fourth  power.     And  bo  on. 

21.  The  square  root  of  a  number  a  is  denoted  thus  H/a,  or 
amply  thus  Ja.  The  cube  root  of  o  is  denoted  thus  i/a.  The 
ibnrth  root  of  a  is  denoted  thus  ^o.     And  so  on.  ,.  , 


6  EXAMPLES.      I. 

The  sign  ^  ib  Baid  to  b«  a  corruption  of  the  initial  letter  of 
the  word  radix.    This  sign  is  eo«Mtiiae«-«MUad  dte  ratHeal  tign. 

22.  Ternm  are  stud  to  be  like  or  nmilar  w^hen  they  do  not 
diff^  at  all,  or  differ  only  in  their  numerical  coefficients ;  otherwise 
they  are  said  to  be  urdiJke.  Thus  4a,  6ai,  9a'  and  Za'hc  are 
respectively  ^nuJar  to  15a,  Zah,  12a*  sad  15a'&e.  And  ah,  a*}, 
a&'  and  aic  are  all  unlike. 

23.  Each  of  the  letters  which  occur  in  an  algebraical  product 
is  called  a  dimention  oi  the  product,  and  the  nvunber  of  the 
letters  is  tbe  degree  of  the  product.  Thus  a'5'c  or  aJ^ax&K^x^xc 
is  said  to  be  of  six  dimensions  or  of  the  sixth  d^ree.  A  numerical 
coefficient  is  not  counted ;  thus  9a'&*  and  a'b'  are  of  the  same 
dimensions,  namely  of  seven  dimensions.  Thus  the  degree  of  a 
term  or  the  number  of  dimensions  of  a  t«rm  is  the  mm  of  the 
expcnentg,  provided  we  remember  that  if  no  exponent  is  expressed 
the  exponent  1  must  be  understood  as  iodicatod  in  Art.  17. 

24.  An  algebraical  expression  is  said  to  be  homogeneous  when 
all  its  terms  are  of  the  same  dimensionH.  Thus  7a'  +  3a'b  +  iabe 
is  homogeneous,  for  each  term  is  of  three  dimensions. 

The  following  examples  will  serve  for  an  exercise  in  tha 
preceding  defimtions. 

EXAMPLES. 

Ifa  =  l,ft  =  3,  c  =  4,  d  =  G,e  =  2  and/=0,  find  the  numerical 
values  of  the  following  twelve  algebraical  expressions  : 
1.     a  +  2S4-4c.  3.    3b  +  Bd~2e. 


3. 

oS  +  2J»  +  3«(. 

4.    «4-4rf-2A 

6. 

aie+ibd+ee~/d. 

6.    a'  +  6*  +  c'-f/'. 

7. 

cd     4Je      cd 

T  +  "3j-n- 

8.    o'-4c'  +  3«-6. 

»•*«• 

-•    ^^.- 

' 

2.-3.- 

1. 

y(276)-«2»)*J» 

12.  VW+Vgj^-|/M- 
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.     13.     Find   the  toIoo  of  (9-y)  («+ 1)  + (a!  +  6>(y  +  7)- 112, 
*liea  x~3  and  y  =  5. 

14.  Pmd  the  value  ot  xJ{3^-8t/)  +  y  J{x*  +  8g),  when  X  — 6 
aady^S. 

15.  Find  the  value  of  a  J(a?  -  3a)  +  x  ^(a:»  +  3a),  when  w  =  5 
and  0=8. 

16.  Find  the  value  of  a  +  S^(a!  +  y)-(a-&)^{a!-y),  -when 
a  =  10,  &>=8,  2^12,  andy  =  4. 

17.  1Sa=l6,h  =  \<i,x  =  5aaAy^\,  find  the  value  <tf 

<!>-x)Ua^h)  +  J{{a-b){x  +  y)]; 
aad  of  (fl  -  y)  {^{26x)  +  x*}  +  ^/{(«  -  «)  (J  +  y)). 

18.  Tf  o  =  2,  6  =  3,  a!  =  6  and  y  =  5,  find  the  value  of 

;'!{»+ 6)'yJ  +  Vi{« -•■*)  (y  -  2<»)}  +  ;/{(y  -  i)' aj. 


II.    CHANGE  OF  THE  ORDER  OF  TEBHS.    REDUCTION  OF  LIKE 
TERUB.      ADSmON,  SUBTBACTION,  USE  OF  BRACKETa 

25.  When  the  terms  of  an  expression  ore  connected  by  the 
ugn  -I-  it  is  indifferent  in  what  order  they  are  written ;  thus 
a  +  b  and  h  +  a  ^ve  the  same  result,  namely  the  sum  of  the 
nmubera  which  are  denoted  by  a  and  6.  We  may  express  this 
&ct  algebraically  thus : 

a  +  6  =  6+a. 
Similarly 
a  +  6+c  =  (»  +  c  +  6  =  6  +  o+i!  =  6  +  c  +  o  =  c  +  a  +  6  =  o  +  5  +  a. 

26.  When  an  expression  consists  of  some  terms  preceded 
by  the  sign  +  and  soma  tenuB  preceded  by  the  sign  - ,  we  may 
write  the  former  terms  first  in  any  order  we  please,  and  the 
latter  terms  after  them  in  any  order  we  please.  This  appeara 
from  the  same  oonsiderations  oa  before.     Thus,  for  example, 

o  +  6-c-fl  =  «  +  6-«-c  =  6  +  a-c-fl  =  6  +  a-«-«. 
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27.  In  some  cases  it  ia  obrions  that  we  may  vary  the  order 
of  temiB  still  further,  by  ■""'"g  up  the  terms  preceded  by  the 
fiiga  —  with  those  preceded  by  the  sign  4- .  Thus,  for  example, 
if  a  represent  10,  b  represent  6,  and  c  represent  5,  then 

a  +  h~c  =  a-c  +  b  =  b  —  c  +  a. 
If  however  a  represent  2,  b  represent  6,  and  c  represent  5, 
then  the  expression  a~c  +  b  presents  a  difficulty  because  we  are 
thus'  apparently  required  to  take  a  greater  number  from  a  less, 
namely  5  from  2.  It  will  be  convenient  to  agree  that  such  an  ex- 
pression aB  a  —  c  +  b  when  c  is  greater  than  a  shall  be  ■underttood  to 
mean  the  tame  thing  a$  a  +  b-e.  At  present  we  shall  never  use 
such  an  expression  except  when  c  is  lest  than  a  +  6,  so  that  a  +  b~e 
presents  no  difficulty.  Similarly  we  shall  consider  -  6  +  a  to  mean 
the  same  thing  as  a—b.  We  shall  recur  to  this  point  hereailer  in 
Chapter  "V. 

28.  Thus  the  numerical  value  of  an  expression  remains  the 
same  whatever  may  be  the  order  of  the  terms  which  compose  it. 
This,  as  we  have  seen,  foLlows,  partly  from  our  notions  of  addition 
and  subtraction,  and  partly  from  an  agreement  as  to  the  meaning 
we  ascribe  to  an  expression  when  our  ordinary  arithmetical 
notions  are  not  strictly  applicable  Such  an  agreement  is  called 
in  Algebra  a  convention,  and  conventional  is  the  corresponding 
adjective. 

29.  We  shall  frequently,  as  in  Article  26,  ha^e  to  distinguish 
tlie  terms  of  an  expression  which  are  preceded  by  the  sign  +  Irom 
the  terms  which  are  preceded  by  the  sign  — ,  and  thus  the  follow- 
ing definition  is  adopted :  The  terms  in  an  expression  which  are 
preceded  by  no  sign  or  which  are  preceded  by  the  sign  +  are 
ctdled  jMmUve  terms ;  the  terms  which  are  preceded  by  the  sign 

-  are  called  negative  terms.  This  definition  is  introduced  merely 
ibr  ilie  sake  of  brevity,  and  no  meaning  is  to  be  given  to  the 
worda  potitive  and  negative  beyond  what  ia  expressed  in  the 
definition.  The  student  will  notice  that  terms  preceded  by  no  sign 
are  treated  as  if  they  were  preceded  by  the  sign  + . 
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30.  Sometimes  ui  expression  inctndefl  several  liJu  tmms;  in 
this  case  the  expression  admits  of  simplification.  For  example, 
consider  the  expression  4<t'6  -  3o'c  +  Sac"  -  2a'b  +  7a'c  —  66' ;  this 
may  be  -written  ia'b  -  2a'b  +  7a'c  -  3a'c  +  9oe"  -  66*  (Art.  28). 
Now  4a*b  —  2a'b  is  tho  same  thing  as  2a%  and  7a*c  — 3aV  is 
the  same  thing  as  ia*c.  Thus  the  expression  may  be  pnt  in  the 
simpler  form  2a'b  +  4o'c  +  Sac*  -  66'. 

ADDITION. 

31.  The  addkion  of  algebraical  easprtMntrnM  it  per/ormed  by 
writing  the  termt  in  tuaeession  each  'preceded  by  ite  proper  tign. 

For  suppose  we  have  to  add  e  —  d+e  to  o  — 6;  this  is  Uie 
same  tbing  as  adding  c  +  «-d  to  a-b  (Art.  26).  Now  if  we 
add  c  +  e  to  a  —  b  we  obtain  a—b  +  c  +  e;  we  bave  however  thus 
added  d  too  much,  and  must  consequently  subtract  d.  Hence 
we  obtfun  a—b  +  e  +  e  —  d,  which  is  the  same  as  o  — 6  +  c  — d  +  «; 
thus  the  result  agrees  with  Qie  rule  above  given.  The  result  is 
called  the  turn. 

We  may  write  our  result  thus  : 

a-b  +  (c-d  +  e)  =  a-b+e-d  +  e. 

33.  When  the  terms  of  the  expressions  which  are  to  be 
added  are  all  unlihe,  the  sum  obtained  by  the  rule  does  not 
admit  of  simplification.  But  when  like  terms  occur  in  the  ex- 
pressions, we  may  simplify  as  in  Art.  30.  Hence  we  have  ths 
following  rules : 

When  like  terms  have  the  lame  tign  their  turn,  it  Jbvnd  by 
taking  the  *um  o/  the  coejfficiejitt  with  that  sign  and  annexing  the 


!EUample ;  add  6a  —  36  and  4a  —  76  ;  the  sum  is  9a  — 106. 
For  the  5a  and  the  4a  tt^^ether  make  9a,  and  the  36' and  76 
together  make  106. 

A^;  add  4a'<!-106tfe,  Co»c-96efo  and  lla'c-36<fo.  The 
Bomia  2la*e-22bde. 
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10  SUBTRACTION. 

Whm  lUx  terma  occur  ioUh  different  signs  their  rum  U  f<mmd 
by  taking  tlie  difference  of  tite  sum  of  the  positive  and  the  swa  of 
the  negative  eo^fficiente  loith  the  sign  of  the  greater  gum  arid  an- 
nanng  the  common  ktters  as  be/ore. 

Example ;  add  7a  —  9(  and  Bb  —  ia.     The  sum  ia  3a  —  45. 

Again;  add  t(^ether  3a*  +  iie-fl'4- 10,  5a*  +  6bc  +  2e*  -  IS 
and  4a'-96c-10«'+21.     The  sum  ia  12a'+ 6c-98'+16. 


SUBTRiCnON. 

33.  Suppose  we  liave  to  take  b  +  e  from  a.  Thou  aa  each  of 
file  numbers  b  and  c  is  to  be  taken  from  a  the  result  is  denoted  hy 
a-b-e.     Thatia 

■  a-{b  +  c)  =  a-b-e. 

We  enclose  &e  t«rm  b+  e  in  brackets,  because  both  the  num- 
beis  b  and  c  are  to  be  taken  from  a. 

Similarly     a  +  d~{b  +  e  +  e)  =  a  +  d  —  b~e  —  e. 
Next  suppose  we  have   to  take   b-e  from  a.     If  we  take 
h  team,  a  we  obtain  a~b ;   but  we  have  thus  taken  too  much 
from  a,  for  we  are  required  to  take,  not  6  but,  b  diminished  b^  c. 
Hence  we  must  increase  the  result  hy  c  ;  thus 
„-(i-c)..-H.c 
Similarly,  suppose  we  have  to  take  b  —  c—d+  e  from  a.     This 
is  the  same  thing  as  taking  b  +  e  —  c—d  from  a.     Take  avraj  b  +  e 
from  a  and  the  result  is  a  —  b  —  e;   then  add  e  +  d,  because  we 
were  to  take  away,  not  b  +  e  but,  b  +  e  diminished  by  e  +  d^  thus 
a~{b-o-d  +  e)  =  a-b-e  +  c  +  d 
=  a--b  +  e  +  d~e. 

34.  From  considering  these  cases  we  arrive  at  the  following 
rule  for  subtraction :  Change  ihe  sign  of  every  term  in  the  ea^irea- 
eion  to  be  subtracted,  and  then  add  it  to  the  other  expression^  Here 
as  before,  we  suf^xiee  for  shortness,  that  where  there  is  no  sign 
before  a  term,  -4-  ia  to  be  understood. 


.,Gt)t)gle 


For  exunple;  take  a~b  from  3a+6. 

Aj^ain;  tako  5a'  +  i<^-6xy  from  lla' +  Zab - ixy, 
1  lo'  +  3o6  -  ixy  -  (5a'  +  iab-  Gxy) 

^lla'  +  Zab  -iay  ~  5a' -  iab+  6xy=  6a* -  ab  -i 


BRACKETS. 

35.  On  acoonnt  of  the  frequent  occurrence  of  brackets  in 
algebraical  investigations,  it  is  adTiaable  to  call  the  attention 
of  the  student  txplieitly  to  the  \a.wa  respecting  their  use.  Theee 
Ibts  have  already  been  established,  and  we  have  only  to  give 
them  a  verbal  enunciation. 

When  an  expraaion  vnthin  hraakeU  is  preceded  by  the  tign  + 
the  braekeU  may  he  removed. 

Thus  o_6  +  (c-d  +  «)  =  a-6  +  <J-ii  +  a,  (Art,  31). 

Arid  etmeequerUly  any  number  of  terms  in  an  expression  may  be 
enclosed  by  brackets,  and  the  sign  +  placed  before  the  whole. 

Thus  a  — 6+c  —  rf+«may  be  written  in  the  following  ways: 

o_6  +  c  +  (-d  +  <),    a-d  +  {e  +  e~b),    a  +  (-d-t-e  +  e~b), 
and  so  on, 

WTien  an  expression  vnlhin  brackets  m  preceded  by  the  sign  -~ 
the  brackets  may  be  removed  if  the  sign  of  every  term  vjilhin  the 
brackets  he  changed,  namely  +  to  ~  and  ~  to  +. 

Thna  a-{b-e-d+e)=a-b+c  +  d--e,  (Art.  34). 

And  cotKequetUly  any  nvmier  of  terms  in  an  expression  may 
he  endosed  by  brackets  and  the  sign  —  placed  before  the  vthole, 
provided  the  sign  of  every  term  within  tlie  brackets  he  changed. 

Thaa  a—b  +  c  +  d  —  emaj  be  written  in  tiie  following  irays  ; 
a-b*c-{-d+e),    a-{b-c-d  +  e),    a  +  e-{h-d+e), 
and  80  <HU 
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36.  Expressions  may  occur  with  mote  than  one  pair  of 
brackets ;  these  may  be  removed  in  succession  by  the  preceding 
rules  be^nning  wi(A  the  inside  pair.     Thus,  for  eKomple, 

a  +  {b  +  (c-d)i  =  »  +  [b-i-c-d]  =  a  +  b  +  c-<I, 
a  +  {b-{e-d)\^a  +  {h-c  +  d]=a-^b-&+d, 
a-{b  +  {e~d)\  =  a~{b  +  c~d]  =  a~h-e+d, 
a-{b-{c-d)}  =  a-{b-c  +  d}  =  a-b-t-e-d. 
Similiu'ly, 

a~[b-{c-(d-e)]]=a-[b-{c-d  +  e]] 
=  a-[b-e  +  d-e\=a-b  +  c-d+e. 

It  will  be  seen  in  these  examples  that,  to  prevent  confusion 
between  various  pairs  of  brackets,  we  use  brackets  of  difierent 
sliapet;  we  might  distinguish  by  using  brackets  of  die  same  shape 
but  of  different  sizes. 

A  vioculum  is  equivalent  to  a  bracket;  see  Art.  11.  Thus, 
fur  example, 

a-[6-{c-(rf-7=7)}]  =  a-[.6-{'=-(<'-«+/)}] 
=  a-{b~\c-d  +  e-f\-\.a~{b~c  +  d-e+/'\ 
=  a-b-i.c-d  +  e-f. 

In  like  manner  more  than  one  pair  of  brackets  may  be  intro- 
duced.   Thus,  for  example, 

«-6+c-rf  +  e  =  a-{6-c+(f-4  =  a-{6-(c-d  +  «)}. 

37.  The  beginner  is  recommended  always  to  remove  brackets 
in  the  order  shewn  in  the  preceding  Article ;  namely,  by  removing 
first  the  innermost  pair,  next  the  innermost  pair  of  all  which  re- 
main, and  so  on.  We  may  however  vary  the  order ;  but  if  wa 
remove  a  ptur  of  brackets  including  another  bracketed  expression 
within  it,  we  must  raake  no  change  in  the  sign  of  the  included  ex- 
prettion.  In  fact  such  an  included  expression  counts  as  a  single 
teim.     Thus,  for  example 
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o+{6  +  (#-d)}  =  a  +  6  +  (c-(/)-a  +  ft  +  c-rf, 
o  +  14-(<!-<i)!-o  +  i-(o-i)-i.  +  i-e+<(, 
a-{S  +  (ii-<i)).o-6-(o-()).o-i-c  +  rf, 
,-{6_(c_i)).o-i+((!-d).a-6  +  i!-A 

=  a-b+c-{d~e)  =  a~b-f-e-d  +  e. 
n  like  maimer,  «  — [6-{c-(rf-e— /)[] 


1.  Add  together  4o- 56  + 3c -2</,  o-H*-4<!  +  5rf, 

3a-7J  +  6c  +  4rf  and  o+46-c_7rf. 

2.  Add  farther  !e'  +  2ic'-3a;+ I,  aa;" -  a**  +  4x -  3, 

3a!'  +  4a:'+5  and  4a!*-3a^-5a!+9. 

3.  Add  together 

x'-Zxy  +  y'  +  x  +  y-l,  2af'  +  4ay-3y'-2a:-2y  +  3, 
3a!'-5ay-4y'+3a!  +  4y-2  and  &c'+  ] Oaiy  +  6/ +  a:  +  y. 

4.  Add  together  of  —  2(M!'  +  a'x,  a^  +  3aa^  and  2a^  -  aa^. 

5.  Add  together  4ai-a^,  3s^~2ab  and  2ax  +  ibx. 

6.  From  5o-36  +  4c-7rf  t^e  2a- 26  + 3c- (i 

7.  From  a!'  +  4as*-2a!'+ 7a!- 1  take  as* +  2ai'-2»'+ 6x-  I. 

8.  Subtract  a*-ax+a?  from  3o'-2iM!+a;*, 

9.  Subtract  a-6-2(c-d)  from  2(a-6)-e+(i 

10.  Subtract  (a-6)a:-(6- c)y  fi<»m  (a  +  6)  aj  + (6  +  c)y. 

11.  Semove  liie  brackets  from  o  —  {6 -  (e -  li)}. 

12.  Kemove  the  brackets  from  a  — {(6  — «)  — t^}. 

13.  Bemore  the  brackets  from  a  +  S6- 6a-{36-(6a~66)} 

14.  Eemore  the  brackets  fiwm  7a-I3a-[4a-(5ei-2a)]}. 
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15.  AIbo  from  Za- [a +  b  -  {a  +  b +  C- (a +  b +£  +  <!)]]. 

16.  AIbo  from  2a!-[3y-{4a)-(5y-6a!}}]. 

17.  AIbo  from  a-[2b  +  {Ze-3a-{a  +  b)}+2a-(b+3c}\ 

18.  AIbo  from  a-[5b-{a-{3c -Sb)  +  2e~{a-U-e)}]. 

19.  If  0=2,  6  =  3,  a;  =  6  and  y=.5,  find  the  value  of 

«  +  2a!-{6  +  y-[a-aj-(6-2y)]J. 

20.  Simplify 

liB*  -  2a:' +  a!  +  1  -  {Saj"  -  a!»  -  a!  -  7}  -  (a^  -  4aj"  +  2*  +  8). 


in.     MULTIPLICATION. 

38.  We  have  filrsadj  stated  that  the  product  of  the  numbers 
denoted  by  any  lettere  may  be  denoted  by  writing  those  lettera  in 
Boccesaion  without  any  Bign  between  them ;  thus  abed  denotes  t^e 
product  of  the  numbers  denoted  by  a,  i,  e  and  d.  We  suppose  the 
student  (o  know  from  Arithmetic,  that  the  product  of  any  num- 
ber of  factors  is  the  same  in  whatever  order  the  factors  may  be 
taken ;  thus  abe  =  acb  =  bea,  and  so  on. 

39.  Suppose  we  have  to  form  the  product  of  ia,  66,  and  3c; 
this  product  may  be  written  at  full  thus  :  4x<(x5x6v3xc,  or 
ix  6  x3x  abe,  that  is  tOabe.  And  thus  we  may  deduce  the 
following  rule  for  the  multiplication  of  simple  terms :  imdtiply 
together  the  numerieal  eoeffieienlt  and  put  the  letter*  after  the 


40.  The  notation  adopted  to  represent  the  powers  of  a  num- 
ber, (Art,  17),  will  enable  us  to  prove  the  following  rule;  the 
powers  of  a  number  are  multiplied  by  adding  the  exponente,  for 
a')ca'=ayaxaxax  a  =  »*=■<(*'";  and  similarly  any  other  case 
may  be  eatabliBhed.        * 

Thus  if  m  and  n  are  any  whole  numbers,  c^  x  a'^  =  a"*'. 
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41.  We  may  if  we  please  indicate  the  product  of  the  mxm* 
pytrera  of  difi'ra'ent  letters  by  writing  the  letters  within  bracketed 
Mid  placing  the  indei  OTer  the  whole.  Thus  a'x6'  =  (o6)'j  thiif 
is  obvious  since  (ab)'  =  abxab  =  axaxb'xb.     Similarly, 

Thus  a"  X  6"  =  (ui)" ;  a"  x  6"x  e'"=(a5c)";  and  no  on  for  any 
number  of  factore. 

42.  Suppose  it  required  to  multiply  a-t-b  by  e.  The  pro- 
duct of  a  and  e  is  denoted  by  ae,  and  the  product  of  b  and  a 
is  denoted  by  6c ;  bence  ihe  product  of  a  +  6  and  c  is  denoted  by 
ae  +  bc.  For  it  follows,  as  in  Arithmetic,  from  our  notion  of 
multiplication,  that  to  multiply  any  quantity  by  a  number  we 
have  only  to  multiply  all  the  parts  of  that  quantity  by  the  number 
and  add  &e  results.     Thus 

(a  +  b)e  =  ao  +  bc. 

43.  Suppose  it  required  to  multiply  a-b  by  e.  Here  the 
product  of  a  and  c  must  be  diminished  by  the  product  of  b 
and  e.     Thus 

{a-b)o  =  ae-bc. 

44.  Suppose  it  required  to  multiply  a  +  6  by  c  +  <£  It 
ibilows,  as  in  Arithmetic,  &om  our  notions  of  multiplication, 
tiiat  if  a  quantily  is  to  be  multiplied  by  any  number,  we  may 
separate  the  multiplier  int4>  parts  the  sum  of  which  is  equal  to 
tiie  multiplier,  and  take  the  product  of  the  quantity  by  each  part, 
and  add  these  partial  products  to  form  the  complete  product. 

Thus  (o  +  J)(c+*0  =  (a  +  6)e  +  (a  +  6)rf; 

also  ifl*-V)e  =  aa  +  he,  and  ia.+  b)d=ad  +  bd', 

Uiua  {a  ^  b)  {e  -i-  d)  =  ac  +  bc  +  ad  +  bd. 

45.  Suppose  it  required  to  multiply  a-b  by  e  +  d.  Here 
the  product  of  a  and  c  +  d  must  be  diminUhtd  by  the  product  of 
6andc  +  d.     Thus 

(fl^b){e  +  d)=a{c  +  d)-b(e  +  d) 
•  ^iui  +  ad-{bc  +  bd)  =  <K  +  ad-be-bil. 
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46.  Suppose  it  required  to  multiply  a  +  b  by  c~d.  Here 
the  product  of  a  +  6  tmd  c  must  be  diminished  by  the  product 
ota+bsuidd.     Thus 

{a^b){c-d)  =  (a^b)c-{a+b)d 

=  ac  +  be  —  (ad -t- bd)  =ac+ be- ad  ~bd. 

47.  Suppose  it  required  to  multiply  a~b  by  e-d.  Here 
tiie  product  of  a-6  and  e  must  be  diminished  by  the  product 
of  a  -  &  and  d.     Thus 

=  cw  -  So  —  (arf  -  W)  =  (M  —  6e  -  (wi  +  6t?. 

48.  From  conaideriog  the  above  cases  we  arrive  at  the  fol- 
lowing rule  for  multiplying  two  binomial  expressions ;  Multiply 
each  term,  of  the  luvlti/plicand  hy  each  term  o/'the  multiplier  ;  if  tha 
terwu  have  the  same  sign,  prejix  the  sign  +  to  their  product,  if  they 
have  different  eigne  prejhi  the  sign  — ;  then  collect  these  partial 
products  to  form  tJte  complete  product. 

The  rulea  with  respect  to  the  sign  of  each  partial  product  are 
often  enunciated  thus  for  shortness :  like  eigne  prodvee  + ,  and 
wrdihe  signs  produce  — ,  ,  • 

49.  It  appears  from  the  preceding  Articles,  that  correspcnd- 
iDg  to  the  terms  —  b  and  c  which  occur  in  two  biuomiaJ  factors, 
Uiere  is  a  term  —bora  the  product  of  the  factors.  Hence  it  is 
often  stated  as  an  independont  truth  that  -  6  x  c  =  —  ic. 

Similarly,  we  observe,  that  corresponding  to  the  terms  —  b  and 
—  c  which  occur  in  two  binomial  factors,  there  is  a  term  be  in  the 
product  of  the  factors ;  hence  it  is  often  stated  as  an  independent 
truth,  that  -b^-e  =  be.  These  Btatemeats  will  be  examined-  and 
explained  in  Chapter  Y, 

50.  The  rule  given  in  Article  48  will  hold  for  the  multipli- 
cation of  any  expressions.  This  will  appear  from  considering 
a  few  examples.     Suppose,    for   instance,  we  have  to  multiply 

r..„ ^,Gt)tH^lc 


MOLTIPLICATION.  17 

4o'  -  Sab  +  66'  by  2o'  —  3ab  +  46*.    Tie  reqn'irod  prodncfc  hwe  is 
2a»  (4o' -  6a6  +  66")  -  3a6  (4a"  -  5o6  +  66*)  +  46"  (4a' -  5a6  +  66») ; 
thus  we  obtain 
(8a*  -  lOo'ft  +  12a'6')  -  (12a*6  -  15a"6'  +  18«A^ 

+  (16<;^6'-20«6'  +  246'), 
that  IB, 

8a*-10rf6  +  12aW-12o*6  +  15o'6*-18o6'+16a'6'-20a6'  +  246*. 
Tliis  result  ^;rees  with  the  rule.     If  we  simpUf y  the  result  bjr 
collecting  the  like  terms  we  obtain 

8a*  -  22a'6  +  43a'6'  -  38a6'  +  246*. 
The  whole  operation  may  be  conveniently  arranged  thus  : 
4a'  —  Sa6  +  66' 
2a*-3a6  +  46' 


8o'-10a'6  +  12a'6" 

-12a'6  +  15a'6'-18<(6' 

+  16a'6'-20a6'+216* 
8a'  -  22a"6  +  43a'6*  -  38ot"  +  246* 

51.  The  student  should  carefully  notice  tlie  arrangement  of 
tJie  above  operation.  The  expressions  which  we  wish  to  multiply 
are  here  said  to  be  arranged  aeeording  to  descending  powert  of  a; 
for  in  the  ezpreesdon  4a"  -  5ab  +  66*  the  term  which  contains  the 
highat  power  of  a  is  la*,  and  this  is  placed  first ;  next  we  place 
—  5a6  which  contains  a,  and  last  we  place  the  term  +  66'  which 
does  not  contain  a  at  all.  Similarly  the  other  &ctor  2a'  —  3a6  +  46* 
ia  arranged.  The  partial  producte  which  arise  are  so  arrangod 
that  like  terms  occur  in  the  same  column,  and  thus  we  collect 
them  more  easily. 

The  fectors  might  also  have  been  arranged  thus  66"—  5a6  +  4o' 
and  46'  —  3a6  +  2a' ;  they  are  then  said  to  be  arranged  according 
to  ascending  powers  of  a.  It  is  of  no  consequence  which  order 
we  adopt,  but  we  should  take  the  tame  order  for  the  multiplicand 
and  the  multiplier. 
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.52.     Again;  multiply  2x?  +  3x.+  i  by  2iB*-  Sx  +  i.     The  op». 
nttion  may  be  arranged  thus : 

Sa^  +  Sx  +  i 
2x'-Zx  +  i 


ix"  +  6a!'  +  Sa;* 

-6iB*-9a!*-12ai 

+  8a:' +12* +  16 
4a:'  +  7a^  +16 

Thns  th«  product  is  4x*  +  7x'+16. 

53.     The  following  three  examples  deserve  special  notice, 
a  +h  a -b  a  +b 

a+b  a  -b  a  ~b 

<^  +  ab  a'~db  a'+ah 

+  o6    +  6'  —ab+b'  —oh  —  h' 


The  first  example  gives  the  value  of  (a  +  fi)  (a  +  6),  that  is,  of 
[a  +  b)'i  we  thuB  find 

(a  +  6)'=a'+2a6  +  6'. 

Thus  iAt  square  <if  tlu  sum  qf  two  nun^ters  is  espial  to  the 
mm  of  the  equarea  of  the  two  nuinbera  inoreaeed  by  twice  their- 

product. 

Again  we  have 

{a-by  =  a'~2ab  +  b'. 

Thus  tha  square  of  l/te  difference  of  two  numh&rt  is  equal  to  the 
trim  of  the  tquarea  of  the  two  numhera  diminiehed  by  twice  their 
product 

Also  we  have 

(.  +  6)(»-6)-a'-l'. 

Thus  the  product  of  the  sum  and  the  difference  of  two  nttmiera 
is  equal  to  the  difference  of  their  squares. 
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Si.  We  may  here  indicate  tlie  meaning  of  the  Bign  *  vliich 
is  sionetmies  used,  and  vhich  is  oalled  the  dvuMe  si^fn. 

Since  {a  +  b)*  =  a'  +  2ab  +  6' 

and  {o-6)*  =  a'-2ai  +  6', 

we  may  write  (a  *  6)'  *xa'*  2a&  +  6*. 

Thus  ^  indicatee  ihat  ve  may  take  either  the  sign  +  or  the 
sign  —  ;  a^bJB  read  thus,  " a  pltis  or  minus  b." 

65.  The  results  given  in  Art  53  fumiah  a  simple  example  of 
the  uae  of  Algebra ;  ire  may  say  that  Algebra  enables  as  to  -prove 
general  themvmg  respecting  nvmbers,  and  also  to  exprett  tkote 
theorema  briefly.  For  exajnple,  the  result  (a  +  6)  (a  —  6)  =  o' —  6*  IB 
proved  to  be  true,  and  is  stated  thus  by  symbols  more  compactly  _ 
tiian  by  words. 

There  are  other  results  in  multiplication  which  are  of  less 
importance  than  the  three  formulie  given  in  Art^  63,  but  which 
are  deserving  of  attention.     We  place  them  here  in  order  that  the 
student  may  be  able  to  refer  to  them  when  they  are  wanted;  they 
can  be  easily  verified  by  actual  multiplication. 
{a  +  b)(a'-ab  +  b')-^a'  +  b', 
{a-b){a'  +  ab  •i-b')=  a'  -b', 
(a*b)'  =  {a+b){a'+2ab-t-b')^a'  +  3a'b  +  Zab'  +  l', 
{a-b)'-(a-h){a'-2ab+b')  =  a'-3a'b  +  Sab*-b', 
{b  +  c)(c  +  a){a  +  b)-<^(b  +  e)  +  b'(c  +  a)  +  e'{a  +  b)+2ahc, 
(b-c)(c-a){a-b)=a'{c-b)^b'{a-c)  +  c'{b-a), 
■  (a  +  b  +  c){bc+  ca  +  ab)  =a' ^b  +  c)  -i-b' {c  +  a)  +  c* {a  +  b)  +  Sahe, 

(a  +  ft  +  c)  (»*  +  6' + c*  -  6e  -  CO  -  ai)  =  o'  +  6'  +  c'  -  Soic, 
{b  +  e^a)(e  +  a-b)(a+b-c)  =  a'{b  +  c)  +  b'(c-i-a)+e'(a  +  b) 

-a'-b'-(^-2abc, 
(a  +  6  +  c)'  =  o"+3a*(6  +  c)  +  3o(6  +  c)'  +  (6  +  c)" 

=  «•  +  3a'  (6  +  c)  +  3a  (6'  +  2&:  +  c^  +  ft'  +  36*e  +  36c'  +  c* 
=  (^  +  6■  +  e'+3o'(6  +  c)+36'(a  +  c)+3c•{a^-6)  +  6aft<^ 
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66.  Sj  osing  the  foraaila  given,  in  Art.  63,  the  proceea  of 
multiplication  may  be  olt^i  simplified.  Thus  suppose  we  have  to 
multiply  a+&  +  c  +  i2  by  a-^h  —  e  —  d.  ThiJi  is  ^e  same  thing  as 
multiplying  (a  +  6)  +  (c  +  d)  by  (a  +  6)  -  {c  +  d).  Then  by  the  third 
formula  ve  have 

{(a+6)  +  (c  +  <i)|l(a  +  4)-(»  +  i)).(a  +  5)'-(.  +  <«)'. 
llext  we  can  express  (t  +  fr)*  and  (c+<2)'  by  means  of  the  first 
formula ;  thus  finally 

(a  +  6  +  c  +  d)(a  +  6-c-d)  =  a"  +  6'  +  2a4-c'-rf»-2crf. 

57.  From  an  examination  of  the  examples  here  given,  and 
those  which  are  left  to  be  worked,  the  student  will  recognise  the 
truth  of  the  followiug  laws  with  respect  to  ^  result  of  multi- 
plying algebraical  expressions. 

The  number  of  terms  in  the  product  of  two  algeloaical  ex- 
preeaionB  is  never  greater  than  the  product  of  the  numbers  of  tlie 
terms  iu  the  two  expressions,  but  may  be  lets,  owing  to  the 
simplification  produced  by  collecting  like  terms. 

When  the  multiplicand  and  multiplier  are  both  arranged  in  the 
same  way  according  to  the  powers  of  some  common  letter,  the  first 
and  last  terms  of  the  product  are  unlike  any  other  terms.  For  in- 
stance, in  the  example  of  Art.  50,  the  midtiplicand  and  multiplier 
are  arranged  according  to  powers  of  a ;  the  j!r»(  term  of  1iie 
product  is  8a'  and  the  laal  term  is  246*,  and  there  are  no  other 
terms  which  are  lUee  these ;  in  fact,  the  other  terms  contain  a 
raised  to  some  power  Uaa  than  the  fourth  power,  Emd  thus  they 
differ  from  8a';  and  they  all  contain  a  to  tome  power,  and  thus 
they  difier  from  24i'. 

When  the  midtiplicand  and  multiplier  are  both  Komogeneoua 
the  product  is  hotnogenetnu,  and  the  number  of  the  dimensions  of 
the  product  is  the  sum  of  the  numbers  which  express  the  dimen- 
sions of  the  multiplicand  and  multiplier.  Thus  in  the  example  of 
Art  50,  the  multiplicand  is  homogeneous  and  of  two  dimensions, 
and  the  multiplier  is  hom<^;eneous  and  of  two  dimensions ;  the 
product  is  homogeneous  and  of  four  dimensions.  In  the  example 
of  Art  56  the  multiplicand  and  the  multiplier  are  _both  homo- 
r..„ ^,Gt)tH^lc 
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geneous  and  of  (me  dimenBion ;  the  product  is  bomogeneons  and  of 
two  duDensicma.  The  law  Iiere  stated  and  exemplified  is  of  great 
importance  as  it  Berres  to  test  the  accuracy  of  algebraical  work ; 
and  accordingly  tlie  student  is  reconunended  to  pay  great  attention 
to  the  dimenBious  of  tlie  terms  in  the  results  which  he  obtains. 

There  is  another  law  which  is  often  usefiil  in  testing  the 
accuracy  of  algebraical  work,  which  we  may  call  the  law  of 
tymmetry.     Suppose  we  require  the  product 

(=,  +  .<-()  (.  +  6  +  «)(x  +  .  +  »). 
Here  a,  h,  and  c  occur  tyntmetricalltf.  If  we  put  a  instead  of  e, 
and  c  instead  of  a,  we  shall  only  change  the  order  of  the  &ctot8 ; 
and  this  will  produce  no  change  in  the  reault.  Similarly  a  and  b 
may  be  interchanged,  or  b  and  e  may  be  interchanged,  without 
filmnging  the  Wue  of  the  result.  We  may  expect  then  that 
the  result  will  be  tymmelruxU  with  respect  to  a,  b,  and  e ;  and 
we  shall  find  this  to  be  the  case.     The  result  is 

a*  +  2x'  (a  +  b-t-c)  +x{a'  +  b*  +  o'+S{ab  +  bo  +  ca)} 
+  a'{b  +  c)-t-b'{e^-a)  +  ^(a  +  b)  +  2abc 
It  will  be  seen  that  this  fficpreasion  is  synmietrical  with  respect  to 
a,  b,  and  e.  Take,  for  example,  the  coe£Scient  of  a^;  this  is 
2(a  +  b  +  c),  that  is,  2a+2b  +  2e:  if  then  a  student  had  obt^ned 
an  itTZsymmetruxU  result,  suppose  2a  +  2b  +  c,  it  would  be  obvious 
to  a  person  acquainted  with  the  subject  that  &ere  must  be  an 
error  in  the  work. 

Hie  law  of  symmetoy  is  one  with  which  the  student  will 
andually  become  familiar ;  for  the  further  he  proceeds  in  Algebra, 
Uie  more  frequently  will  the  law  be  of  service. 

KZAUPLES  OT  KULtlPLICATIOK. 

1.  Multiply  2p-q  by  2g+p. 

3.  Mullaply  o*  +  3oJ  +  26'  by  To -56. 

3,  Multiply  a'  -  «6  +  6'  by  a'  +  a6  -  6*. 

4.  Multiply  o'  -  oj  +  26»  by  a*  +  oJ  -  26'. 
6.  Multiply  a*  +  2ax+ii?  by  a*  +  2a«-a!'. 
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6.  Multiply  o*+'4aa! +  43!^  by -a'- 4«B  +  4a^. 

7.  Multiply  a'  —  iax  +  bx  —  jf  by  b  +  x. 

8.  Multiply  15!e'  +  18aa;-14o'by4a^-2aa!-o^, 

9.  Multiply  2a!'  + 43!*+ 8a! +  16  by  3x-6. 

10.  Multiply  2ixf-8x!/-\-Qy'hj2x-  Zy. 

11.  Multiply  43^ -Say- y*  by  3a!- 2y, 

12.  Multiply  jc"— a!'y  + ay*— y*  by  a: +y. 

1 3.  Multiply  9!  +  2y  r-  3«  by  a:  -  2y  +  3«. 

14.  Multiply  2a;' +  33^  +  4/ by  Sa!*- 43=2/  +  /. 

15.  Multiply  a;*  +  ay  +  y*  by  af  +xz  +  :^. 

16.  Multiply  a^  +  b*  +  c'  +  be  +  ca-abhj  a  +  b-e. 

17.  Multiply  a;'-a:y  +  y'+a:  +  y+l  by  as  +  y— 1. 

18.  Multiply  a!* +4«'  + 5a! -24  by  a;" -4a! +11. 

19.  Multiplya^-4a:'+na:-24bya:*  +  43!  +  5. 

20.  Multiply  3!*  -  Sa:"  +  3a!  -  4  by  ia:"  +  Sa:"  +  2a;  +  1. 

21.  Multiply  a;*  +  2a!*  +  a!* -4a!- 11  by  a;" -2a! +  3. 

22.  Mnltiplya;'-5a!'  +  13a^-a^-a!  +  2bya!'-2a!-2. 

23.  Multiply  a*-2<;^  +  3»'- 2a +1  by  a*  + 2a^  +  3a'+ 2a  +  J. 

24.  Multiply  tf^ther  a-a;,  a  +  a;,  anda'  +  a;*. 

25.  Multiply  together  a;  -  3j  a;-l,  as+l,  anda;+3. 

26.  Multiply  together  a^-  as  +  1,  a;"  +  as  +  1,  and  a^  -  o^  +  1, 

27.  Multiply  x*-aa?  +  b!tF-cx  +  dhja^  +  a3f~bs^  +  cx-d. 

28.  Shew  that  (a:  +  o)* = a!*  +  4a^a  +  6a:!'a'  +  4a!a*  +  a*. 

29.  Shew  that  a;  (a!+  1)  {a!  +  2)  (a;  +  3)  +  1  =  (a!*  +  3a!  +  Vf. 

30.  Multiply  together  a  +  a),  b  +  x,  uidc  +  a!; 

31.  Multiply  together  X  —  a,  at  — 6,  x—e,  andx—d, 

32.  Multiply  tc^ther  o  +  6 - c,  a+e-b,  b  +  e-a,  anda+6+c. 

33.  Simplify(a  +  6)(6  +  <!)-(c  +  d)<d  +  o)-(a  +  c)(J-<i). 

34.  Simplify  (a  +  6  +  c  +  <i)'  +  (a  -  i  -  o  +  ti)'  +  (o  -  6  +  e  -  rf)' 

+  (a  +  i-c-d)'. 
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36.     Prove  that  (a;  +  y +  «)•-(»•  + y+^)=3(y+s)(s+a!)(fl;+y). 

36.  Simplify  (a +  6  +  c)*-o{6  +  c-a)- 6  (a  +  c-6)-c(a+6-(t). 

37.  Simplify  (a!-y)'+(a:  +  y)»+3(a;-y)'(a;+y)+3{a!+y)*(a;-y). 

38.  Simplify  (a'+b'+e')'-(a+b+e)(a+b-e){a+e-b)(b+e-a). 
89.     Simplify  (a'+ft'+cV+(o+J+c)(a+6-c){a+e-6)(6+o-a). 

40.  ProTetbatic'+y'  +  (a;  +  y)'  =  2(a!'  +  !ey  +  y')* 

+  8«y  (a;  +  y)' (a;*  +  ojy  +  j^. 

41.  Prove  tiiat  ■iay  («'  +  j(^  =  (a!'  + ay +  ?■)'- (a!* -a^z+y')'. 

42.  Prove  that  4a!y(a!'-y')  =  (a:*  +  a!y-y')*-(a;'-a;y -y')'. 

43.  Multiply  together  (a:*  -  3a:  +  2)'  and  a:"  +  6a:  + 1. 

44.  Multiply  «*  +  a'  -  oa:  (a:*  +  a")  by  a^  +  o"  -  oaj  (a:  +  o). 

45.  Multiply  (o  + 6)' by  (a -6)'. 

46.  lf«  =  a  +  6+e,  prove  that 
<(«-26)(«-2c)+«(«-2e)(s-2o)  +  «(«-2a)(8-26) 

=  (8-2a)(«-26)(s-2c)  +  8rt//c. 


IV.     DIVISION. 

68.  Division,  as  in  Arithmetic,  ia  the  inverse  of  Multipli- 
cation. In  Multiplication  we  determine  the  product  arising  &om 
two  givffli  fectois;  in  Division  we  have  the  product  and  one  of 
iJie  &ctor8  given,  and  our  object  is  to  determine  the  other  factor. 
The  foctoc  to  be  det^mined  ia  called  the  quotient. 

59.  Since  the  product  of  the  numbers  denoted  by  a  and  b 
is  denoted  by  oi,  the  quotient  of  a5  divided  by  tt  ia  6 ;  thus 
ai-i-a  =  b;  and  also  a^-i-b  =  a.  Similarly,  we  have  abo-T-a  =  be, 
abc-i-b  =  ae,  alc-i-e~  oi;  and  also  abc-^be  =  a,  abc-i-ao=  h, 
abc-i-ab  =  e.     These  results  may  also  be  written  thus  : 

td>o     ,  a6e  ale       , 

a         '  b  '  c  ' 


be  fflc 


o6c    ^  abc  ^ 

ab"  ' 
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60.  SappOBd  -we  require  tte  quotient  of  60afte  divided  by  3c. 
Since  60a5c  =  20a(  x  3c  we  have  60a6<;-i-3c  =  20a&.  SimiWly, 
&)tAe-t'ia=15he  ;  60abc-v-5ab=\2e;  and  bo  <m.  Thus  we  may 
deduce  the  following  rule  for  dividing  one  limpU  term  by  another  ; 
1/  the  numerieal  eoe^cient  and  tha  literal  product  of  the  divisor 
be  fownd  in  the  dividend,  the  other  part  of  the  dividend  i* 
the  guotient, 

61.  If  the  numerical  coefficient  and  ihe  literal  product  of 
the  divisor  be  not  found  in  the  dividend,  y/e  can  only  indicate  the 
division  by  the  notation  we  have  .appropriated  for  that  purpose. 
Tbua  if  5a  is  to  be  divided  by  2c,  the  quotient  can  only  be  indi- 
cated by  6o-*-2c,  or  by  -«-.     In  some  cases  we   may  however 

simplify  the  expression  for  the  quotient  by  a  principle  already 
used  in  arithmetic.     Thus  if  15a'b  is  to  be  divided  by  Gbe,  the 

quotient  is  denoted  by  .    Here  the  dividend  =  36  x  Ga*,  and 

ti)e  divisor  =  35  x  2c ;  thus  in  the  same  way  as  in  Ariilunettc  we 
may  remove  the  &ctor  Sb,  which  occurs  in  both  dividend  and 

divisor,  and  denote  the  quotient  by  ~  . 


62.  One  power  of  any  number  ia  divided  by  another  power 
^  the  same  number  by  sublretcting  the  index  of  the  latter  powtr 

from  the  index  of  the  formisr. 

Thus  a*-i-a'  =  a  x  a  x  a  x  a  x  a-r-a  x  a  =  a  xa  xa^t^*' a*~*. 
Similarly  any  other  case  may  bo  established. 

Henoe  if  m  and  n  be  any  whole  numbers,    and  m  greater 

than  n,  we  have  o"-t-o"  or  -;  =  a"". 

63.  Again,  suppose  we  have  such  an  expression  as  —^ .     We 
we  may  rei 
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1  factor  a'.     Thus  we  obtain  -j  =  t  .     Similarly  any 
other  case  may  be  establiahed. 

Hence  if  m  and  n  be  any  'whole  nnmberB,  and  t»  leas  than  n, 
we  have  a  -i-a  or  —  =  -;;:^ . 

61.     Suppose  such  an  expression  as  r;  to  occur ;  this  may  be 

know  from  Arithmetic,  and  as  will  be  shewn  in  Ch^>ter  tiu. 
Similarly  any  other  case  may  be  established. 


Hence  if  n  be  any  whole  number  ^=  (t)  ■ 


65.  When  the  dividend  contains  more  than  one  term,  and  the 
divisor  eontaim  oydy  one  term,  we  Tnitst  divide  eaih  term  of  the 
dividend  hy  the  divisor,  and  then  collect  the  partial  quotients  to  ob- 
tain the  eomplele  qtiotient. 

Thus,         — 7 —  =  a~c;  for  (a— c)b  =  ai-eh. 

ab'  —  abc  +  abd 


e  +  d;  fbr(J-c+d)o6  =  <i6'— aJc  +  oW. 

In  the  first  example  we  see  that  corresponding  to  the  term  ah 
in  the  dividend  and  to  the  divisor  &  there  is  the  term  a  in  the 
quotient ;  and  corresponding  to  the  term  -  c6  in  the  dividend 
^and  to  the  divisor  b  Uiere  is  the  term  —  c  in  the  quotient. 

We  have  already  stated  in  Art  49,  ^at  lite  following  results 
are  admitted  for  the  present,  subject  to  future  explanation  : 
fix  —  o  =  —  6c,  ~b^  —  c  =  lc. 

Bimilialy,  tiie  following  results  may  be  admitted  : 
-6c_.  6c_     , 
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ThuB  in  Dividon  as  in  MaltipUcaiiou,  the  sign  of  tlie  quotient 
U  deduced  from  tha  signs  of  the  dividend  and  divisor  by  the  rule, 
like  signs  produce  +  ,  and  wrdike  signs  produce  — . 

66.  When  the  divisor  as  well  as  the  dividend  contains  more 
than  one  term,  wo  must  perform  the  operstioti  of  .algebraical 
division  in  the  same  way  aa  the  operation  called  Long  Dlyision  in 
Arithmetic.     The  following  rule  may  be  given ; 

Arrange  both  dividend  and  divisor  according  to  the  powers  of 
some  common  letter,  either  both  according  to  ascending  powers,  or 
both  according  to  descending  powers.  Find  how  often  tlie  first  term 
of  the  divisor  is  contained  in  the  first  term  of  the  dividend,  avd 
write  down  this  result  for  the  first  term  of  the  quotient ;  muUipl]/ 
the  whole  divisor  by  this  term,  and  subtract  the  product  from  tha 
dividend.  £ring  down  as  many  terms  of  the  dividend  as  the  ease 
may  require,  and  r^eat  the  operation  till  all  the  terms  are  brought 
doion. 

Example.    Divide  o' - 2o6  +  6'  by  a~b. 

The  operation  may  be  arranged  thus ; 

a-b)a*-Zab  +  b'(^-h 


-ab  + 


Hie  reason  for  the  rule  is,  that  the  whole  dividend  may  be 
divided  into  as  many  parts  as  may  be  convenient,  and  the  com- 
plete quotient  is  found  by  taking  the  sum  of  all  the  partial  quo- 
tients. Thus,  in  the  example,  a'  -  2o6  +  6'  b  really  divided  by  the 
process  into  two  parts,  namely,  a'— a6  and —a5  +  fi'  and  each  of 
these  parts  is  divided  by  a—b;  tlius  we  obtain  the  complete  ^ 
quotient  a-b. 

67.  It  may  happ^i,  as  in  Arithmetic,  that  the  division  can- 
not be  exactly  performed.  Thus,  for  example,  if  we  divide 
a'  ~%ah  i-ib*  by  a  —  b,  we  shall    obtain    as  before   a—b   in   the 
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qnotient,  and  there  irill  then  be  a  remainder  b'.     Tiaa  result  is 

expressed  ia  a  maimer  Mimilnr  to  that  used  in  Aritlmietic  ;  we  sny 

a'--2ai  +  2b'           i        b'       .,    .  .     ^,         .  ,.  ^     . 
y =  a  —  o  + i  ;  taat  is,  there  is  a  complete  quotient 

a  —  b  and  a  Jraclitmal  part  —^  •     To  the  consideration  of  alge- 
braical fi:«£tions  we  shall  return  in  Chapter  tol 

68.     irhe  following  examples  are  important : 


=,-«;«• 

«• 

-o'(_a!»  +  a!*fl+(Ba'  +  a 

aw' -a' 

He  student  may  aba  easil;  verify  the  following  statements : 

=  «'  —  ara  +  aw  -  a  ; 


ic  +  oi 


c*  —  a^a  +  a^Qi'— aK**  +  o*. 


Each  of  these  examples  of  division  furnishes  an  example  of 
multiplication,  as  the  product  of  the  divisor  and  quotient  must  be 
equal  to  the  dividend.     Thus  we  have  the  following  retnilts  whioh 
'  ■»  worthy  of  notice : 

aj'  -  o'  =  (a:  +  a)  (a:  -  o), 
as'-a*'-  (a!-o){aT*  +  a»  +  a^ 
a^  +  a*  -  (as  +  a)  (x*  -  aw  +  o*), 
nj*  -  a*  =  (a;  -  a)  (a?  +  o'a  +  «»• + <^ 
as* — »' =  (le  +  a)  (a!* — «*a  +  axi' — o"), 
,  (b'  +  a'  -  (as  +  a)  (a!*  -  a?a  +  a:'a'  -  a:o*  +  o*). 
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69.  It  will  be  useftil  for  ti,e  student  to  notice  the  following' 
taeia: 

05"— rf"  is  always  di'rinble  by  x—a  -whether  the  index  n  be  an 
odd  or  even  whole  number. 

0^  —  o"  is  divisible  by  a;  +  a  if  the  index  n  be  an  even  whole 
nombw. 

d^+O*  is  divisible  by  x  +  a  if  the  index  n  be  an  odd  whole 
number. 

It  will  be  easy  for  the  student  to  verify  these  stat«m^its  in 
any  particular  case,  and  hereafter  we  shall  give  a  general  proof  of 
them.     See  Chapter  xixm. 

70.  By  means  of  the  results  which  have  been  obtained  in 
the  preceding  Articles  we  may  often  resolve  algebraical  expres- 
sions into  &ctors.     Thus  whatever  A  and  S  denote  we  have 

A'-B'=(A  +  S)(A-£), 

and  the  student  will  frequently  have  occasion  to  use  this  general 
result  with  various  forms  of  A  and  B.  For  example,  suppose 
A  =  a',  and  S-=b',  so  that  A'  =  a',  and  B'  —  b*;  then  we  have 

a'~h'  =  ia'  +  V){a'-h'), 

andas  «'-i'  =  (a  +  J)(a-6), 

we  obtain  o*  -  6'  =  {a'  +  6*)  (a  +  h)  (a  -  h). 

Again,  suppose  .i  =  a*  and  £=£',  sothatJ'=o*,  and5'=6*; 
then  we  have 

and,  as  in  Art.  68, 

o'  +  6'  =  (a  +  6}(o'-a6+ft"), 

a>_6>  =  (a-J){a'  +  aJ  +  8'), 
so  that 

o"  -  4*  -  (o  +  fi)  (a  -  ft)  (a*  +  di  +  J*)  (a*  -  a6  +  6"). 
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Again,  suppose  ji  =  a'  and  B  =  b',  bo  that  A'  =  a',  and  5"  <^  6* ; 
then  we  have 

o'-6'=(a'+6'){o*-V) 

=  (o*  +  6*)  {a'  +  b')(a  +  b)  (a  -  6). 
Again,  take  the  general  result 

and  Buppoee  A  =  a',  and  £  =  b' ;  thus  we  obtain 
«•  -  6'  =  (a*  -  6*)  (a*  +  a'6'  +  6*) ; 
and  hy  comparing  this  wil^  the  result  just  proved, 

a^-6'  =  (a  +  6){ffl-6)(a'  +  a6+  b*)  (a' -  ab  +  b'), 
we  infer  tliat 

{a'  +  ab  +  b')(a*-ab  +  b')-a'  +  a*b*  +  h: 
This  can  be  easily  veri6ed  by  the  method  of  Art.  56. 
For  (a*  +  aft  +  6")  (o«  -  oj  +  J*)  -  (a*  +  6' +  ai)  (a' +  6"  -  o6) 
-{a'^br-aV 
=  o*  +  2a'b'  +  b'-  aV 
=  a'  +  a'b'+b\ 
'    We  may  also  ia  some  cases  obtain  useful  arithmetical  appUca- 
tions  of  our  fonnulK.     For  example, 

(127)'-  (123)'- (127  + 123)  (127 - 123) 
=  250  X  4  -  1000  ; 
thus  the  value  r^  (127)'-  (123)'  is  obtained  more  easily  ihtai  it 
would  bo  by  squaring  127  (md  123,  and  subtracting  the  second 
result  from  the  first. 

The  fbllowing  additional  examples  are  deserving  of  notice : 

=  o'  +  2a'6'  +  6'-2o'6' 
=  a*  +  b*. 
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=  a*  — a'6'+i*. 
o«  +  6-  ■  (a«  +  6')  (a-  -  a*b'  +  6*) 

=  {a*  +  &■)  (a*  +  a6  V3  +  6")  (a' -  a6  ^3  +  ft")- 
71.     The  following  are  additional  examples  of  Division. 
Divide  8a'  -  22o'6  +  43a*6'  -  SSaff  +  246'  by  2a'  -  3a6  +  46*. 
i*-3a6  +  4y;8a'-22a*J  +  43o'6'-38a6'  +  24i*  (,4a'-fia6+  M 


8a'-12»'6  +  16a'6' 

-10a'6  +  27o'6' 
-10a'6  +  15a'6'- 

-38a6' 
-2006" 

120*6' 
12a'6'. 

-18a*'  +  246' 
-  18a6»+  246* 

The  quotient  is  4a'  —  5a6  +  66'. 

Divide  ^~(a  +  b+i>)af  +  (ab  +  bo  +  ae)x-<Ae  by  «-  a. 
x-a)  af~(a  +  b  +  e)3?  +  {ab  +  ba  +  M)x-abo  iaf  ~  {b  +  o)x  +  bc 

-(6  +  <;)a^+(a6  +  6c  +  <M)a! 
-(6  +  c)*'+        {ab  +  ac)x 


hex—aho 
bcx—abc 

The  quotient  is  fc"  -  (6  +  c)  ai  +  6c. 

These  two  examples  suggest  the  following  statement :  When 
the  dividend  and  the  divisor  are  hotnoff«n«oiu  so  also  is  the  quo- 
tient ;  the  number  of  the  dimensions  of  the  quotient  is  equal  to 
the  excees  of  the  number  which  expresses  the  dimensions  of  the 
dividend  over  the  number  which  expresses  the  dimensions  of  the 
divisor.  See  Art  57. 
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EX&MFLEd  OF  DIVISION. 

1.  Divide  a?  +  1  by  a:  +  1. 

.  2.  Divide  27a^  +  8/  by  3*  +  2y. 

3.  Divide  o"  -  2a6'  +  6"  by  a  -  6. 

4.  Divide  a'— 2a'i  — 3o6'by  a  +  6. 
6.  Divide  Sixf  ^  y*  by  2*  -  y. 

6.  Divide  a'  +  6'  by  a  +  6. 

7.  Divide  a^  —  sc'y  +  xt/"  —  y"  by  a:  -  y. 

8.  Dividea?-7a:-6by  a!-3. 

9.  Divide  SSje*  +  y*  by  2a!  +  y. 
-  10.  Dividea;'— ai'y  +  a^y*— a:'y  +  a:y*— y*  by  a^— y*. 

11.  Divide!B'  +  »'~4a^  +  5a:-3by!B*+2a!-3. 

12.  Divide  a*  +  2a'b'  +  96*  by  o'  +  2a6  +  36'. 

13.  Dividea*-6'bya*+2a'6  +  2a6'  +  6'. 

14.  Divide  32a*  +  e4a6'-  816*  by  2a  +  36. 
■     15.  Dividea!'-2a:'  +  lbya;'-2a;+l. 

16.     Dividea!'-6a^+9ar'-4bya!'-l. 
•     17.     Divide  a' +  a'6 -  8a'6' +  1906*- 156'  by  a'+  3eA-Sb*. 

18.  Divide  the   product   of  a^-12x  +  16  and  a^-12a:-16 
by  a;*-  16. 

19.  Divide    the    product    of  a:?-3x+l    and  a^- 3a! +2  by 
a?-33!'  +  3a;-l. 

20.  Divide  the  product  of  a!*-a!-l,  2a:' +  3,  a^'  +  a:-!,  and 
flj-  4  by  a;'-3a:'+l. 

21.  Divide    the    product    of    a'  +  aaj  +  a:'    and    a'  +  a?     by 
a*  +  a V  +  a:*. 

22.  Divide  the    product  of  ai'-4a?a+ 6a;'a'-4aM''+a*  and 
!c'+2aw  +  a'by  a^  —  2i>?a+ ixa' -  a'. 

23.  Divide  a'  +  o'6  +  a'e  -  a6e  -  5'c  - 1 
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24.  Divide  Saj"  +  iafcc*  -  6a'6'a!  ~  WP  by  *  +  2a4. 

25.  Divide  tiie  product  of  a?- Sa;" +3js-1,  as'-2a!+l  and 
«- 1  by  as*  -  43!"  +  ea:*- 4a!  +  1. 

26.  Divide  6a'-(^6+2a'6'+13o^  +  «*by  2a'-3aA  +  46'. 

27.  Dividea:?  +  i/'  +  3a!y-l  byai  +  y-l. 

28.  Divideo'+i'-c'+Sofieby  a  +  6-c. 

29.  Divide  2a'6 -  5o'6'-  lla'fi"  +  5»'J'  -  26o'J'  +  Wh' -  Uab'' 
byo'-lo^  +  aV-Saf. 

30.  Divide  a'b*  -i-  2aic'  -  a'e'  -  6V  by  a6  +  a*  -  fcc 

31.  Divide   the  product  of  a-*-b-e,  a  —  b  +  e,  eoAb  +  c—a 
by  (.'-6'-e'  +  26c. 

32.  Divide  (o  +  J  +  c)  (a6  +  6c  +  ea) -ofie  by  «  +  S. 

33.  Divide  (a'  -hcf  +  SW  by  a'  +  6c 

34.  Divide  6(i'-(t')+aa!  (a:*  -  «■)  +  a»  (aj  -  a)  by  (o  +  J)  (ar  -  a). 

35.  Divide    aiy"  +  23/'a  -  a^«  +  ttyj?  -^y  —  2y*^  +  afe  —  a:^  by 
y  +  «-ai 

36.  Divide  a*  (6  +  c)  -  6'  (a  +  c)  +  c*  (a  +  6)  +  ate  by  a  -  6  +  c. 

37.  Divide  (a-6)fl:'  +  (&"-(^a!+a6{a'-6')  by  (a-6)a!+a'-fi'. 

38.  DiTideoa;'~oJ*  +  J'ji:-a?by  {a!  + 6)(a-a;). 

39.  Divide(6-c)o'  +  ((i-o)6'  +  {a-6)<!'by<;^~ai-oc  +  jR 

40.  Divide  {ax  +  6y)'  +  {ay  —  bxy  +  cV  +  c*y*  by  a^  +  y*, 

41.  Divide  a'6  -  fix*  +  a^c  -  o^  by  {»  +  J)  (o  -  a:). 

43.     Resolve  a'  —  6'-c'  +  d'  —  2 (oti  —  Jc)  into  two  factors. 

43.  Divide  b{af  +  <^  +  ax(!i?-a')  +  ^{x-t-a)hj  {a+  6)(a^  a). 

44.  Stew   that   (ai"  -  a;y  +  y^' +  (a^  +  my  +  y*)'  is  diviaible  by 
2a:'  +  2/. 

45.  Shew  that  {a;  +  y)'  —  a:'  —  y'  is  divisible  by  (a?  +  a:y  +  y*)'. 

46.  If  J  =  6c-y,    B^ca-^,    C=ab-r',    P=qr'-ap, 

BC  —  I"     CA  —  0' 
Q  =  rp-bq,  and  R  =pq - cr,  find  tte  value  of ,   — r , 

AB-IP     QR-AP     RP-BQ    ^^Pg-Cg 

-7—'       i>      '       3      '  "      ■       r        I 


47.  Reaolve  a"  ~  x"  into  five  &otora. 

48.  BeBolve  Wft" -((»'  + 6" -c*)'  into  four  factors. 

49.  Itoaolvo  4(<jrf+  be/  -  (a*-  i"-  e«+  d*/  into  four  fkctora. 

50.  Shew  that  (ay-6a;)*+(6s-cy)*  +  (ca!-iK)'  +  {aa:  +  iy  +  <»)' 
ia  divisible  by  <^  +  6"  +  c"  and  b  y  »*  +  y*  +  a*. 


T.     NEGATIVE   QTTANTITIES. 

72.  In  Algebra  we  are  Bometimes  led  to  a  Bubtraction 
wbicb  cannot  be  performed  because  the  number  which  should 
be  subtracted  is  greater  than  that  from  which  it  is  required  to 
be  subtracted.  Fet  instance,  we  have  the  following  relation : 
a-(b+c)—a—b—o;  suppose  that  wJ,  b=7  and  c-3  so  that 
&  +  c  =  10.  Now  the  relation  a~{b+e)  =  a—b  —  e  tacitly  sup- 
poses A  4-  0  to  be  lees  than  a ;  if  we  were  to  n^lect  this  supposi- 
tion for  a  moment  we  should  have  7-10  =  7  —  7  —  3;  and  as  7  —  7 
IB  zero  we  might  finally  write  7  —  10  =  —  3, 

73.  In  writing  such  an  equation  as  7  — 10  =  —  3  we  may  be 
understood  to  make  the  following  statement :  "  it  is  impossible  to 
take  10  from  7,  but  if  7  be  taken  from  10  the  remainder  is  3." 

74.  It  might  at  first  sight  seem  to  the  stodent  unlikely  that 
such  an  expression  as  7  -  10  should  occur  in  practice ;  or  '^at  if 
it  did  occur  it  would  only  arise  either  from  a  mistake  which  could 
be  instantly  corrected,  or  from  an  operation  being  proposed  which 
it  was  'obviously  impossible  to  perform,  and  which  must  therefore 
be  abandoned,  _  As  he  proceeds  in  the  subject  the  student  will 
find  however  that  such  expressions  occur  frequently;  it  might 
h^peu  that  a-b  fqtpeared  at  the  commencement  of  a  long  inyesti- 
gatioHi'^nd  that  it  was  not  easy  to  decide  at  once  whether  a  were 
greater  or  lees  than  5.  Now  the  object  of  the  ja'esent  Chapter  is 
to  shew  that  in  such  a  case  we  may  proceed  on  the  supposition 
that  a  is  greater  tJian  b,  and  that  if  it  should  finally  appear  that  a  is 
less  than  b  we  diall  still  be  able  to  make  use  of  oui*  investigation, 
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75.  Let  us  consider  aa  illustration.  Suppose  a  merchant  to 
gain  ia  ono  fear  a  certEiin  niunbec  of  poanda  and  to  lose  a  oertain 
number  of  pounds  in  tlie  following  year,  vhat  change  has  taken 
place  in  his  capital  1  Let  a  denote  the  number  of  pounds  gained 
in  the  first  year,  and  i  the  number  of  pounds  lost  in  the  second. 
Then  if  a  is  greater  than  h  '^e  capital  of  the  merchant  has  been 
irm-eaaed  by  a  — 6  pounds.  If  however  b  is  greater  than  a  the 
capital  has  been  diminUhed  by  (  —  a  pounds.  In  this  latter  case 
a  —  6  is  the  indication  of  what  would  be  pronounced  in  Arithmetic 
to  be  an  impossible  subtraction ;  but  yet  in  Algebra  it  is  found 
convenient  to  retain  a  —6  as  indicating  the  change  of  the  capital, 
which  we  may  do  by  means  of  an  appropriate  system  of  mterprt' 
lotion.  Tb,uB,  for  example,  if  a  =  400  and  b  =  500  the  merchant's 
capital  has  Buffered  a  diminution  of  100  pounds ;  the  algebraist 
indicates  this  in  symbols,  thus 

400 -600  =  -100, 
and  he  may  turn  his  symbols  into  words  by  saying  that  the 
merchant's  capital  has  been  increased  by  ~  100  pounds.  This 
language  is  indeed  far  removed  &om  the  language  of  ordinary  life, 
but  if  the  algebraist  understands  it  and  uses  it  consistently  and 
logically  his  deductions  from  it  will  be  sound. 

76.  There  are  numerous  instances  like  the  preceding  in  which 
it  is  convenient  for  us  to  be  able  to  represent  not  only  the 
magnitude  but  also  what  may  be  called  the  quality  or  affection  of 
th.e  things  about  which  we  may  be  reasoning.  In  the  preceding 
case  a  sum  of  money  may  be  gainedcn  it  may  be  Imt ,-  in  a  ques- 
tion of  chronology  we  may  have  to  distinguish  a  dat«  before  a 
given  epoch  from  a  date  afier  that  epoch ;  in  a  question  of  posi- 
tion we  may  have  to  distinguish  a  distance  measured  to  the  north 
of  a  certain  starting-point  from  a  distance  measured  to  the  totUh 
of  it ;  and  so  on.  These  pairs  of  related  magnitudes  the  algebraist 
distinguishes  by  means  of  the  signs  +  and  -.  Thus  i^  as  in  the 
preceding  Article,  the  things  te  be  distinguished  are  gain  and  loss, 
he  may  denote  by  100  or  by  +  100  a  gain,  and  then  he  will  denote 
by  — 100  a  2(us  of  the  Sfune  extent.    Or  ho  may  denote  a  loss  by  100 
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or  by  +  100,  and  then  he  will  denote  by  —  100  a  gain  of  tbo  same 
extent.  There  are  two  points  to  be  noticed ;  firii,  that  when  no 
sign  is  used  +  ia  to  be  nnderetood ;  aeoon^,  the  sign  +  ni&y  be 
ascribed  to  either  of  the  two  related  magnitudes,  and  then  the  sign 
—  will  throughout  the  investigation  in  hand  belong  to  the  other 
magnitudei 

77.  In  AriduneUc  then  we  are  concerned  only  with  the 
numbera  r^resented  by  the  qrmbob  1,  2,  3,  d»^,  and  int^mediate 
fractions.  In  A^bra,  besides  these,  we  consider  another  set  of 
symbols  —1,  ~%  —3,  &c.,  and  intermediate  frnotions.  Sjrmbola 
preceded  by  the  sign  —  are  called  n^ottvs  guon^tw,  and  symbols 
ja«ceded  by  the  sign  +  are  called  po^ivt  jwtnftttM.  Symbob 
without  a  sign  prefixed  are  considered  to  have  +  prefixed. 

The  i}Aaolui«  value  of  any  quantity  is  the  number  repre- 
sented by  this  quantity  taken  independently  of  the  sign  which 
precedes  tlie  number. 

78.  In  the  preceding  Chapters  we  have  given  rules  for  the 
Addition,  Subtraction,  Multiplication,  and  Division  of  algebraical 
expressions.  Those  rules  were  based  on  arithmetical  notions  and 
wOTe  shewn  to  be  true  so  long  aa  the  expressions  represented  such 
things  as  Arithmetic  considers,  that  is  poiUive  quantiliei.  Thus, 
when  we  introduced  such  an  expression  aa  a  -  5  we  supposed  both 
a  and  6  to  be  pottttva  qiumtUUe  and  a  to  be  greater  than  b.  But 
as  we  wish  hereafter  to  include  negative  gttar^Uiea  among  the 
objects  of  our  reasoning  it  becomes  necessary  to  recur  to  the  con- 
sderation  of  these  primary  operations.  Now  it  is  found  con- 
venient that  the  laws  of  the  fimdamental  operstions  should  be  the 
same  whether  the  symbols  denote  pomtvM  or  negative  quantities, 
and  we  shall  therefore  secure  this  convenience  by  means  of  suitable 
dejinitiona.  For  it  must  be  observed  that  we  have  a  power  over 
the  definitions ;  for  example,  mvitipliealion  of  positive  quantities 
is  defined  in  Arithmetic,  and  we  should  naturally  retain  that  defi- 
nition ;  but  muitiplieation  of  negative  quantities,  or  of  a  positive  and 
a  negative  quattttty  has  not  hitherto  been  defined ;  the  terms  are 
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at  preaent  destitute  of  meaniug.  It  is  thwefore  in  onr  power 
to  define  tiiem  as  we  please  jaxiyided  we  always  adhere  to  ouv 
definition. 

79.  The  student  will  remember  that  he  is  not  in  a  position  to 
ju<^  of  the  convenitnet  which  ve  have  intimated  wiU  follow  from 
our  keeping  the  fundamental  laws  of  algebraical  operation  perma- 
nent, and  giving  a  wider  meaning  to  such  common  words  as 
addition  and  multiplication  in  order  to  insure  this  permanence. 
He  must  at  present  confine  himself  to  watching  the  accuracy  of 
the  deductions  drawn  from  the  definitions.  As  be  proceeds  be  will 
see  that  Algebra  gains  largely  in  power  and  utility  by  the  intro- 
duction otneffatiiK  quantiliea  and  by  the  extension  of  the  meaning 
of  the  fundamental  operations.  And  he  will  find  that  although 
the  symbob  +  and  —  are  used  apparently  for  two  purposes,  namely, 
according  to  the  definitions  in  Arts.  3  Mid  4,  and  according  to  the 
convention  in  Art,  76,  no  contradiction  nttr  confiision  will  ulti- 
mately arise  from  this  circumstance. 

80.  Two  qnantitiea  are  said  to  be  equal  and  may  be  con- 
nected by  the  sign  =  when  they  have  the  same  numerical  value 
and  have  the  same  sign.  Thus  they  may  have  the  same  absolute 
value  and  yet  not  be  equal;  for  example,  7  and  —7  are  of  the  same 
absolult  value  but  they  are  not  to  be  called  equal. 

81.  la  Arithmetic  the  object  of  addUion  is  to  find  a  number 
which  alone  is  equal  to  the  units  and  fractions  contained  in  certain 
other  numbeiB.  This  notion  ia  not  applicable  to  n^ative  quan- 
tities ;  that  is,  we  have  as  yet  no  TneanxTiff  for  the  phrase  "  add  -  3 
to  5,"  or  "add  —3  to  —5,"  We  shall  therefore  give  a  meaning  to 
the  word  add  in  such  cases,  and  the  meaning  we  propose  is  deter- 
mined by  the  following  rules  :  To  add  two  qwtjititiea  of  ths  eame 
tign  add  the  abaoluU  valuea  (jf  ike  guantiiUi  and  place  the  sign  of 
the  quantUies  b^ore  the  mm.  To  add  two  quantitiM  of  dyferori 
tiyns,  tutiraet  the  lets  aheobUe  value  from  the  greater,  and  place 
before  O^e  remaitider  the  rign  of  that  qva?ttiijf  whieh  hat  the  greater 
abtotute  value. 
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Tbxa,  hy  the  first  rule,  if  we  add  3  to  5  we  obtain  8 ;  if  ve 
add  —  3  to  —  5  we  obtain  —  8.  By  the  second  rule,  if  v«  add  3 
to  —  5  we  obtain  —  2  ;  if  we  add  —  3  to  5  we  obtain  2. 

82.  It  will  be  seen  that  the  rules  above  given  leave  to  Uie 
Word  add  its  conunon  arithmetical  meaning  so  long  as  the  things 
which  are  to  be  added  are  such  as  Arithmetic  considers,  namely, 
pofitwe  quantities,  and  merely  assign  a  meaning  to  the  word  in 
those  cases  when  as  yet  it  had  no  meaning.  The  reader  may 
perhaps  object  that  no  verbal  definitityn  is  given  of  the  word  add 
imt  merely  a  rule  for  adding  two  quantities.  We  may  r^y  that 
the  practical  iise  of  a  definition  is  to  enable  us  to  know  tliat  wa 
use  a  word  correctly  and  consistently  when  we  do  use  it,  and  Ijie 
rules  above  ^ven  will  ensure  this  end  in  the  present  case. 

83.  The  roles  are  not  altogether  arbitrary :  tiiat  is,  the  stn- 
dent  may  easily  see  even  at  this  stage  of  his  progress  that  they  are 
likely'  to  be  advantageous.  Thus,  to  take  the  numerical  example 
given  above,  suppose  a  man  to  be  entitled  to  receive  3  shillings 
from  one  person  and  5  shillings  firom  anotlier,  tlien  he  may  be  eon- 
mdered  to  possess  8  shillings.  But  suppose  him  to  owe  3  shillings 
to  one  person  and  5  shillings  to  another ;  then  he  oteet  altogether 
8  shillings  ;  this  may  be  considered  to  be  an  interpretation  of  the 
-  8  which  arises  from  adding  —  3  to  —  0.  Kext,  suppose  that  he 
has  to  receive  3  shillings  and  to  pay  5  shillings;  then  he  owe* 
alk^ether  2  shillings ;  this  may  be  considered  to  be  an  interpreta- 
tion of  the  —  2  which  arises  from  adding  3  to  —  S.  Lastly,  suppose 
that  he  has  to  receive  5  shillings  and  to  pay  3  shillings,  then  he 
may  be  considered  to  possess  2  shillings ;  this  may  be  considered 
to  be  an  interpretation  of  the  2  which  arises,  from  adding 
-3  to  5. 

84.  Tbna  in  Algebra  addition  does  not  necessarily  imply 
augmentation  in  an  arithmetical  sense ;  nevertheless  the  word 
nan  is  used  to  denote  the  result.  Sometimes  when  there  mig^t 
be  an  uncertainty  on  the  point,  the'  term  algebraical  rum  is  used  to 
.i;rfj»g.«.i.  gQct  a  resuh  fixmi  the  ariiAm^iaU  eum,  which  would 
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be  obtfuned  by  the  arithmetictil  addition  of  the  abmlvie  valuei  of 
the  temu  considered. 

85.  Suppose  now  we  have  to  add  the  five  quantities  -  2,  +  6, 
- 13,  -  4  and  -i-  &  The  sum  of-2aiul+5is+3;  the  Bum 
of  +  3  and  -  13  ia  -  10  ;  the  Bum  of  -  10  and  -4  is  -  14  ;  the 
sum  of  - 14  and  +  8  is  -  6.  Thus  -  6  is  the  aum  required. 
Or  we  may  first  calcukte  the  sum  of  the  negative  quantities  —  2, 
—  13  and  —  4,  and  we  thus  get  — 19 ;  then  calculate  the  sum 
of  the  positive  quantities  +  5  and  +  8,  and  we  thus  get  +  13. 
Thus  the  proposed  sum  becomes  +  13  —  19,  that  ia,  —  6  as  before. 
It  will  be  easily  seen  on  trial  that  the  same  result  is  obtained 
whatever  be  the  order  in  which  the  terms  are  taken.  Ihe^t  is, 
for  examiJe,  -2-13  +  5  +  8-4,8-13-2-4  +  5,  and  so  on, 
all  give  —  6. 

86.  Kext  suppose  we  have  to  add  two  or  more  algebnucal 
ezpressiona ;  for  example,  2a  —  36  +  4c  and  —a  —  2b  +  c+Sd.  W* 
have  for  the  sum 

2a- 3i  +  4c -a -26  +  c  +  2(t 

Then  the  like  t«tias  may  be  collected  j  thus 

2a—a  =  a,    —36  — 26  =  — 66,     4o  +  c=5c; 
and  the  turn  becomes 

a~5b  +  5e  +  2d. 

"Baa  we  may  give  the  fi>Uowing  rule  for  algebraical  addition : 
Write  the  temu  in  the  same  Ime  preceded  by  their  proper  tigtu; 
eoBeet  Ute  terau  into  one,  and  arrange  the  lerme  of  the  remdt 
vn  any  order. 

87.  In  arithmetical  subtraction  we  have  to  take  aw»y  one 
number,  which  is  called  the  euitrahend,  from  another  which  is 
called  the  minuend,  and  the  result  is  called  the  remainder.  The 
remiunder  then  may  be  defined  as  that  number  which  must  bo 
added  to  t^e  subtrahend  to  produce  the  minuend,  and  the  object 
of  subtraction  is  to  Qnd  this  remainder. 
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We  shall  ose  the  same  definitioti  in  algebraical  subtractioD, 
that  is,  ve  aay  that  ia  subtraction  we  have  to  find  tlie  quantity 
vhich  must  be  added  to  the  subtrahend  to  produce  the  nimnend. 
From  this  definition  we  obtwn  the  rule :  Change  the  tign  of  every 
Urm  in  the  Mtihtrahend  and  add  ihe  result  to  obtained  to  ihe  mtnu- 
end,  and  the  revdt  vnll  he  the  remainder  required. 

For  it  is  obvious,  that  if  to  the  expression  thus  formed  'we  add 
the  subtrahend,  giving  to  each  term  its  proper  sign,  all  the  terms 
of  the  subtrahend  will  disappear  and  leave  the  minuend;  which 
was  required. 

88.  We  have  still  another  point  to  notice.  According  to 
what  has  been  laid  down,  the  sum  of  +  a  and  —  fi  is  denoted  hy 
a  —  b;  if  we  take  —  h  irom  a,  the  reeult  is  a  -i-  i ;  and  ihe  sum  of 

—  a,+h,  and  —  e  is  —a  +  b-c;  and  so  on.  But  we  have  as  yet 
snppoeed  that  the  letters  themselves  stand  for  positive  nvmieri; 
for  example,  when  we  say  that  the  sum  of  +  a  and  —b  is  a~b, 
a  may  be  6,  and  b  may  be  10 ;  but  suppose  that  a  is  --  6,  and 
&  is  —10,    do  the  rules  adopted  i^ply  here!     Since  b  is  —10, 

—  (or  ~(— 10)  will  naturally  be  taken  to  mean  10,  and  +a  or 
+  (-6)willbe  taken  tomean-6;  and  the  sum  of  10  and -<  6  ia  4 

89.  Thus  if  a  be  itself  a  tiegaiive  quatUity,  we  have  assigned 
a  meaning  to  -f  a  and  to  —  a ;  and  the  meanings  are  these ;  let 
a  =  —  a,  so  that  a  is  a  positive  quantity,  then  +  a  or  +  (-  a)  =  —  a, 
and  —a  or  - (- a)  =  a.  We  said  in  the  preceding  Article  tJiat 
these  meanings  followed  natwaily  from  what  hod  preceded ;  it  is 
however  of  little  consequence  whether  we  consider  these  meanings 
to  follow  thus,  or  whether  we  look  upon  them  as  new  intorpreta- 
tions ;  the  important  point  is  to  use  tbem  uniformly  and  oon- 
ustently  when  once  adopted. 

Since  +  (—  o)  =  —  o,  and  —  (—  o)  =  a,  that  is,  +  a,  we  may  enun- 
dato  the  same  rule  as  formerly,  namely,  tiiat  like  ngm  produce  + 
and  unlike  eigne  -. 

90.  There  are  four  oanoo  to  consider  in  multiplication.     Let 
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a  and  b  denote  any  two  numbers,  then  we  have  to  consider 
+  ax  +  6,     -ox+i,     +ax-J,     -ax- 6. 

The  first  case  is  that  of  common  Arithmetic  and  needs  no 
remark.  The  ordinaxy  definition  of  multiplication  may  also  be 
applied  to  the  second  case ;  for  suppose,  for  example,  that  6  =  3, 
then  —  a  X  3  indicates  that  —  a  is  to  be  repeated  three  times,  that 
is,  we  have  —a— a  — a  or  —  3a  as  the  result  Thus 
—  ax  +  b  =  —  ab. 

Jn  the  other  two  cases  the  multiplier  is  a  negative  quantity, 
and  thus  the  common  arithmetical  m)tion  of  multiplication  is  not 
applicable ;  we  may  therefore  give  by  definition  a  meaning  te  the 
term  in  this  case.  Now  we  observe  that  when  the  multiplier  is 
positive,  the  sign  of  the  multiplicand  is  preserved  in  the  product ; 
thus  we  are  led  to  adopt  the  following  convention  :  When  the  mttt- 
liplier  m  negative,  perform  the  mvMij>Ue<Uion  aa  if  the  mvitipUer 
were  positive,  and  change  the  aiffn  of  the  product.  Hence  we  con- 
clude immediately  that 

+  ax-b=  —  ab  and  -ax  —  6  =  +  a&, 

91.  Thus  we  have  the  following  rule :  To  mulUply  two 
guanlitiet  tohatever  be  iheir  tigns,  mvltiply  them  vyithout  consider- 
ing the  siffns,  and  put  +  or  ■-  before  the  product  according  as  the 
Itoo  factors  have  the  same  sign  or  different  tigns.  As  before  re- 
marked, the  rule  for  the  sign  of  the  product  is  abbreviated  thus : 
lAke  signs  give  +  aaid  wiUike  signs  give  — . 

92.  In  the  preceding  Articles  we  supposed  a  and  b  themselves 
to  denote  arithmetical  numbers;  it  is  important  however  to 
observe  that  if  they  denote  any  quantities,  positive  or  n^ative, 
the  four  results  obttuned  are  true ;  that  is, 

+  ax  +  b  =  +  ab,  — ox+i=  — oi,  4-ax  — 6  =  — oA,  — ax— 6  =+a6; 
Take,  for  example,  the  last  of  these,  and  suppose  that  a  is  a 
n^ative  quantity,  and  so  may  be  denoted  by  —  a ;  then  —  a  is  a 
positive  quantity,  and  =  a.  (Art.  89.)  Hence  —  ax  -~b  =  ax  —  b; 
and  this  by  the  third  case  ••—ab.  And  ab  =  —  axb  =  —  ob  by 
th«  second  case. 
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ThoB  tbe  result  -a-x-b^ed)  holds  wben  a  is  a  lu^tive 
quaatitf.     Similarly  any  other  case  maj  be  established. 

93.  We  must  now  shew  that  the  rule  for  multiplying  bino- 
mial and  polynomial  expressions  given  ia  Art.  48  is  true,  whatever 
the  symbols  denote.     Take,  for  example,  the  case 

(a~b)c  =  ac-be. 
When  this  was  proved,  we  supposed  e  a  positive  quantity ;  we 
will'now  suppose  that  c  is  a  negative  quantity,  uamdy  —  y.  By 
virtue  of  the  convention  in  Art  90,  to  find  the  [voduct  of  a  —  6 
and  —  y  we  must  multiply  a  -  6  by  y  and  then  change  the  sign  <rf 
each  term  in  the  result.     Now, 

{a-b)y^ay~by; 
thus  (a-b){~y)  =  -ay+by. 

But  unce  e  =  —  y,  we  have 

ac  —  6c  =  —  ay  +  6y; 
tlins  the  relation  (a  —  b)c  =  ao  —  bc 

holds  whatever  c  may  be,  positive  or  negative.     Similarly,  any 
other  case  may  be  established. 

94.  The  ordinary  definition  of  division  will  be  nnivetsaUy 
applicalde;  we  suppose  a  product  and  one  &ctor  given,  and  we 
have  to  determine  the  other  factor. 

Hence  if  we  perfiHm  tlte  division  without  regarding  the  signs 
we  obtain  the  quotient  apart  from  its  sign.  It  remains  then 
to  detormine  the  sign,  for  which  we  may  give  the  following 
rule: 

WTten  the  dividend  and  divisor  have  the  sa/me  tign,  the  quotient 
muit  have  the  sign  +  j  t^ien  the  dividend  and  divisor  have  different 
tiffnt,  the  quotient  jmist  have  the  eign  •-. 

This  rule  follows  from  the  &ct  titat  Uie  product  of  the  divisor 
and  quotient  must  be  equal  to  the  dividend.  The  rule  for  the 
sign  of  the  quotient  may  as  before  be  abbreviated  thus  :  Idke  tigna 
give  +  and  vnlike  eigne  give  —. 
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95.  The  vorda  gretj^^  tmd  le»»  are  often  used  in  Algebra  in 
an  extended  sense.  We  say  that  a  is  greater  l/um  b  or  tliat  b  ia 
less  than  a  i£ a~b  is  a  positive  quatUitt/.  This  is  . consistent  widi 
ordinary  language  when  a  and  6  are  themselvea  both  positive,  and 
it  ia  found  convenient  to  extend  the  meaning  of  the  words  greater 
and  Uss  so  that  this  definition  may  also  hold  when  a  or  5  is  n€gs- 
tive,  or  when  both  are  negative.  Thus,  for  example,  in  algebraioal 
language  1  is  greater  than  —  2  and  ~-  2  is  greater  than  —  3. 

96.  Before  leaving  this  part  of  the  subject  we  may  make  a 
few  general  remarks.  The  subject  of  Algebra  has  been  divided 
by  some  modem  writers  into  two  parts,  which  they  hav«  called 
Ariikjaeiical  Algebra  and  Symbolical  Algebra.  In  Arithmetical 
Algebra  symbols  are  used  to  denote  the  numbers  and  the  opera- 
tions which  occur  in  Arithmetic,  Here,  as  shewn  in  the  pre- 
ceding Chapters  of  the  present  work,  we  b^in  by  defining  our 
symbob,  sad  then  arrive  at  certain  results,  as  for  example,  at 
the.  result  (a  +  b){a~b)  =  a'  —  b'.  In  Symbolical  Algebra  we 
Bourne  that  the  rules  of  Arithmetical  Algebra  hold  muversally, 
and  then  determine  what  must  be  denoted  by  the  symbols  and 
the  operations,  in  order  to  ensure  this  result.  Thus  we  may 
consider,  that  in  the  present  Chapter  we  have  been  examining 
what  meanings  must  be  given  to  the  symbols  te  make  the  results 
of  the  previous  Chapters  hold  universally.  And  we  have  thus 
been  led  to  the  theory  of  negative  quantities,  and  to  an  extension 
of  the  toeaning  of  the  words  addition,  subtraction,  multiplication 
and  division. 

97.  In  some  of  the  older  works  on  Algebra,  scarcely  any 
reference  is  made  to  the  extensions  of  meaning  which  we  have 
given  to  some  simple  arithmetical  terms.  In  such  works  the 
proofo  and  investigations  are  valid  only  so  long  as  the  symbols 
have  purely  arithmetical  meanings ;  and  the  proofs  and  investiga- 
tions are  really  assumed  without  demonstration  to  hold  when  the 
symbols  have  not  purely  arithmetical  meanings.  In  recent  works, 
as  in  the  present,  an  attempt  is  made  to  establish  the  proofs 
completely.     It  must  not  hawsvex  be  denied  that  this  branch  dF 
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Ae  subject  presenta  considerable  diffioultj  to  the  beginner,  and  it 
irill  probably  odIj  be  after  repeated  examination  that  a  convio- 
ticm  irill  be  obtained  of  the  univeraal  truth  of  the  fundamental 


The  student  is  recommended  to  proceed  oawarde  aa  far  as  the 
Chapter  on  Equations ;  he  will  there  see  some  further  remarks 
on  negative  quantities,  and  he  may  afWwards  read  the  present 
Chapter  again.  It  would  be  incouBiBtetit  with  the  plan  of  this 
work  to  enter  very  lately  on  thtE  branch  of  Algebra ;  but  the 
jwesent  Chapter  may  furnish  an  outline  which  the  student  can 
£11  up  hj  his  future  reading  and  reflection. 

We  shall  require  in  the  course  of  the  work  certain  propo- 
utions  which  are  obvious  axioms  in  Arithmetic,  and  which  are 
also  true  when  we  give  to  the  terms  and  symbols  their  extended 
meanings, 

98.  If  equal  quantities  be  added  to  equal  quantities,  the  sums 
will  be  equaL 

99.  If  equal  quantities  be  taken  &om  equal  quantities,  the 
remunders  will  be  equal 

Thns,  for  example  if  A  =pB  +  C,  then  by  taking  C  from  Hieee 
equal  quantities  we  have  A-C=  pB. 

100.  If  equal  quantities  be  multiplied  by  the  same  or  by  equal 
quantities,  the  products  will  be  equal 

Thus  too  if  o=6  then  a"  =  6"  and  ^ac  Hb. 

101.  If  equal  quantities  be  divided  by  the  same  or  by  equal 
quantities,  the  quotieats  will  be  equal 

102.  If  the  same  quantity  be  added  to  and  subtracted  &om 
another,  the  value  of  the  latter  will  not  be  altered. 

103.  If  a  quantity  be  both  multiplied  luid  divided  by  another, 
its  ralne  wiU  not  be  altered. 
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104.  It  is  important  to  dnnf  the  attention  of  the  reader  to 
the  &ct,  that  these  propoeitiooB  are  still  true  irhether  the  qnanti- 
ties  spoken  of  are  positive  or  n^ative,  and  when  1^  terms  addi- 
tion, subtraction,  multiplication,  and  division  have  their  extended 
meanings.  For  example,  i£  a  =  b,  and  c  =  d,  then  ac  =  bd;  this  is 
obvious  if  all  the  letters  denote  positive  quantities.  Suppose 
however  that  c  is  a  negative  quantity,  so  that  we  me,j  represent 
it  by  —  y ;  then  d  must  be  a  n^ative  quantity,  and  if  we  denote 
it  by  — ^  we  have'y  =  S;  therefore  ay  =  68 ;  therefore  - tiy  =  - 68  ; 
and  thns  ae=btl. 

XIBCELLAnEOCa   EXAUPLES. 

1.  Shew  that  a^  +  y'  +  is*  +  2jy  +  Sxz  and  i(x  +  z)'  becoma 
identical  when  x  and  y  each  =  a. 

2.  Ifa=l,  6  =  =  ,  x=7  and  ^  =  8,  find  the  value  of 

3.  I{  a^  =  ,  b'^-^,  x  =  5  and  y  =  „ ,  find  the  value  of 

(IOa  + 206)  V{(*-5)j'l-3a^{y'(«- 6)1  +  66. 

4.  If  a  =  ^ ,  6  =  2,  a:  =  -.-  and  y  =  = ,  find  the  value  of 

(<.  +  6)V((i-5)s'l-a^(j(i-6)l+:^ 
6.     Substitute  y-f  3  for  X  in  iC'—x'-fSx'  — 3  and  arrange  the 
result. 

6.  Shew  that 

{{a  -  by  +  (6  -  c)'  +  (c  -  «)■}'  =  2  {(«  -  6)'  +  (6  -  .)*  +  («  "  <')')■ 

7.  If  2»-o  +  J  +  c,  shew  that 

(--«)'  +  («-6)'  +  (.-c)V^-a--.6'  +  c'. 

8.  If  2s  =  o  +  6  +  c,  shew  that 
3(»-a)(«-6)-H2(»-6){»-tf)  +  2(«-c)(.-a)  =  2^-a'-6'-c'. 

9.  If  2«  B  a  +  6  +  c,  shew  that 
2{,-a)(,-b){,-c)  +  a{>-b)i,-c)  +  b(>-  o)  {,  -  a) 

+  c(,-aH.-6)-aift 
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10.     Shew  that 


12.     If  2»=a  +  6  +  c  and  301^-0'+ 6'  + e*,  shew  that 

<<r' -  a")  (**  -  6")  +  C*^  -  6")  (<'*  -  «*)  +  (<^  -  O  ("^  - 'O 

=  4«(.-a)(«-i)(.-.)- 
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105.  In  Arithmetic  the  greateat  common  measure  of  two  or 
more  whole  numbers  ia  the  greatest  number  which  will. divide  each 
of  them  without  remainder.  Iho  term  ia  also  used  is  Algebra,  and 
its  meaning  in  this  subject  will  be  understood  iroid  the  following 
definition  of  the  greatest  coimnon  tneasure  of  two  or  more  alge- 
braical expreaaions:  Let  two  or  more  algebraical  expressions  be 
arranged  according  to  descending  powers  of  some  common  letter ; 
then  the  fector  of  highest  dimensions  in  that  letter  which  divides 
each  of  these  expressiona  without  remainder  is  called  their  greatest 


106.  The  term  greatest  eotrvmon  msature  ia  not  very  appro- 
priate in  Algebra,  because  the  words  greater  and  lets  are  seldom 
applicable  to  algebraical  expressions  in  which  specific  numerical 
values  have  not  been  assigned  to  the  various  letters  which  occur. 
It  would  be  better  to  speak  of  the  highett  common  divisor  or  of 
the  highest  com/mon  measure;  but  in  conformitj  with  established 
usage  we  retain  the  term  greatest  common  measure.  The  letters 
o.  c.  u.  will  often  be  used  for  shortness  instead  of  tin's  term. 

When  one  expressioa  divides  two  or  more  expressions  without 
remaindera  we  shall  say  that  it  is  a  common  measure  of  them,  ov 
more  briefljr,  that  it  ia  a  measure  of  them,  _.  , 
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107.  Tlie  following  is  the  rule  for  finding  the  o.  c.  k.  of  two 
algebraical  expressiona : 

Let  A  and  B  denote  the  two  expresuona ;  let  them  be  arranged 
Bcoording  to  descending  powere  of  some  common  letter,  and  suppose 
the  index  of  the  highest  power  of  that  letter  in  A  not  less  than 
the  index  of  the  highest  power  of  that  letter  in  B.  Divide  A  by 
B ;  Uien  make  the  remainder  a  divisor  and  S  the  dividend. 
Again,  make  the  new  remainder  a  divisor  aod  the  preceding 
divisor  the  dividend.  Proceed  in  this  waj  until  there  is  no 
remainder ;  then  the  last  divisor  is  the  a.  0.  u.  required. 

108.  Example :  find  the  a  a  h.  of 

a?-6»  +  8  and  4a:'- 2Ia!*+ 15*+ 20. 

4a:' -  24a:' +  32a! 


3«'- 

17«  +  20 
18«  +  24 

«~ 

4 

I" 

-61  +  8^1! 
-4a! 

-2 

Thus  x—i  ia  tiie  a.  ex.  required. 

109.  The  truth  of  the  rule  given  in  Art,  107  depends  upon 
the  following  principles : 

(1)  If  P  divide  A,  then  it  will  divide  m,A.  For  since  P 
divides  A,  we  may  suppose  A  =  aP,  then  mA'=maP,  thus  P 
divides  mA. 

(2)  If  P  divide  A  and  B,  then  it  will  divide  m,A  '•nB.  For 
since  P  divides  A  and  B,  we  may  suppose  A  =aP,  and  B  =  hP, 
then  mA  ihnB  =  (ma  *  nJ)  P ;  thus  P  divides  mA  *  nB. 

We  can  now  prove  the  rule  given  in  Art.  107.        r-  ,,>y|,. 
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110.     Let  A  and  £  denote  ihe  two  expres-  BJ  A  (p 
sions;  let  them  be  arranged  accordii^  to  de-        pB 
acending  powers  of  some  common  letter,  and         n  .  n  i  „ 
suppose  the  index  of  the  highest  power  of  that  p 

letter  in  A   not  less  than   the  index  of  the  — - 

highest  power  of  that  letter  in  S.     Divide  A  ^JO  {r 

hj  3  ■  let  p  denote  the  quotient,  and  C  the  *" 

remainder.     Divide  S  hj  C ;  let  q  denote  the 
quotient,  and  D   the  remainder.     Divide  C  by  S,  and  aupppsQ 
that  there  is  no  roiiuunder,  and  let  r  denote  the  quotient.     Thus 
we  have  the  following  results  : 

A  =  pB  +  0;         B  =  qC+n;         C  =  rD. 

We  shall  first  shew  that  D  is  a  common  measure  of  A  and  B. 


D  divides  C,  Bince  C  =  rD;  hence  (Art  109)  D  divides  qC  and 
ahio  qC  +  D  ;  that  ia,  D  divides  B,  Again,  since  J)  divides  B  and 
C,  it  divides  p£  +  (7;  that  is,  J)  divides  A.  Hence  D  dividea  A 
and  A 

We  have  thus  shewn  that  £>  is  o  common  measure  of  A  and  B; 
we  shall  next  shew  that  it  is  their  greatest  common  measure. 

By  Art  109  every  expression  which  divides  A  and  B  divides 
A  —pB,  tiiat  is,  C;  ^us  every  expression  which  is  a  measure  of 
A  Mid  B  ia  a,  measure  of  B  and  C.  Similarly  every  expression 
which  is  a  measure  of  B  and  {7  is  a  measure  of  G  and  P.  Thus 
every  expression  which  is  a  measure  of  A  and  B  divides  D.  But 
Uo  expression  higher  than  D  can  divide  D,  Thus  D  is  the  o.  c.  ii. 
required. 


111.  In  the  same  manner  as  it  is  shewn  in  the  preceding 
Article  that  3  measures  A  and  B,  it  may  be  shewn  that  every 
expreaaion  tokich  divides  D  also  measures  A  and  B.  And  it  in 
shewn  in  the  preceding  Article  that  every  expression  which  mea- 
sures A  and  B  divides  D.  Thus  eveiy  measure  of  A  and  B 
divides  their  a.  o.  u. ;  and  every  divisor  of  their  g,  c,  m.  measures 
AfoAB. 
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112.     Ab  an  example  of  the  proceea  in  Art.  110,  suppose  we 
have  to  find  the  o.  o.  H.  of  a;*  +  ffa:  +  4  and  a:*  +  4a^  +  5«  +  2. 


-X-+    !C  +  2 


Gx  +  GJu^+Sx+i  t,g  + g 


This  example  introduces  a  new  point  for  consideration.  Tlie 
last  divisor  here  is  61:  +  6 ;  this,  according  to  the  rule,  must  be 
the  o.  c.  iL  required.     We  see  from  the  above  process  that  when 

3i?  +  5x  +  i  is  .divided  by  6a!  +  6  the  quotient  w  ^  +  5 .     If  the 

other  given  expression,  namely  a?  +  4x*  -t-Sx+S,  be  divided  by 

6*  +  6,  it  will  be  found  that  the  quotient  i*  ^^  +  s  +  s  ■     I*  mey 

at  first  appear  to  the  student  that  6:1;  +  6  cannot  be  a  measure 
of  the  two  given  expressions,  since  the  so-called  quotients  really 
contain  fractions.  But  we  see  that  in  these  quotients  the  letter 
of  reference  x  does  not  appear  in  the  denominator  of  any  fraction 
although  the  coefficients  of  the  powers  of  a:  are  fractions.     Such 

expressions  aa  ^  +  5  and  n"  +  5  +  s  1  therefore,  may  be  said  to  ba 

iniegnU  eepi-eMion*  ao/ar  ae  relaUa  to  x. 

Thus,  in  Ihe  example,  when  we  say  that  6j;  -(-  6  is  the  0.  c.  u. 
of  the  two  given  expressions,  we  merely  mean  that  no  measure 
oun  be  found  which  contains  higher  poivmri  of  a;. than  6a;+6. 
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Odier  measoreB  may  be  found  which  differ  from  this  so  &r  as 
reepecta  numerical  coefficients  only.  Thus  Sx  +  3  and  2x  +  2  will 
be  found  to  be  measures ;  these  are  respectively  the  hat/  and  the 
&ird  ot  Gx  +  6,  and  the  corresponding  quotients  when  we  divide 
,  the  given  expressions  by  these  measures  will  be  req)ectively  ttnc« 
and  l/uree  times  what  they  were  before.  Aga-in^  .«  +  1  is  also  a 
measure,  and  ihe  corresponding  quotients  are  x  +  4  aod  a^-|-3a>+2; 
we  may  then  conveniently  take  a:  +  I  as  1A«  greatest  common  me&- 
siu«,  since  ^e  quotients  ate  free  fix>m  fractional  coefficients. 

113.  la  order  to  avoid  /raetional  eoejicienla  in  the  quotienfa 
it  is  usual  in  performing  the  operations  for  finding  the  g.  c.  h.  to 
rtjeet  certun  &ctora  which  do  not  form  part  of  the  o.  c  ii.  re- 
Suppose  we  have  to  find  t^e  a.  o  .if.  of  A  and  B ;  and  at  any 
stage  of  the  process  suppcse  we  have  the  expressions  £  and  £, 
one  of  which  is  to  be  a  dividend  and  the  other  a  divisor.  Let 
S  =  7nS,  where  m  has  no  &ctor  which  K  has  ;  then  m  may  be  i«- 
jected  :  that  is,  instead  of  continuing  the  process  with  JT  and  R  we 
may  ctmtinue  it  with  K  and  S. 

For  by  what  has  been  already  shewn  we  tnow  that  A  and  B 
have  just  the  same  common  measures  as  £  and  S  have. 

Now  any  common  measure  of  AT  and  5  is  a  common  measure 
of  £  and  It,  and  is  therefore  a  common  measure  of  A  and  B, 


And  any  common  measure  of  £  and  £  is  a  common  measure 
of  X  and  mS.  But  m  has  no  factor  which  £  has.  Therefore 
any  common  measure  of  £  and  £  is  a  common  measure  of  £  and 
S.  Hence  any  conunon  measure  of  A  and  .fi  is  a  common  mea- 
sure off  and  .^. 

Thus  we  see  that  A  and  £  have  just  the  same  common  mea- 
sures as  £  and  S  have;  and  this  is  what  we  had  to  shew. 

Hi.  A  factor  of  a  certain  kind  may  also  be  iatirodueed  at 
any  stage  of  the  process. 

Suppose  we  have  to  find  the  o.  a  H.  of  j1  and  B  ;  and  at  any 
stage  of  the  process  suppose  we  have  the  expressions  £  and  R,  one 
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of  which  is  to  be  a  dividend  and  the  other  ft  diviatn:.  Let  L=nKf 
where  n  haa  no  fiictor  'vMch  R  has ;  then  n  may  be  introduced  : 
that  is,  instead  of  couttnning  the  process  with  K  and  R  we  laxj 
continue  it  with  L  and  R. 

For  by  what  has  been  already  shewn  we  know  thftt  A  and  B 
have  just  the  same  common  measures  as  K  and  R  hare. 

Now  any  common  measure  of  K  and  A  is  a  commoa  measure 
of  L  and  R ;  so  that  any  common  measure  of  A  and  ^  is  a  com- 
mon measure  of  L  and  R, 

And  any  common  measure  of  L  and  i£  is  a  common  mea- 
sure of  nK  and  R.  But  n  has  no  &ctor  that  R  has.  Therefore 
any  common  measure  of  L  and  £  is  ft  common  measure  of  K  and 
R,  and  is  therefore  a  common  measure  of  A  and  B. 

Thus  we  see  that  A  and  B  have  just  the  same  common  mea- 
Bures  as  L  and  R  Imve ;  and  tins  is  what  we  had  to  shew. 

115,  We  see  then  that  certain  fectors  may  be  removed  from 
either  a  dividend  or  a. divisor,  or  introduced  into  either:  in  practice 
we  usually  remove  factors  fi-om  divisors,  and  introduce  Cictora  into 
dividends ;  and  such  fiictors  are  generally  niMnericat  factors.  The 
reasoning  of  Arts.  113  and  114  shews  that  these  operations  may 
be  performed  at  any  stage  of  the  process,  for  example  at  the  begin- 
ning  if  we  please.  By  means  of  such  modifications  of  the  process 
for  finding  the  G.  c.  M,,  we  may  avoid  the  introduction  of  fi-actioual 
coefficients.  The  following  example  will  guide  the  student.  Ea- 
quired  the  G.  c.  u.  of 

3»'-10a!»  +  15a!  +  8  and  af-2x'-^+ ia?  +  lSx  +  Q. 
af~2a^-5i>?+ix'+l3x*6J  Za*  -lOaj*  +lBfl!  +  8  (,3 

Saj*  -  6a!*  -  ISai' +  ISx"  +  39a!  +  18 


6«'+    83f-Ux'-2ix-10 
Before  proceeding  to  the  next  division  we  may  strike  out  tlie 
factor  2  from  every  term  of  the  new  divisor,  and  multiply  every 
term  of  the  new  dividend  by  3.     Then  continue  the  operation 

r..„ ^,Gt)tH^lc 


GBEATEST  COHHON  UEASUBE.  ,5] 


-  lOa^  -  ISa;"  +  24**  +  44a!  +  18 
Bemove  the  &ctor  3  from  every  tenn  of  the  last  expression, 
ftnd  then  multiply  eveiy  term  by  3.     Thus  ve  have 

-  15iB*  -  ISa:"  +  sear*  +  66a!  +  27. 
Proceed  with  the  division 

3a:'  +  4a!'-6a!'-12x-5^ -16a!*-iaB*  +  3e»*  +  66aj+27   (,-« 
-  I5as' -  aOas*  +  30*' +  eOx  +  26 


2iB'+    6a:* -t-    6*+    2 
BeinoYe  the  &ctor  2  &iid  then  continue  the  q)eration  thus : 
a!'+3a!*  +  3»+l^  3a!*  +  4a!'-    ea:'- 12a!-6  (_3ic-5 

3x'  +  M+    9a:'+    Sa; 


-5t>*-15a?-l5x-5 


Thaa  a^+3a!'  +  3a;+l  is  the  o.  c.  H.  required. 

116.  Suppose  the  onginal  expreasions  A  and  B  to  contain  a 
common  &ctor  F,  which  is  obvious  on  inspection ;  let  ^  =  aF,  and 
B^hF.  Then  F  will  be  a  factor  of  the  a.  c.  K. ;  as  is  shewn  in 
Art.  111.  We  may  then  find  the  G,  c.  K.  of  a  and  &,  and  multiply 
it  by  ^,  and  the  product  will  be  the  a.  c.  m.  of  A  and  B. 

117.  Similarly,  if  at  any  stage  of  the  operation  we  perceive 
that  s  certain  &ctor  is  common  to  the  dividend  and  divisor,  we 
may  strike  it  out^  and  continue  the  operation  with  the  remaining 
&ctors.  The  factor  omitted  must  then  be  multiplied  by  the  last 
divisor  which  is  obtained  by  continuing  the  operation,  and  the 
product  will  be  the  required  g.  c.  h. 

118.  Suppose^  for  example,  that  we  require  the  o.  0.  h.  of 
(«-!)' (a; -2)  (a! -3)  and  (as- l)'(a!-4)  (ai- 6).  Here  the  &ctot 
(x—l)' is  common  to  both  the  proposed  expressions,  and  is  there- 
fiirea&ctor  of  theo.c.if.  Moreover  in  this  example  («-l)*  forms 
the  entire  O.  O.  h.  ;  for  no  common  measure  can  be  found,  except 
unity,  of  (a)-2}(3i-3)  and  (a:- 1)  (a!-4)  (a:- 6)  which  awi  the 
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rtaudiuiig  Actors  of  the  prc^Kwed  expresdons.  The  last  statement 
can  be  verified  by  trial,  but  vhen  the  student  is  B«qiiamt«d  with 
the  subject  of  the  resolution  of  algebraical  expreesions  into  factors 
it  will  be  obvious  on  inspection.  The  resolution  of  algebraical 
espressicois  into  fitotors  is  discussed  in  the  T/teoty  of  E^uUwnM. 

119.  Next  suppose  we  require  the  o.  C  H.  of  ^rM  algebraical 
expressions  A,  B,  G.  Find  tlie  o.cjl.  of  two  of  them,  saj  A  and  ■ 
B;  ItA,  D  denote  this  G.  o.  ic. ;  then  the  o.  ex.  of  It  and  C  is  the 
required  a.CK.  oi  A,  B  and  C. 

For  by  Art  111  every  measure  of  D  and  (7  is  a  measure  of 
A,  B  and  C ;  and  also  eveiy  measure  of  A,  B  and  C^  is  a  measure 
of  J)  and  0.  Thus  the  o.  c.  if.  of  D  and  C  is  the  a.  ax.  of  A,  B 
and  0. 

120.  In  a  similar  nuumer  we  may  find  tlie  o.  C.  v.  cfjvur 
algebraical  ezpressiona.  Or  we  may  find  the  o.  c,  if.  of  two  of 
the  given  expressions  and  also  the  o.  c.  k.  of  the  other  two  ;  thai 
the  o.  c.  H.  of  the  two  expressions  thus  found  will  be  the  a.  C.  K. 
(rfthe  four  given  expressions. 

121.  The  definition  and  operations  of  the  preceding  Articles 
of  tliis  Chapter  relate  to  polynomifU  exjn^ssions.  The  meaning  of 
the  term  greatatt  common  taeatwra  in  the  case  of  timple  expressions 
will  be  seen  from  the  following  example  : 

Required  the  a.  a  if .  of  iS2a*b'xy,  270a'tfa?z  and  9(kfba?. 

We  find  by  Arithmetic  the  g.  c.  m.  of  the  numerical  ooefil- 
cientK  432,  270,  and  90 ;  it  is  18.  After  this  number  we  write 
every  letter  which  is  common  to  the  simple  expressions,  and  we 
give  to  each  letter  respectively  the  letut  exponent  which  it  has  in 
the  simple  expressions.  Thus  we  obtun  ISa'&c,  which  will  divide 
all  the  given  simple  expressions,  and  is  called  their  greatest  com- 
mon measure. 
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Find  the  a.  c:  k.  in  the  following  examples : 

1.  a!'-3a!+2  and  au'-as-S. 

2.  ie'  +  3ic'  +  4a!  +  12  and  a^  +  tt^  +  ix  +  S. 
■     5.  a:^+!«'  +  a!-3  and  a!'  +  3ai*+5i»+3. 

^4.  jb'+I  and  a!*  +  ma;' +  mas  + 1. 

6.  6iB'-7aic»-20a'as  and  Sa?+<MB-4a'. 

6.  a'-y*  and  fc'-jf'. 

7.  3a^-13a:'  +  23a!-21  and  6«'  +  a!*-44a;+ 21. 

8.  a!*-33:'+2a^  +  a:-l  and  a:'-fl?-2a!  +  2. 

s9.  aJ*-7a!*  +  a»!*  +  28aj-48  and  !c'-8a:'+19a!-14. 

10.  a^~!B»  +  2aj'  +  a!  +  3  and  **+ 2a?-a:-2. 

11.  4a!'  +  9a:'  +  2«'-2a!-4  and  3a!'  +  5a!"-!B  +  2. 

12.  2ii:*-12a!'+19a!'-6a!  +  9  and  4ai'-18a:'  +  I9a!-3. 

13.  ear***"-*  and  4a?-6a!»-4a:+3. 

14.  12a!'-15yai  +  3y*.and  63;" -  ejw*  +  2^3: -  2y*. 
.  15.  2a!'-lla!»-9  and  4a!*  + lliB*+ 81. 

16.  2o*+3»\>;-9»V  and  6<»*B-17a*a^+14flV-S<M!*. 

47.  2a?+{2a-9)a!'-(9a  +  6)ic  +  27  and,2fl!'-13fl!+ 18. 

18.  »V-rffa»y  +  o6'«2/'-6y  and  2a'6a^-afi"ay-6y. 

19.  a^+fw"— oxy-y*  and  a!*4- 2a^-o'a;'  +  fE'y'— 2oa!y*-y*, 
,20.  aj'+3a!*-8a^-9a:-3  and  «"  -  2a:*- 6fl^  + 4a!'+ 13a!  +  6. 

21.  6«'-4a!'-lla:»-3a?-3a!-l  and  4a!*  +  2ai'-18a:'+3a!-5. 

22.  ai*-aa^-aV-a^a!-2o*  and  38!*  -  7aa!' +  3a^o  -  2a'. 

23.  a^-9a:'+26a!-24,  a?- 10j^+31o;-30  and 

a!'-ll«'+38a!-40.  ^ 

24.  «*-lfl3?+9,  «*+10a!'+20ai»-10a!-21  and  /a   ■ 


a!*+4a^-22a!'-4a!  +  21.  {J"- 
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123.  In  Aritihmetic  Ute  leaet  common  tnidtiple  of  two  or  more 
vhole  numbers  is  the  least  number  which  containB  each  of  them 
exactly.  The  term  is  also  used  in  Algebra,  and  its  meaning  in  this  ' 
subject  will  be  understood  from  the  following  definition  of  the  least 
commwh  multiple  of  two  or  more  algebraical  ezpressions  :  Let  two 
or  more  algebraical  expressions  be  arranged  according  to  descend- 
ing powers  of  some  common  letter ;  then  'ttkO  expresmon  of  lowest 
dimensions  in  that  letter  which  is  divisible  hy  each  of  Utese 
e^tressions  is  their  least  common  multipla 

133.  The  letters  J..0.IL  will  often  be  used  for  shortness 
instead  of  the  tonn  least  common  mtdtiple;  the  term  itaelf  is  not 
very  appropriate  for  the  reason  already  given  in  Art.  106. 

Any  expression  which  is  divisible  by  another  may  be  said  to 
be  a  multiple  of  it. 

124.  We  shall  now  shew  how  to  find  the  lc.  m.  of  two 
algebraical  expressions.  Let  A  and  £  denote  the  two  expres- 
sions, and  D  their  greatest  common  measure.  Suppose  A  =  aD 
and  £  =  hD.  Then  fi-om  the  nature  of  the  greatest  common 
measure,  a  and  b  have  no  common  factor,  and  therefore  their 
least  craumon  multiple  is  ah.  Hence  the  expression  of  lowest 
dimensions  which  is  divisible  by  aD  and  hD  is  obD. 

And  abD  =  Ah  =  Ba  =  ^ . 

Hence  we  have  the  following  rule  for  finding  the  l-Ol  of 
two  algebraical  expressions  :  find  their  o.  c.  H. ;  divide  either  ex- 
pression by  this  G.  c,  m.,  and  multiply  the  quotient  by  the  other 
ezpresraon.  Or  thus :  divide  the  product  c^  the  expressions  by 
their  ac.  u. 
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125.  If  JV  be  the  leasf  common  multiple  of  A  and  £,  it  is 
obvions  that  eveiy  multiple  of  Jf  is  a  common  multiple  of  A 
and  B. 

126.  Svery  common  multiple  of  two  alff^aieal  txpreanana  is 
a  multiple  of  their  least  common  multiple. 

Let  A  and  B  denote  the  two  ezpressiona,  M  tiieir  l.  O.  h.  ; 
uid  let  JV^  denote  any  other  common  multiple.  Suppose,  if 
possible,  that  when  JV  is  divided  by  M  there  is  a  remainder  B ; 
let  q  denote  the  quotient.  Thus  R  =  N—  qM.  Kow  A  and  B 
measure  M  and  iN,  and  therefore  (Art  109)  they  measure  R. 
But  £  is  of  loioer  dimensions  than  M ;  thus  there  is  a  common 
multiple  of  A  and  B  of  lower  dimensions  than  their  L.  c.  iL  This 
is  absurd ;  hence  there  can  be  no  remainder  R  •  that  is,  iT  is  a 
multiple  of  M. 

127.  Next  suppose  we  require  the  L.  c  ii.  of  ihret  algebraical 
expressions  A,  B,  C.  Find  the  L.  c.  H.  of  two  of  them,  say  A  and 
B;  let  if  denote  this  L  c  M. ;  then  the  l-O.u.  otM  and  C  is  the 
required  l.  c.  M.  of  ^,  B  and  0. 

For  every  common  multiple  of  M  and  (7  is  a  common  multiple 
otA,B  and  C  (Art.  1 25 ).  And  every  common  multiple  of  A  and 
£  is  a  multiple  of  M  (Art.  126) ;  thus  every  common  multiple 
oiA,B  and  C  is  a  common  multiple  of  M  and  G,  Therefore  the 
L.C.IL  of  J/^  and  Cis  the  l.c.h.  of  A,  £  and  C. 

128.  By  resolving  algebraical  expressions  into  their  compo- 
nent fiictors,  we  may  sometimes  facilitate  the  process  of  deter- 
mining their  o.C.ic  or  L.aiL  For  example,  required  the  L.C.1L 
of  a?— a'  and  a^  — a*.     Bince 

a?-a'-(x-a){x  +  a)  and  aj'-rf  =  (a; -«)(«■ +  aa! +  a^ 

we  infer  that  at— a  is  the  o.o.h.  of  the  two  ezpresBlons ;  conse- 
quently th^  L.0.1L  is  (x -I- a)  (x*  —  a*),  that  is, 
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1S9.  Tlie  preceding  articles  of  Uiis  Chapter  relate  to  polyita- 
tnial  ezpressioas.  The  meaning  of  the  term  katt  common  mul- 
tipta  in  tLe  case  of  simple  expreeaions  will  be  seen  from  the 
following  example : 

Bequired  the  L.CM.  of  i32a'6'ay,  STOoVa'a  and  SOa'tsc". 

We  find  by  Arithmetio  the  L.  a  k.  of  the  numerical  co- 
efficients 432,  270  and  90 ;  it  is  2160.  Aiter  this  number  we 
write  every  letter  which  occurs  in  the  simple  expreemons,  and  w© 
give  to  eaeh  letter  respectively  the  greaUit  ezp<ment  irhich  it  has 
in  the  simple  expressions.  Thos  we  obtain  2160a'6'a^y«,  which  is 
divisible  by  all  the  given  ample  expressions,  and  is  called  thor 
least  common  multiple. 

130.  The  theories  of  the  greatest  common  measure  and  of  the 
least  common  multiple  are  not  necessary  for  the  subsequent  Chap- 
ters of  the  present  work,  and  any  difficulties  which  the  student 
may  find  in  them  may  be  postponed  until  he  has  read  the  Theory 
of  Equations.  The  examples  however  attached  to  the  preceding 
Chapter  and  to  the  present  Chapter  should  be  carefully  worked, 
on  account  of  the  exercise  which  they  afibrd  in  all  the  funda- 
mental processes  of  Algebra. 


EXAlfPUa  OF  THIS   LCAST  IXmUON   MULTIPUt. 

Find  the  l.  c.  m.  in  the  following  examples : 

1.  fee"-*-!  and  2a!*  +  3a;-2. 

2.  ib'-I  and  x'  +  x-2. 

3.  a" -9a? +  23* -15  and  a'-ftc  +  T. 
i.     3»*-5iB  +  2  and  ist^ - ia? - x  +  1. 

5.  (a!+l)(**-l)  and  a;*-!. 

6.  a?+2a^-an/'-2y'  and  a?  -  2a!V  -  a:/ +  2y*. 

7.  2a!-I,  4a!'-l  and  lai'  +  l. 

8.  ^-x,  9!»-l  and  af+\. 

9.  x*-ia',  (a!  +  3a)'  and  (x-2a)'.  r..r„i.7.<iT,GoO(jle 
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10.  as*- Gx'+Ux- 6,  «"- 93^"+  26a!-24  and si*-8a^+ 193!- 12. 

11.  a^-9a!*+26a:-24,a;'-10i:'+31a!-30  and  a^-lW+SSje-M. 

12.  aj'-10a!'+9,a!'+10a^+20a!'-10aj-21  and  a;'+4a:'-22aj'-4a:+21. 

13.  a?-W,  3?+2a3?+Wx  +  &a'  and  a?-Za3?+Wx-^\ 

14.  x'~  (o  +  6)  a;  +  a6,  a:'-  (6  +  c) «  +  6c  and  **  -  (c  +  o)  a;  +  ca. 

15.  2a?+(2a-36)a!'-(26'+3a6)ar+36'  and  2aj'-{3fi-2c)a;-36c. 

16.  6  (a* -6*)  {«-&)■,  9(a*-6')(a-6)'andl2(«'-ft^'. 


YIIL    FRACTIOKS.  / 

131.  We  propose  to  recall  to  the  student's  attention  some 
propositions  respecting  fractions  which  he  has  already  found  in 
Arithmetic,  and  then  to  shew  that  these  propositions  hold  uni- 
veraallj  in  Algebra.  In  the  following  Articles  the  letters  repre- 
sent vihoU  numbers,  unless  it  is  stated  otherwise. 

132.  By  the  expression  j-  we  indicate  that  a  unit  has  been 
divided  into  b  equal  parts,  and  that  a  of  such  parts  are  taken.  Hera 
^  b  called  a  fraelion  ;  a'la  the  numerator  and  b  the  denominator, 
wa  that  the  denominator  indicates  into  how  many  equal  parts  the 
unit  is  to  be  divided,  and  the  numerator  indicates  how  many  of 
those  parts  are  to  be  taken. 

Every  integer  may  be  considered  as  a  fraction  with  unity  for 
its  denominator  ;  Hb&t  ia,  p  =^ . 

133.  Rule  for  multiplying  a  fraction  by  an  int^er.  EtOter 
mulHplt/  ths  maneraioT  iy  &at  integer,  or  divide  the  denaminalor 
bjf  that  integer, 
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Let    J-    denote  any   fraction,  and  ^  any  integer ;   then  will 

K  ^^^  T '  ^^'  ^  each  of  tlie  fractions  -r  and  -j-  the  unit  is 
divided  into  6  equal  parte,  and  e  times  as  uuuif  parts  are  ti^tm.  - 
in  Y"  as  in  j.  ;  hence  -r-  w  c  times  r  ■ 

Hub  demonstrates  the  &nt  form  of  the  Bole. 

Agun ;  let  TT  denote  any  fraction,  and  e  any  intc^^ ;  then 

will  ;-  X  e  R  r  •     For  in  each  of  the  fractions  r-  and  ^  the  same 
be  o  bo  o 

number  of  parts  is  taken,  but  each  part  in  t  is  o  times  as  Ui^a  as 

eat^  part  in  ;-  ,  because  in  -g-  the  unit  is  divided  into  e  times  as 
bo  be 

many  parts  as  m  ?  ;  hence  r  u  »  tmies  ^  . 

Hiis  demonstrates  the  second  form  of  the  Rula 

134.  Bule  for  dividing  a  fraction  by  an  integer.  Either  ntul- 
Uply  t!u  derumaneUor  by  that  integer,  or  divide  the  numerator  by 
thtU  integer. 

Let  J   denote  any  fraction,    and   e  any   integer;    then   will 

Y-i-e=  T-.     For  J-   is  c  times  7-,  by  Art.  133:  and  therefore 
b  be  b  be'     '  ' 

j-is- th  of  T> 
bo      e  b 

This  demonstrates  the  first  form  of  the  Bule. 

Again ;  let  -7-  denote  any  fraction,  and  c  any  integer  j  then 

■will  •T-^o  =  T  •     For  rr-  is  c  timee  -r,  by  Art  133;  and  th^^ 

fore  =■  is   -  th  of  -|- . 
6        c  b 

This  demonstrates  Hia  seoimd  form  of  the  Bule. 
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135.  If  an^  qoantity  be  both  multiplied  and  divided  hj  die 
same  number  itB  valae  is  not  altered.  Hence  if  Uie  numerator 
and  denominator  of  a  firaction  be  multq^Uttl  by  tJie  f^me  number 
the  value  of  the  fiaction    is   not  altered.     For   the   fraction  is 

■  multiplied  by  aay  number  by  multiplying  ita  numerator  by  that 
number,  and  is  divided  by  the  same  number  by  multiplying  its 
denominator    by    that    number.      (Arta.    133   and   134.)     Thus 

r  =  T-  ■  -A^  BO  also  if  the  numerator  and  denominator  of  a 
b      bo 

fraction  be  divided  by  the  same  number  the  value  of  the  fraction 

is  not  altered. 

136.  Hence,  an  algebraical  fraction  may  be  reduced  to  an- 
other of  equal  value  by  dividing  both  numerator  and  dencaninator 
by  any  common  measure ;  when  both  numerator  and  denominator 
are  divided  by  their  a.  c.  u.  the  fraction  is  said  to  be  reduced  to  its 

lotoat  lerma.     For  example,  consider  the  fraction  -j— r — rr= =  . 

Here  the  a. ex.  of  the  numerator  and  denominator  will  be  found 
to  be  2a;  —  6 ;  hence,  dividing  both  numerator  and  denominatt^  by 
this  we  obtain 


4ic"-27as  +  5      2«*  +  Sa!-l' 

137.  Since  r=  ~i   {■Ajt  54)  it   is  obvious  that  we  may 

cliange  the  signs  of  the  numerator  and  denominator  of  a  fraction 
without  altering  the  value,  of  the  fr'action. 

138.  To  reduce  fractions  to  a  common  denominator:  mviti- 
ply  the  numtraior  of  each  fraetion  by  all  Che  denominatore  except 
itt  otpnjbr  the  numerator  eorretponding  to  that /raelion,  and  tmd- 
lipty  ail  Ae  dettomirtatori  together  Jor  the  common  denominator. 

Thus,  suppose -J  ,  -j,  and  .^to  be  the  proposed  iractionaj  then, 

.    ,    ,n-r   <*     o4f     0      '^f        3<     «W     ,,       ad/    cbf 

bjAA135,j-S,  i-^^'-iy-^f-.O^fif.  STf-^ 
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J3-.  are  fractiaus  of  the  same  value  reBpeotively  as  the  proposed 

bdf 

frttctions,  and  having  the  common  denominator  hdf. 

139.  If  the  denominators  have  any  factors  in  common,  tre 
maj  proceed  thus :  ^nei  f^  LCU.  of  the  denominators  and  itit 
this  ae  ths  common  denominator  ;  then  for  t^  nem  nuvKrator  cor- 
responding to  eaek  of  the  proposed  fraclions,  imiltiplj/  the  numerator 
of  that  fraction  by  the  quotient  tohieh  is  ohtatTted  by  dividing  th« 
L.  a  H.  by  ike  denominator  of  that  fraction. 

Thns  suppose,  for  exam^ple,  that  the  proposed  fractions  are 

—  ,  —  ,  and  —  .    Here  the  lck.  of  the  denominatora  is  mxvz', 
mx     my  mz  '  ' 

mx     mxyz     my     mxyz  mz     mxyz 

140.  To  add  or  subtract  fractions,  reduce  them  to  a  common 
denominator,  then  add  or  subtract  the  nwmerators  and  retain  the 
common  denominator. 

For  example,?  +  t=  ~t~  i  tihis  fi^^s  immediately  from  th« 
meaning  of  a  fraction. 

_    o     e     ad    <A  _ad*A 


S_o«^4_ 

«i_V 

2  (»■-»■) 

(•  +  *)■ 
.■-6' 

^'J 

-:§ 

2o'-26'  +  o 

'  +  2«S 

+  &■  + 

a'~ 

Sai  +  fi- 
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b     b       b    ' 

a     e      ad     be      ad  —  be^ 

6~5"55~M"     bd     ' 

a  _e  +  d     q(c-rf)     b{e  +  d)  _ae~ad~(be  +  bd) 

b      c-d^bic-d)     ble~d)~  b{e-d} 

ac^ad-bc~bd 
b{c-d)         ' 
a*b     a-b  ^{a  +  b)*     (a-by     (a  +  6)*  -  (q  -  6)* 
a-b     a-t-b~  <^-b^       o'-i"  ~  a'-6» 

_t^  +  2ab+b*-(a^-2ah  +  b') 
«■-&■ 
a»+2ab  +  b^~a'  +  2ah-^       ^ah 


141,  The  rule  for  the  multiplication  of  two  fractions  ie,  tmtl- 
tiply  the  ntimeraiori /or  a  neic  numerator,  aTid  the  deTwminatort 
Jor  a  neu>  deTionmator. 

The  following  is  usually  given  for  a  prooC     Let  7  and  -^  be 

two  fi-octiona  which  are  to  be  multiplied  together ;  put  t  =  ^  "id 

-3=y;  therefore 

a  =  hx,  and  c^djf, 
therefore  ac  =  bdxy; 


divide  by  bd;  thus 


bd 


This  process  ia  satisfactory  when  x  and  1/  are  realty  integer*, 
tliough  under  a  fractional  form,  because  then  the  word  mttUijUiea- 
tion  has  its  common  meaning.  It  is  also  satis&ctory  when  one  of 
the  two,  X  and  y,  is  an  int^;er,  because  we  exa.  speak  of  multiplying 
a  fraction  by  an  integer,  as  in  Art.  133.  But  when  both  x  and  y 
are  fractdons  we  cannot  speak  of  multiplying  them  together  with- 
out defining  what  we  mean  by  the  term  multiplioalion,  for,  ao 
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cording  to  the  ordinary  meaning  of  this  t^m,  tlie  mwUipliar  nmsb 
be  a  irhole  number. 

In  iact  tJie  so-called  rule  for  the  multiplication  of  fractions  is 
really  a  definition  of  what  we  find  it  convenient  to  understand  by 
the  multiplication  of  fractions.  And  this  definition  is  so  chosen 
that  when  one  of  the  fractions  wp  wi^  to  multiply  together  is  an 
integer  in  a  fractional  form,  or  when  both  are  such,  ibe  result  of 
the  definition  coincides  with  the  consequences  drawn  frvm  Ae  or- 
dinary use  of  the  word  muUiplicatifm. 

143.  The  following  verbal  definitions  may  shew  more  cleariy 
the  connection  between  the  meaning  of  the  word  multitdication 
when  applied  to  integers,  and  its  meaning  when  applied  to  frac- 
tions. When  we  multiply  one  integer  a  by  another  h,  we  may 
describe  the  operation  thus :  valtat  xoe  did  with  unity  to  obtain  b 
KB  nuiit  noui  do  vtilh  a  to  obtain  b  titnes  a.  To  obtain  b  from 
unity  the  unit  is  repeated  b  times ;  therefore  to  obtain  b  times  n 
the  nvaiiber  a  is  repeated  b  times.     Now  let  it  be  required  to 

multiply  the  fi-action  r  ^7  ji   adopting  the  same  definition  as 

ftbove^  we  may  say  that,  what  toe  did  tmth  unity  to  obtain  ^  we 

must  now  do  wiltt .-  lo  obtain  -^  timei  r  ■     To  obtain  -,  from  unity 

b  d  b  d  ' 

the  unit  is  divided  into  d  equal  parts,  and  c  of  such  parts  are  taken; 

therefore,  to  obtain  ^  times  j-,  the  fraction  j-  is  divided  into  d 

equal  parts,  and  c  such  parts  are  taken.    Now,  by  Art.  1 34,  if  r  be 

divided  into  d  equal  parts,  each  of  them  is  f-^,  and  if  c  such  parts 

be  taken  the  result  is  j-j . 

The  definition  then  of  multiplication  may  be  given  thus :  to 
obt&in  the  product  of  the  multiplier  and  multiplicand  we  treat  the 
multiplicand  in  the  same  way  as  unity  was  treated  to  obtain  the 
multiplier, 
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143.  To  multiply  three  or  more  fractloiiB  tt^ther,  vwltiply 
aR  the  numerators  far  the  new  numerator,  and  all  the  denominatori 
for  the  new  denominator. 

Hi,     Suppose    ve    have    to    divide  t  by  -^ .     Here,  by  the  i 

nature  of  division,  we  have  to  find  a  quantity  such  that  if  it  bo 

multiplied  by  -.  the  product  shall  be  t  ■     This  is  the  meaning  ctf 

division  applied  to  int^era,  and  we  iihall  give  the  same  meaning 
to  division  applied  to  fractions,  an  operation  whi<^  hitherto  has 
not  been  defined. 

^  ^  a     e  .l"  e     xe      .,      ,       ad 

Let  r-^-,-«;  tneii  t-^xx  -,=•  --^  ■.     therefore  -rr^xe,  and 
b     d        '  b  d      d  '  b 

T-  =  x.     Thus  we  obtain  the  rule  &a  dividing  one  fraction  bj 

another ;  invert  the  divisor,  otuI  proceed  as  in  multiplication. 

145.  Hitherto  we  have  supposed,  in  the  present  Chapter,  that 
the  letteiB  represented  whole  numbers  ;  and  have  thus  only  recalled 
rules  and  proois  which  are  familiar  to  the  student  in  Arithmetic. 
But  in  virtue  of  our  esteoded  definitions  it  may  be  proved  that  all 
the  rules  and  formula  given  are  true  when  the  letters  denote  any 
numbers  whole  or  fractional.      Take,  for  example,    the  formula 


T-  t  and  Buppoee  ve  wish  to  shew  tiiat  tiiL 

is  true  when 

o--,  6.S,  uide.:. 

b      n      q      t»     p     np 

na                     qa 

be      Hs      qs      na     pr      nepr 

np 

Thus  the  formula  b  shewn  to  be  true. 
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Moreover  these  formulie  and  rules  hold  vben  tbe  letters  de- 
note negative  qaanlitits  by  virtue  of  the  remarks  already  made 
in  Chapter  v. 

146.  By  means  of  the  foregoing  rules  and  formuhe  we  can 
simplify  algebnucal  fractions,  in  which  the  numerator  and  de- 
nominator are  themselves  fractional  expressions.     For  example, 

a     _b_  a{a  +  b)  +  b' 

b*a  +  b  b{a->-b)         a'  +  ab  +  h'        a{a-b)       a(a'-h^ 

a        b  a^'-hla-V)  "    J(«  +  6)     "a'-oi  +  fi*     6(o"+6')"" 

a~b     a  a{a-b) 

147.  The  begiimer  requires  to  be  warned  that  in  reducing 
fractiomd  expressions  be  should  keep  'Uie  simjdest  forms  which 
are  admissible,  in  order  to  avoid  uuneceeaary  labour.  For  exam' 
pie,  suppose  we  have  to  reduce  the  following  expression  to  a  single 

fraction, 

a         __6 c 

^a-b)(a-c){x-a)'-  ib-a)(b-c)[x~b)*  {c-a)(c-b){x-cy 

We  might  take  the  product  of  all  the  denominators  for  a  com- 
mon denominator  and  transform  the  three  fractions  accordingly ; 
but  a  little  conraderation  will  shew  tha^t  there  is  a  much  simpler 
common  denominator  which  we  may  put  in  the  following  sym- 
metrical form, 

(a-S>(S-«)(.-«)(.-»)(«-6)  (.-.). 

We  may  write  the  pi-oposed  expression  thus, 


then  by  reducing  to  the  common  denominator  we  find 
i—b)lb-,){c-a)(,x-<,)(^-b)(,^-c) 
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Oa  vorking  out  the  nauierator  we  find  th&t  it  redncea  to 

a!{a(c"-i')  +  6(a'-c^  +  c(6'-o')}, 
and  we  shall  also  find  that 

-{«(o'-iVS(»--0  +  »(i'-»')l-(«-»)(6-o)(e-»). 
Thus  tlie  proposed  expression  becomes 


(r-.){.-i)('-«)' 

As  another  exajnple  it  may  be  ahewn  that 

a' 5" ^ 

{a~b){a-c){x-a)-^  {b-a){l,-c}{x-b)*  (c-a)ic-t)ix~c) 


~{x~a}(x-b){x-c)- 

EXAMPLES  OF  FRA<jnONS. 

Simplify  the  following  fractions  : 
/-.      a'+2a!-3 


r"2. 


a^  +  6x-7'  ^  s^-ix-5' 

i*+Za'b+Zab'+h' 


yi     fl='-6a!'+lla!-6  \/~Ar~  ' 

^  ''•           !B'-3a!  +  2       •  V     *■           a'-t-2ab  +  b'        ' 

'             «i'  +  9a!'+26a:+24  ''           '          2a;'-llie'+17!i:-6 " 

6a!*-5a!'  +  4  t^„       2a^  +  9!c*  +  Tar  -  3 


3a^  +  5a;'  - 


^     3»f4-12n-9  ^       ^--Si"- 371+210 


■+v 


X  +3 


^/-  ,-  +  2^+9     v^:^;..  ^  ^/ 


.'+4X'- 
«:-+2.'4 

i7a; 
.2« 

-210- 

3?- 

,Gc«)glc 
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Feiform  the  additions  and  eubttactioim  indicated  in  the  i 
lowing  examples  from  17  to  37 : 


-26      a6-2o' 
3         2ar-3 


(s-s)<"')-(^'-°i-0- 

_1 1  3 

a!-l     jB  +  2      {a:+2)'" 


■  2(aj+l>     10{iB-l)     5(2!C  +  3)." 
23.     S-«     --gj,  3»!(»->) 

g.      3+2a;      2-33!      Ifiic-a;* 
a-re  ""  2+1  *    «'-*   ■ 
„,     _3 T_     t-20j! 

■  l-2i     l  +  2>!     to"-l- 

y     .36.        '     +      »     _^i_. 
a  +  6     a* -6'     a' +  6* 

//    27     -J_+^ L_ 

«■-»■    (»  +  !()'    («-y)"' 

oi(a-4)-     6     »    ^• 

29.     -?-  +  Ji-^. 
a-a     a  +  ai     a  -ar 

_.     3a- 46     2o-J-e     15a-4e     a-46 

.30.  — j^ ^-g     +— ^^       ^r- 

J     J  Of  a  +  6  t+c  e  +  g 

r..„ .,Cjt)O^IC 


EXAMPLEa    vur. 

(f-hc  b*-ea  c'-ffl5 

^<i!.1         .    °'-fe  >'*«■  ''<■'■> 

>'/'*•     (=-a)(.-S)*(»-4)(4-o)     (4-»)(.-«)- 
..1  1,1 


"■■     a(a-i)(a-.)"j(»-»>(»— )«(«—)('-»)• 

,-i      >-.     .-^      (i.-i)(i-.)(.-.) 
'"•     iTi+rri^o+o      (o  +  i)(»H-«)(o+«)' 

2  2  2        (»-i)'H.(>-o)'t(.-»)- 

''■    jrj*sr^+7Z^+      (»-6)(i-.)(«— )      ■ 

^<38.    Multiply  <J^' by  j(^,. 

40.    Multiply  together  ^^^  ,  ^^^^  ,  -^^^^  and  ^^. 
^1  -i  41.     Prove  that 

^^43.    Muiaplylogotlier—,  i^»dl  +  j^. 

■     """1""?  \je-y     x  +  y     ai'-yV    2y 
^>  46.     Simplify  ^r^  ■  — ,  ■  (sr^^jTft')  ' 


■,Ciw3'^lc 


EXAMPLES.      Virl. 


^  i8.    MulUpIy  iE'-a!  +  l  by  d+'  +  I- 
.„      «■      ,—    a?  +  xia  +  b)  +  tA     a? -a* 


ar  +  /    ^  y  +  x 
s/  53.     Divide  ^  +  -^ ; — 5  by  3-^, , 

vac.   .i„p„,(ll|.^).C-±?-^-^-^^). 

V    57.     Divide  a:*--,  by  a;+-. 
a:  X 

n/B8.     Divide  a;'+\  +  2  by  0:  +  -. 


\/60.     Divide  a'  -  &•  -  c"  +  26c  by  J^|^ 
»/  61.    Divide 


'^*"»-^'Coo^lc 


EXAMPLES.      Till. 
Y^G2.     Divide  a'-V-c'-  2be  by  ^^^-  ■ 

G'i.     Divide  «'  -  3ax  -  2a'  + ^  by  3*  - 

ye4.     Divide  |\  -  4  +  ^'  by  il  _  3? , 

a+b     a-h 

^h5.     Simplify  ^-  , 

'  '    -^   a  +  b     a-h 


. --"66.    Simplifr  —      ■       if . 
X  g  +  a:     a~x 

a-\      6-1      e-1 

«"■   ^'"^ySTT^STrf i-n 

S  +  6-J 

V^2.     Simplify  —2: — __  X  H!^*^ . 
\  ^    ■'        1_^  m'  +  w* 

"    "*  D,Q,i,7?<iT,Google 
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x+a     x-a 

i  j^     ^_         ^.         ,..  X  X  flj— ff        X  +  €t 

Y      73.     Simplify  —  -  —  -  .^^^— . 


-  1         1 


a     b  +  c 

\  75.     Simplify     ^ . 


V      76. 


Simplify  - 


IX.    EQUATIONS  OF  THE  FIRST  DEGREE. 

148.  Any  collection  of  algebraical  symbols  is  called  an  ex- 
preantm.  When  two  expressions  are  connected  by  the  sign  of 
equality  the  whole  is  called  an  equation.  The  expressions  thua 
connected  are  called  »ide»  of  the  equation,  or  memiera  of  the  equa- 
t^n.  The  expression  to  the  left  of  the  sign  of  equality  ia  called 
theirs!  side,  and  the  expression  to  the  right  the  tec&nd  side. 

149.  An  iderdical  equation  is  one  in  vhich  the  two  sides  are 
equal  whatever  numbers  the  letters  stand  for  j  for  example, 

{x  +  b)(X'b)'=x'-b' 

is  an  identical  equation.     An  identical  equation  is  called  briefly 
an  ideniiti/. 

Tip  to  the  preeent  point  the  student  has  been  almost -entirely 
oociipied  mtb  identities.  Thus  the  results  given  in  Arts.  6b  and 
68  are  identically  trae ;  and  bo  also  are  those  which  will  be  ob- 
tained by  solving  the  examples  to  Chaptera  lu  and  it. 

r..„ ,Gt)t)gle 
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150.  Aa  equation  of  condition  is  one  whicli  is  not  true  for 
every  valae  of  tbe  letters,  but  only  for  a  certain  number  of  ralues  ; 
for  example, 

a!+l  =  7 

cannot  be  true  unless  as  ^6.    An  equatum  <^  condition  is  called 
briefly  an  tgwUion, 

Iffl.  A  letter  to  vluch  a  particular  value  or  vitluea  moat  be 
j^ren  in  order  that  the  statement  contained  in  an  equ&fjon  may 
be  true  is  c^ed  an  unknown  quantili/.  Such  particular  Talue  of 
the  nn^own  quantity  is  said  to  satisfy  At  equation,  and  is  oalled 
a  root  of  lAe  equation.  To  solve  an  equation  is  to  find  the  puil- 
cular  value  or  values, 

152.  An  equation  involving  one  tmknown  quantity  is  sud  to 
be  of  aa  many  dimensions  aa  is  denoted  by  the  index  of  tlie 
higbeat  pownr  of  the  unknown  quantity,  Thus,  if  x  delete  the 
unknown  quantity,  the  equation  is  said  to  be  of  otu  dimension 
when  X  occurs  only  in  the  first  power ;  such  an  equation  is  also 
called  a  simple  equation,  or  an  equation  of  the  first  degree.  If  sb" 
occurs,  and  no  power  of  a;  higher  than  x*  occurs,  the  equation  is  said 
to  be  of  two  dimen^ouB ;  such  an  equation  is  also  called  a  g-uotf- 
ra^  eguoHon,  or  an  equation  of  the  second  degree.  If  a^  occurs, 
and  no  power  of  x  higher  than  x*  occurs,  the  equation  is  said  to  be 
of  three  dimenmona  ;  such  an  equation  is  also  called  a  euhie  equa- 
tion, or  an  equation  of  the  tMrd  degree.     And  so  on. 

It  must  be  observed  tliat  these  definitions  suppose  botli  mem- 
bers of  the  equation  to  be  integral  eapressions  so  /or  a$  relates 
to  X,  and  not  to  contain  x  under  the  radical  sign. 

153.  We  shall  now  indicate  some  operations  which  may  be 
perfcnmed  on  an  equation  without  destroying  the  equality  which 
it  expressea     It  will  be  seen  afterwards  that  these  operations  ar» 

usefiil  when  we  have  to  solve  eqnationa.  ,  -         i 

^  r..„ ,CjOtH^lc 


,  .72  EQUATIONS  OF  THE  FIRST  DEGHSai 

154.  If  every  term  on  each  nde  of  an  equation  be  mv&iplied 
or  divided  by  Ike  same  quanlity  the  results  are  eyuo/.  This  follows 
from  Arts.  100,  101. 

155.  The  principal  use  of  the  preceding  Article  is  to  clear  an 

agitation  offractiom;  this  is  effected  by  multiplying  every  term 
by  the  product  of  all  the  denominators  of  the  fractions,  or,  if  we 
please,  by  the  least  comTtion  miUtiple  of  those  denominatois. 
Suppose,  for  example. 


2^3"4 


=  13. 


Multiply  every 
3xixx-t 

term  by  2  x  3  x  4 

2x4x*4-2x3x 

thus, 
a!=13 

that  is, 

12a; +  83:  + 6a:  = 

312. 

Divide  every  term 

by 

2;  thus, 
6a:  +  4a;  +  3a:  = 

156. 

Instead  of  multiplying  every  term  by  2  x  3  x  4  we  may  multi- 
ply by  12,  which  is  the  l.  a  «.  of  2.  3  and  4.  Thus  we  obtain 
at  once 

6x+4iE  +  3a;=156. 

156.     Any   quantity  may  he  transposed  from  one  nde  of  an 
equation  to  tite  other  side  by  cha/n^ng  its  sign. 
Thus  suppose  x-a  =  h  —  y. 

Add  a  to  each  side  (Art.  98) ;  then 

x-a  +  »-h-y  +  a, 
that  is,  x-ft  +  a-y. 

Now  subtract  6  from  each  side ;  thus, 

x-b  =  h->ra—y  —  b  =  a  —  y. 
Here  we  Bee  that  —  a  has  been  removed  from  one  side  of  the 
equation,  and  appean  as  +  a  on  the  other  dde ;  and  +  b  has  been 
removed  from  one  aide  and  appears  as  —  A  on  the  other  iiid& 
r..„ .,Gt)tH^lc 
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157.  If  &e  tign  (^f  every  term  in  an  equation  he  ehcmged  the 
eqtuUitt/  Hill  holde. ' 

This  follows  fiom  the  preceding  Article  by  transpofdag  everjr 
term.     Thus  suppose 

K-a  =  b~y. 

By  transpositioQ,  y  — 6=0  — a;, 

that  is,  O— aj— J/  — 6; 

this  result  ia  whiit  we  sh&ll  obt^n  if 'we  change  the  sign  of  eveiy 
term  in  the  original  equation. 

158.  We  can  now  ^Te  a  rule  for  the  solution  of  any  umple 
equation  with  one  unknown  quantity. 

let  the  equation  first  be  deared  <if /raetiong ;  then  transpose  all 
tiie  terms  wkich  involve  the  UTiknown  quantity  to  one  side  of  ike 
equation,  and  the  /mourn  quantities  to  the  other;  divide  holh  eidet 
by  the  eoeffieient  _  or  the  «u)»  of  the  eoeffieients  of  tlie  uvJcnoion 
quoTiiity,  and  the  valve  required  is  obtained. 

The  truth  of  the  rule  will  be  obvious  from  the  principles 
of  the  preceding  ArticleB,  and  we  shall  now  apply  it  to  some 
examples ;  in  these  examples  the  unknoton  quantity  will  be  de- 
noted by  Xf  and  when  other  letters  occur,  they  are  supposed  to 
represent  knovm  quantities. 

159.  Solve  3a:-4  =  24-a!. 
By  transposition,  3x  +  ce  =  Si  +  i; 
thus,  4a;=28; 

by  division,  to  =  "3~  ~  ^■ 

We  may  verify  the  result  by  putting  7  for  «  in  the  original 
equation.  The  fint  side  becomes  3x7  —  4,  that  is,  21  -  4,  Uiat  is, 
17;  the  second  side  become^  24-7,  thatia,  17.  ("nn  ili- 
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.60.     So.™  »^_'|^.,.|.-. 

Multiply  by  96,  which  is  the  i..  o.  If.  of  the  denominatorB ; 
tiim,       Sx48xx-iK32xa:-]3x96-5xl2  +  3a!; 
that  is,  240«  -  128a!  - 1248  -  60  +  3*  j 

by  transposition,  240a!  -  128a!  -  3a:  =  1248  +  60 ; 

thus,  109a:=1308; 

1^  division,  te=  •Tna^'-^- 

We  may  verify  the  result  by  putting  12  for  x  in  the  original 
equation ;   it  will  be  found  that  each  side  of  the  equation  tlien 
si. 


161.    Sometimes  it  is  convenient  to  clear  of  fractions  pa^ 
tiaily,,aaA  then  to  effect  some  reductions  before  getting  rid  of  the 
remaining  fractional  coefficients.     For  example,  solve 
a:+7      2a!-16     2x-t-S     ^,      3a!  +  7 

-TI 3— *-l^=*^+-T2- 

Here  we  may  conveniently  multiply  by  12 ;  thus, 
i^^i^-4(2a:-16)  +  3(2a!  +  5)=16x4  +  3a!  +  7; 

that  is,       H^lIL8a!4-64  +  Ca!  + 15  =  64 +  3JC  +  7. 
By  transposition  and  reduction, 


12  (a:  + 
11 

D+S 

\^Bx. 

Multiply  by  11; 

;  thus. 

12a! +  84 

+  88  = 

:65x; 

by  transpowtjon, 

172  = 

=  43a;; 

bydivimon, 

a!= 

172 
'^  43  ~ 

We  may  verify  this  result  i 

18  before. 

.,Goo(^lc 
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The  student  should  notice  one  point  in  this  example  very 

earefiilly.    The  fraction  ■'""7       is  equivalent  to  ^  (2» - 1 6) .    Thin 

fraction  is  preceded  by  the  sign  — ;  and  when  we  multiply  by  IS 
and  remove  the  brackets  we  obtain  -&e  +  €^.  Thus  when  we- 
dear  of  fractions  we  must  r^ulate  Uie  signs  of  the  terms  which 
stood  in  any  numerator  in  the  same  way  as  if  they  had  been  be- 


joz.     Esoive 

2a!+l      5x'S' 

Multiply  by  (2a!  +  1)  {5x  -  8) ;  thus, 

fi(5a!-8)  =  2{2a!+l); 

rtis, 

25x-i(i  =  ix+2; 

21a!  =  42; 

divi^on, 

"S-- 

We  may  verify  this  result  as  before. 

163.     Solve 

2a!- 3      ix-5 
3x-i      6a!- 7" 

Multiply  by  (3*  -  i)  (Gx  ~  7)  ;  thus, 

(Sar  -  3)  (6a!  -  7)  =  (la!  -  5)  (3a:  -  4) ; 
that  is,  12a!'-32a!  +  21-123:'-31a!  +  20. 

Take  away  1 2a!*  from  both  sides;  thus, 
21~32a!  =  20-SIa!; 
by  transposition,  SI  -  20  =  32a:  -  Six ; 

thus,  x=l. 

We  may  verify  this  result  as  before, 

164.     So.™     |-8  =  !1'-|. 

Multiply  by  6;  thus, 

3*  -  48  =  20a! -U;  ..GoOglc 
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by  tnnspoeition,  17xb-31; 

by  diTiBioii,  «  =a  —  =-=  =  —  2. 

We  may  Terify  this  result ;  each  side  of  the  equation  ynS  be 
found  to  become  —  9, 

166.     Solve  ax +  b  =  ex  +  d. 

By  transpoaition,  ax  —  cx  =  d  —  b; 
that  ifl,  {a-e)x  =  d~b; 
by  division,  x  = . 

Fer^eaium;  put  this  value  for  x  in  the  original  equation; 


then  the  first  side  becomes  — ^ ~  +  b,  that  ia, 


.'(•i-i) 


d.  that 


.    e(d-b)     d(a~c)    „      .     da-ch 
IS,     '  _     '  +  ~i ' ,   that  IB,  — ^;;—  . 

1C6.  An  equation  of  the  Jtrst  degree  ecavnot  have  more  than 
one  root. 

For  any  equation  of  the  fiist  d^ree  will  take  tlie  form  ax-h 
if  the  unknown  quantity  is  brought  to  one  aide  of  tbe  equation, 
and  the  known  quantities  to  the  other,  and  to  make  this  true 

X  must  be  equal  to  -  ,  and  to  nothing  else. 

The  result  is  sometimes  obtained  thus.  Suppose,-  if  possible, 
that  this  equation  has  two  different  roots  a  and  j3 ;  tben  by 
supposition, 

aa  =  b,         a/3  =  h  j 
therefore,  by  aubtraetion, 

a(a-«.0; 
but  this  ia  impossible,  since  by  supposition  « —  /S  ia  not  zero,  and 
a  is  not  zero.     Thus  an  equation  of  the  first  degree  cannot  have 
more  than  one  root,  ^  Gt)t)ylc 
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EXAJIPLE8  OF  EQUATIOSS  OF  THE  TOST  DEQBBI. 


3. 

x+l     3a:-4     1     6a!  + 
2     *     5      *8         8 

4. 

5a:-ll     i-l     n.-l 
4            10           12 

6. 

i*|-j-2- 

7. 

11 -a!     26-iB 

8. 

5^^.iri  =  £z£," 

«+l 


X  +  S 


^-.16-  =  ^ 
8.     lto*l(7«-2).fa+^. 


a:-3     2a!-5      41      3a!-8      5x4-6 


«-2     3«-5     1 


3j!-1     I3-«     U     ll(»-t3) 
6  2     °  3  6        ■ 


5a;-3     9-a!     fia:     19 


(■,-4). 


Sas-l     9a!-5     Oj;-? 
~7~  "*■     11     "      6     ■ 


D,o,i,7.d-,Google 
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18.  ?i^.2iil+,o-^=o. 

7  3  0 


n.  ^l.{.-^^y,xrn.  '-±?5-(.-?^')=7. 


S7. 


T — 

^=» 

x4,2 

7j^-8 
-IT* 

13 

3.-51^. 

31-11 

4 

28-9* 
8 

=  4!e-14J. 

2a!-l 
3 

3aj-2 
4 

5a; -4      7*  + 
6             12 

2fl!-9 

^_^ 

i  =  8J-«. 

27        18 
«-l     4«-J     7a:-6  x-2     3a;-9 

—5—+ R U~-'^  +  "5—  +         1(1         ■ 


2.   5^-2ii-||=o.      C"ao.  ..3«-|(4-.).'. 


31. 

3a!~7  25-4a!  6aj-14 
5     ■*■       9               3      • 

32. 

2a!4-«  40-3!  10j;-427 
13     '       8               19       ■ 

»^3, 

f-"T-^-(w*') 

Si. 

SB-l     aj-2     aj+3     fl!+4 

35. 

»-l_«--2_j-5_£-6 

!B-3"aj-6     x-7 

■^6.    (a!-6)(a!-2)-(a!-5)(2a!-5)  +  (a!+7){a!~2)  =  0. 
37.     8-a:i-2{«-l)(a!  +  2)  =  (a-3)(«-2*). 


Gt)t)^lc 
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•T-38.    «-3-(3-i)(it  +  l).(«-3)(l-f»)  +  3-«. 
39.    ^-|(3.-i).<^-y-»).^-i. 

'J-'-     («-5)(«*|)-(»-5)(«  +  3)-»^.0. 

9«4-5     to-7     36«jU6     lOJ 

14    '*'6a!+2^       56  14  " 

6iC  +  7     2a!-2     2a;+l        ,,     6a!+l      Sx~4      2«-l 

16        7aj-6~     5     '  15        Tas-ie"     6     " 

-\4B. 


x  +  2     x+3     !e*  +  5a!  +  6* 
5^46,     (■.  +  l)-.i6-(l-.))»-2. 

47.     J— ^.J— ^ 
aj-2     a;-4     a:-6     iB-8 

,g         2  1 6_  7 

2a!-5     ii:-3     3x-l' 

■  ^-  ^('-D-l^-04('-l)- 

-~     K       X  a 

52.       -+T =T — . 

a     o-a     o+a 

,^54.   ?z?<.t:»  +  izf.£z(i±»±^. 

oca  aio 

,.     a  +  h        a 
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x  +  t>  x  +  a  '  \x*bj      x  +  a  +  ib 

I  61.     (x-ay+(x-l,y  +  {x-ey  =  3{x-a){x-b)(x-e). 

62.  ■16a;+  1-575-  -8753!=  ■0625a^ 

63.  i.2x-^^:^  =  -ix^8S. 


^64.    i-ex- 


■72a:-  05 


,X.     PROBLEMS  WHICH  LEAD  TO   SIMPLE  EQUA- 
TIONS WITH  ONE  UNKNOWN  QUANTITY. 

167.  We  shall  now  apply  the  methoda  already  givea  to  the 
aolution  of  some  problems,  and  thus  exhibit  to  the  student  sped- 
mens  of  the  uae  of  Algebra.  In  a  problem  certain  quantities  are 
given,  and  oertain  others,  which  have  some  assigned  relations  to 
them,  are  to  be  found.  The  relations  are  usnally  expressed  in 
ordinary  language  in  the  enimciation  of  the  problem,  and  the 
method  of  solving  the  problem  may  be  thus  described  in  general 
terms:  dmoU  the  unJenown  quamiUies  hy  Utters,  and  express  in 
dlgebraieal  language  the  relationa  which  hold  between  the  un- 
Imonfn  qiuutlities  and  the  given  qnantiiies;  toe  shall  thus  obtain 
equations  frcym  which  the  values  of  tlie  unknown  quantities  may  b« 
derived 

We  shall  now  give  some  examples.  In  the  present  Chapter  we 
conGne  ourselves  to  problems  which  may  be  solved  by  using  only 
otie  unknown  quantity, 

168.  The  sum  of  two  numbers  is  89  and  thdr  difference 
is  31  :  £nd  the  numbers. 

Let  X  denote  the  less  number,  then  the  greater  number  is 
31  +«;  thus  since  their  sum  ia  89,  wehave 

31+a!  +  a!=89, 
thatia,  31+2a!=89; 
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by  tranapoeition,  2a!  =  89  -  31  =  58  j 

ty  dlTiaion,  a;  _       _  29. 

Ttna  the  less  number  is  29,  and  the  greater  number  is  29+31, 
that  is,  CO. 

169.  A  bankrupt  owes  B  twice  as  much  ss  he  owes  A,  and 
C  as  much  aa  he  owes  ^  and  ^  together  ;  out  of  ^300  which  is  to 
be  divided  among  them,  what  should  each  receive  I 

I«t  X  denote  the  number  <£  pounds  which  A  should  receive  • 

then  2a!  is  the  number  of  pounds  B  should  receive ;  and  x*%x,  that 

is  Sx,  is  the  number  of  pounds  C  should  receive.     The  whole  sum 

they  receive  is  £300  ;  thus, 

a: +  2*  + 3a!  =  300; 

that  ui,  6z  =1 300 ; 

300     ^„ 
and  X  =  -^  =  50 ; 

therefore  A  should  recMve  £90,  B  £100,  and  C  £150. 

170.  Divide  a  line  21  inches  long  into  two  parts,  such  thai 
one  may  be  three-fourths  of  Qio  other. 

Let  X  denote  the  number  of  inches  in  one  part,  then  -^  denotes 
the  number  of  inches  in  the  other  part ;  thus, 

.  +  ^-21; 
clear  of  fractions ;  thus, 

that  is,  7a;  =  81; 

therefore,  as  =  ■=-  =12. 

Thus  one  part  is  12  inches  long  and  the  other  port  9  inches. 

171.  If  A  can  perform  a  piece  of  work  in  8  days,  and  B  in 
10  days,  in  what  time  will  they  perform  it  tc^ether  1 
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Let  K  denote  the  number  of  days  required.  In  one  day  A.  can 
perform  ^  th  of  the  work,  therefore  in  x  days  he  can  perform  ^  ths 

of  the  work.  In  one  day  S  can  perform  y^  th  of  the  wort,  there- 
for© in  X  days  he  can  perform  j^  ths  of  tlie  work.  Hence  since 
A  and  S  together  perform  the  whole  work  in  x  days,  we  have 

X       *  _i 

clear  of  fi-actious  by  multiplying  by  40  j  thus, 

5x+ix^iQ, 

that  is,  9x  ^  40 ; 

40 
therefore,  a;  =  ^  =  4J. 

172.  A  workman  was  employed  for  60  daye,  on  condition 
that  for  every  day  he  worked  he  should  receive  15  pence,  and  tor 
every  day  he  was  absent  be  abould  forfeit  5  pence  j  at  the  end  of 
the  time  he  had  20  shillings  to  receive :  required  the  number  of 
days  he  worked. 

Let  X  denote  tie  number  of  days  he  worked,  then  he  was 
absent  60 -a:  days;  then  I5x  draiotes  his  pay  in  pence,  and 
5  (60  —  x)  denotes  the  sum  he  forfeited.     Thus, 

J5x-B{6Q-x)=.2iO; 
that  is,  15a!- 300  +  5*  =  240; 

therefore,  20a;  =  240  +  300  =  540 ; 

therefore,  x=  -^^  =  27. 

Thus  he  worked  27  days  and  was  absent  60-27  days,  tliat  is, 
33  days. 

173.  How  much  rye  at  four  sfailliuga  and  sixpence  a  bushel 
must  be  mixed  with  6ily  bushels  of  wheat  at  six  shillings  a,  bushel, 
Uiat  the  mixture  may  be  worth  fire  shillings  a  bushel ! 
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Let  X  denote  the  number  of  bushels  required ;  then  9x  ia  the 
value  of  the  tye  in  sixpences,  and  600  is  the  value  of  the  vheat. 
The  value  of  the  mixtnre  is  10  (50  +■  x).     Thua, 

10(50  +  x)  =  9a:+600; 
thatis,     ■  10a;  +  500  =  9a!+600; 

and  iB  =  100. 

174.  A  smuggler  had  a  quantity  of  brandy  which  he  expected 
■would  produce  £9.  18s. ;  after  he  had  sold  10  gallons  a  revenue 
officer  aeiaed  one-third  of  the  remainder,  in  consequence  of  which 
the  smuggler  makes  only  ^8.  2«.  :  required  the  number  of  gatlons 
he  had  aiid  the  price  per  gallon. 

Let  X  denote  the  number  of  gallons ;  then  - —  is  the  value 
of   a  ga 
and  the  value  of  this  is  — —  x shillings ;  thus, 

S:^«l^«.198-162.36. 

Multiply  by  Zx ;  thus, 

198 (a; -  10)  =  a*  X  36  =  108*; 
therefore,  198a:  -  lO&e  =  1980 ; 

thatis,  9Oj;=108O, 

and  .    ^^  =  ^^  =  22. 

Thus    22   ia   the  number   of  gallons,    and  the  price  of  each 

gallon  is  -^  Bhillings,  that  is,  9  shillings. 

175.  The  student  may  now  exercise  himself  in  the  solution 
of  the  following  problems.  We  may  remark  that  in  these  cases 
the  only  difficulty  conaista  in  iranslating  ordinary  verbai  sUUo- 
menia  into  Algebraical  language,  and  the  student  should  not  be 
discouraged  if  at  first  he  is  sometimes  a  little  perplexed,  since 
nothing  but  practice  can  give  him    readiness  and  certainty  in 
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I.  The  property  of  tiro  persona  amotrnte  to  ;£3870,  and  (me  of 
them  is  twice  aa  rich  as  the  other ;  find  the  property  of  each. 

3.  Divide  ^420  among  two  perBons  so  that  for  every  shilling 
one  receives  the  other  may  receive  half-a^crown. 

3.  How  much  money  is  there  in  a  purse  when  the  fourth 
part  and  the  fifth  part  together  amount  to  £2.  5>.  1 

4.  Alter  paying  the  serenth  part  of  a  bill  and  the  fifth  part, 
£S2  is  Btill  due ;  what  was  the  amount  of  the  bill  ? 

5.  Divide  46  into  two  parts,  such  that  if  one  part  be  divided 
by  7  and  the  other  by  3,  the  sum  of  the  qnotjeute  shall  be  10. 

6.  A  company  of  S66  persona  consists  of  men,  women  and 
children  ;  there  are  four  times  as  many  men  as  children,  and  twice 
as  numy  women  as  children.     How  many  of  each  are  there  t 

7.  A  person  expends  one-third  of  his  income  in  board  and 
lodging,  one-eighth  in  clothing,  and  one-tenth  in  charity,  and 
saves  £318.     What  is  hia  income ) 

8.  Three  towns,  A,  B,  C,  raise  a  sum  of  £594  ;  for  every  pound 
which  B  contributes,  A  contributes  twelve  shillings,  and  C  seven- 
teen shillings  and  sixpence.     What  does  each  contribute  1 

9.  Divide  £1520  among  A,  B,  and  C,  so  that  B  shall  have 
£100  more  than  A,  and  0  £270  more  than  B. 

10.  A  certain  sum  is  to  be  divided  among  A,  B,  and  C. 
A  IB  to  have  £30  less  than  the  hal^  £  is  to  have  £10  less  than 
the  third  part,  and  C  is  to  have  £8  more  than  the  fourth  part. 
What  does  each  receive  ) 

I I.  The  sum  of  two  numbers  is  5760,  and  their  difierence  ia 
equal  to  one-third  of  the  greater  :  find  the  numbers. 

12.  Two  casks  contain  equal  qnaitities  of  beer;  &om  tlia 
first  34  quarts  are  drawn,  and  from  the  second  80 ;  the  quantity 
i-emaining  in  one  cask  is  now  twice  that  in  the  other.  How 
much  did  each  cask  origin^ly  contain  t 
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13.  A  person  bought  a  print  at  a  certain  price,  and  paid  the 
Bame  price  for  a  frame ;  if  the  frame  had  cost  £1  less  and  the 
print  15s.  more,  the  price  of  the  frame  would  have  been  only 
half  that  of  the  print.     Find  the  cost  of  the  print. 

14.  Two  shepherds  owning  a  flock  of  sheep  agree  to  divide 
its  valae ;  A  takes  72  sheep,  and  B  takes  92  sheep  and  pays  A 
£35,     Required  the  value  of  a  sheep. 

15.  A  house  and  garden  cost  j£850,  and  five  times  the  price 
of  the  house  was  equal  to  twelve  times  the  price  of  the  garden : 
find  the  price  of  each. 

16.  Oti&'teath  of  a  rod  is  coloured  red,  one-twentieth  orange, 
one-thirtieUi  yellow,  one-fortieth  green,  one-fiftieth  bine,  one- 
sixtieth  indigo,  and  the  remainder,  which  is  302  inches  long,  violet, 
find  the  length  of  the  rod. 

17.  Two-thirds  of  a  certain  number  of  persons  recdved 
ctghteenpence  each,  and  one-third  received  half-a-crown  each.  The 
whole  Bom  spent  was  £%  \5s.     How  many  persons  were  there  1     • 

IS.  Find  that  number  the  third  part  of  which  added  to  its 
seventh  part  makes  20. 

19.  The  difierence  of  the  squares  of  two  consecutive  numbers 
is  IS.     Find  tie  numbers. 

20.  Of  a  certMn  dynasty  one-third  of  the  kings  were  of  the 
same  name,  one-fourth  of  another,  one-eighth  of  another,  one- 
twelfth  of  a  fourth,  and  there  were  five  besides.  How  many  kings 
wete  there  of  each  name  I 

21.  A  orew  which  can  pull  at  the  rate  of  nine  miles  an 
boor,  finds  that  it  takes  twice  as  long  to  come  up  a  river  aa  to  go 
down  ;  at  what  number  of  miles  an  hour  does  the  river  flow  ] 

22.  A  and  S  play  at  a  game,  agreeing  that  the  loser  shall 
ahvaja  fay  to  the  winner'  tme  ■TiilHwg  more  than  half  the  money 
Hw  loMT  has;  tkeyctnnmsnce  with  equal  quantities  of  money,  but 
after  B  has  lost  the  first  game  and  won  the  second,  be  has  twice 
U  mod)  as  A  :  how  much  had  each  at  the  commencement! .  , 


23.  A  persoil  who  poasraaeB  £12000  employa  a  portion  of  tha 
money  in  building  a  house.  One-third  of  the  monej'  which  re- 
maina  ho  invests  bA  4  per  cent.,  and  the  other  two-thirds  at  5  per 
cent,  and  frt>in  these  investments  he  obtains  an  income  of  X392. 
What  was  the  cost  of  the  house  I 

24.  A  farmer  has  oxen  worth  £12.  10«.  ^ach,  and  sheep' 
worth  £2.  5».  each ;  the  number  of  oxen  and  sheep  being  35,  and 
tlieir  value  £191.  10a.     Find  the  number  he  had  of  each. 

25.  A  and  B  find  a  purse  with  shillings  in  if;  A  takes  out 
two  shillings  &ad  one-sixth  of  what  remains;  then  B  takes  out 
three  shillings  and  ono-aixth  of  what  remains ;  and  then  they  find 
that  they  have  taken  out  equal  shares.  How  many  tQiillingB 
were  in  the  purse,  and  how  many  did  each  take  1 

26.  A  hare  is  eighty  of  her  own  leaps  before  a  greyhound  ; 
she  takes  three  leaps  for  every  two  that  he  takes,  but  he  qovers 
aa  much  ground  in  one  leap  aa  she  does  in  two.  How  many  leaps 
will  the  hare  have  taken  before  she  is  caught } 

'  27.  The  length  of  a  field  is  twice  its  breadth  ;  another  field 
which  is  50  yards  longer  and  10  yards  broader,  contains  6800 
square  yards  more  than  the  former ;  find  the  size  of  each. 

28.  A  vessel  can  be  emptied  by  three  taps  ;  by  the  first  alone 
it  could  be  emptied  in  80  minutes,  by  the  second  alone  in  200 
minutes,  and  by  the  third  alone  in  5  hours.  In  what  time  will 
the  vessel  be  emptied  if  all  the  taps  are  opened  1 

29.  If  an  income  tax  of  7d.  in  the  pound  on  all  incomes 
below  £100  a  year,  and  of  Is.  in  the  pound  on  alt  incomes  above 
£100  a  year  realise  £18750  on  £500000,  how  much  is  raised 
on  incomes  below  £100  a  year  I 

30.  A  person  buys  some  tea  at  3  shillings  a  pound,  and  some 
at  5  shillings  a  pound ;  he  wishes  to  mix  them  Bo  that  by  selling 
the  mixture  at  Zs.  Bd.  a  pound  he  may  gain  10  per  cent,  on  each 
pound  sold :  find  how  many  pounds  of  l^e  inferior  tea  he  must 
mix  with  each  pound  of  the  superior. 
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31.  A  fruiterer  Eiold  for  19a.  6:^  &  certom  number  of  oranges 
and  apples,  of  which  the  latter  exceeded  the  former  by  180,  He 
gellfi  the  apples  at  the  rate  of  5  for  3d.,  and  15  oranges  bring 
him  in  l^d.  more  t^n  Z5  apples.  How  many  are  there  of  each 
sortl 

32.  A  cask  A  contains  12  gallons  of  wine  and  18  gallons  of 
water;  and  another  cask  B  contains  9  gallons  of  wine. and  3  gal- 
lons of  water ;  how  many  gallons  must  be  drawn  from,  each  cask 
so  as  to  produce  by  their  mixture  7  gallons  of  wine  and  7  gallons 
of  water  I 

33.  A  can  dig  a  trench  in  one-half  lihe  time  that  S  can ;  B 
can  dig  it  in  two-thirds  of  the  time  that  C  can ;  all  together  they 
can  dig  it  in  6  days  ;  find  the  time  it  would  take  each  of  them 

34.  A.  person  ailer  paying  seveupence  in  the  ponnd  for  In- 
come Tax  has  £408.  4s.  8JA  left.    What  had  he  at  first  1 

35.  At  what  time  between  one  o'clock  and  two  o'clock  is  the 
long  hand  of  a  clock  esactly  one  minute  in  advance  of  the  ahort 

36.  A  peraon  has  just  a  hoars  at  his  disposal ;  how  iar  may 
he  ride  in  a  coach  which  travels  b  miles  an.  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  miles  an  hoar  1 

37.  A  certain  article  of  consumption  is  subject  to  a  duty 
of  6  shillings  per  cwt. ;  in  consequence  of  a  reduction  in  the 
dnty  the  consumption  increases  one-half,  but  the  revenue  falls 
one-third.     Find  the  duty  per  ovrt  after  the  reduction. 

38.  A  ship  sails  with  a  supply  of  biscuit  for  60  days,  at  a 
daily  allowance  of  a  pound  a  head;  afl»r  being  at  sea  20  days  she 
encounters  a  storm  in  which  5  men  are  washed  overboard,  and 
damage  sustained  that  will  cause  a  delay  of  34  days,  and  it  is 
found  that  each  man's  daily  allowance  must  be  reduced  to  five- 
sevenths  of  a  pound.     Find  the  original  number  of  the  crew. 
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XI.    SIMtTLTANEOTJS  EQUATIONS   OF  THE  FIRST 
DEGREE  WITH  TWO   UNKNOWN  QUANTITIES. 

176.  Suppoee  we  have  an  equation  containing  two  tinknown 
quantitiw  x  and  y,  for  example  (Sa;  -  2y  =  4.  For  every  value 
which  we  please  to  ascribe  to  one  of  Hie  unknown  quantities  we 
can  detwmine  the  corresponding  value  of  the  other,  and  thus 
find  as  many  p^rs  of  values  as  we  please  which  satisfy  the  given 

equation.     Thus,  for  example,  if  y  =  1  we  find  x  =  -=;  if  y  =  2 

we  find  a:  =  - ;  and  so  on. 

Also,  suppose  that  there  is  another  equation  of  the  same  kind, 
as  for  example,  ix  +  3i/  —  n.  We  can  also  find  as  many  pairs  of 
values  as  we  please  which  satisfy  this  equatioiL 

But  suppose  we  ask  for  values  of  x  and  ^  which  satisfy  both 
equations ;  we  shall  find  then  that  there  is  only  one  value  of  ai 
and  one  value  of  y.     For  multiply  the  first  equation  by  3;  thus, 

153:-6y  =  I3; 
multiply  the  sec<md  equation  by  2 ;  thus, 

8a!+6y  =  34. 
Therefore,  by  addition, 

ISai- Gy  +  8a:  +  6y  =  12  +  34 ; 
that  is,  23*  =  46, 

and,  x  =  2. 

Thus  if  bolA  equations  are  to  be  satisfied  x  mtut  equal  2 ;  put 
Oiis  value  of  x  in  either  of  the  two  given  equations  j  for  example^ 
in  the  second  equation ;  thus  we  obtain 
8  +  3y  =  17; 


y  =  3. 
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177.  Two  or  more  eqaations  which  ore  to  be  eatiafied  by  the 
taxM  values  of  the  unknown  quantities  are  called  timvltaneoiu 
equation*,  "We  are  now  about  to  treat  of  aimnltaneoua  equations 
involving  two  unknown  quantities  where  each  unknown  quantity 
occutB  only  in  the  first  degree,  and  the  product  of  the  unknown 
quantitdee  does  not  occur, 

178.  There  are  three  methods  which  aro  usually  givm  for 
fiolTing  these  equations.  The  object  of  all  these  methods  is  the 
same,  namely,  to  obtain  from  the  too  given  equations  which 
contain  two  unknown  quantities  a  dngle  equation  containing  only 
one  of  the  unknown  qnantities.  By  this  process  we  are  scud  to 
eKmtnole  the  unknown  quantity  which  does  not  appear  in  the 
single  equation. 

179.  Fir§t  method.  The  first  method  is  that  which  we 
adopted  in  the  example  of  Art.  176;  it  may  be  thus  described: 
futdHplj/  the  egwUiona  by  such  numbera  as  vyiS  make  the  eoeffident 
of  OTte  of  the  unitnoum  qnaitdiiiee  the  tame  in  the  two  rendUnff 
tyuatiotu ;  then  hy  addition  or  stiblraeHon  um  can  form  <m  equa- 
tion containing  only  the  other  unknovm  quantity. 

Example.  4aj+3i/  =  22;   5aj-7y  =  6. 

If  we  wish  to  eliminate  y  we  multiply  thefirri  equation  by  7, 
which  is  the  ooefGcient  of  y  in  the  second,  and  the  secOTid  equation 
by  3,  which  is  the  coefScient  of  y  in  the  first  equation.     Thus  we 


28ji  + 

2]ff. 

=  1H; 

16a!. 

-21,. 

.18. 

Then  b^  addition, 

28a;-t-15a;  = 

=  1S1  +  18; 

OMU, 

43«  = 

.172, 

«id. 

x  = 

172 

.4. 
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Then  put  this  yaloe  ot  x  m  utber  of  the  girea  equatdoiu,  in 
the  first  for  example ;  thna, 

16  +  3y  =  22; 
therefore,  3y  =  6, 

and,  y  =  2. 

If  we  wish  to  solve  this  example  hy  eliminating  x  we  multiply 
the  first  of  the  given  equations  by  5,  and  the  second  by  4 ;  thus, 
20a!  +  15y=110;    20ie-28y  =  2i. 
Then  by  nAlraction, 

2{te  +  15j  -  (Sfte  -  28y)  =  110  -  24 ;  [ 

thus,  43j(=86, 

and,  ^  =  2. 

180,  Second  method.  Bxpreaa  one  o/tha  uTihunon  quanlUUt 
in  terma  of  the  other  from  either  eqwUion,  and  aaiatHiUe  this  value 
in  the  other  equation. 

Thus,  taking  the  same  example,  we  have  from  the  fir^t 
equation 

4a!  =  22-3y; 

divide  by  4,  a;  =  -^-7 — ; 

substitute  this  value  of  :e  in  the  second  equation  and  we  obtain 

multiply  by  4,  5  (22  -  3y)  -  28y  =  24 ; 

that  ie,  110  -  15y  -  28y  =  24; 

by  transposition,  iZjf  =  86, 

mJ,  y-2. 

Then  substitute  this  value  of  y  in  either  of  tLe  given  equations 
and  we  shall  obtain  a:  =  4. 

Or  thus;  from  the  first  equation  we  have 
3y  =  22-4a!; 

A-  -A   ^^1  22 -4x 

divide  by  3,  y  = — o —  ; 
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substitute  this  telLus  of  y  in  the  second  equation  and  we  obtain 

-4a:) 


3             V, 

multiply  by  3, 

15*-7(22-4a!)  =  18; 

that  is, 

15a;~154  +  2&o-18; 

tliatia, 

43a!  =  172, 

and, 

a;-4. 

Then  substitute  this  value  of  a;  in  either  of  the  given  equa- 
tions and  we  shall  obtain  y—2, 

181.  Third  tnethod.  Express  the  same  unknown  quantity  tn 
tayns  0/  the  other  from  each  equation  and  equate  the  expremona 
thus  obtained. 

Thus,    taking   the    same    example,    from  the   firat  equation 

^  _  6  +  7y . 

thns.  2^^6_^y. 

clear  effractions,        5(23  -  3y)  =  4(6 +  7y); 
tliatis,  110 -15y  =  24  +  281/; 

by  transposition,  iZy  =  86, 

and,  y  =  3, 

Hence,  as  before,  we  deduce  x  =  4. 

Or   thus;    &om   the  first  equation  we   obtain  y= — 5 — , 

and  from  the  second  equation  y— — ^ —  ;    thus, 

22-433_5a;-6 
3       ~      7      ■ 
Uence  as  befoi'e  we  shall  obtain  a;  =  4  and  then  deduce  ^  =  2. 
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KXAMfves  Of  simn-TANEotra  simple  eqwatioks  with  two 

UNKKOWN  QUANTITIES. 


1. 

a!  +  y=15. 

.-,-7. 

2. 

3i-2y.l, 

3j,-4..1. 

3. 

aB-5y=13, 

2a:  +  7y  =  81. 

4. 

2i:  +  3!,=  43, 

lto-y=7. 

S. 

5^-7y.33, 

Il>p  +  12s.l00. 

6. 

3!(-7»  =  4, 

2y  +  6a!  =  22. 

7. 

21y  +  20aj  =  165, 

77y-30>!l29 

8. 

6a!  +  7y.43, 

lla:  +  9y=69. 

9. 

8a!-21y=33, 

6i+35y.l77. 

10. 

lli-10j  =  14, 

5x  +  7y  =  41. 

11. 

16>!  +  17j(.60O, 

17iC-3y  =  110. 

12. 

M-i». 

I-!-'-     . 

13. 

i-!=». 

!-l='- 

14. 

M-i. 

M='- 

%- 


lULl^.^tS,  8.-6y.l. 


^17.     ^-4.|.,  =  8-:j.^,        |-|.2.|-2..0. 

18.     4ir  +  8y=2-4,  10-2a!-6y=3-48. 

^^19.    ai  =  4y,  J(2!B  +  7y)-l  =  |(2a;-6y+l). 

20.    B,  +  i(3«-y-l)  =  ^+|(y-l),         ^t4ir+3y)=^  +  S 
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.1.  ^^.3=3^^      «-^-^"-M- 

^     10"!5"9-r2"i8'          ^""3     12-15* 

11 

lO' 

„,     4«-3j-7     3»     2y     5 
="■            5          "10     15     6' 

y-1     «     3y     y-«     x     11 
T^*5-20^T5"    6  W 

2x     By     So;     y 
2*-    -T—        23        "■             «  +  ,     S- 

4              2 

25.    3.-2y^,^lly-10_*.-3y.5^45-,_ 

^^     ix~2     B5a!  +  71y+l 
*^         3                   18           • 

,2».     2.4...32y--»'-»  =  .8..»«*r', 

^)4y+-l  _07a!--l 


27.     13i);+lly  =  4a, 


29. 

/■ 

X       32. 


aa:  +  iy=(^ 


12x-6]/  =  a. 


x-ny=d. 
ax~by 

*"?  = 
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XII.      SIMULTANEOUS     EQUATIONS    OF     THE     FIRST    DEQREE 
WITH  MOBB  THAN   TWO   UNKNOWN   QUANTITIES.    ' 

182.  If  tliere  be  tliree  simple  equations  and  tliree  tmbnown 
quantities,  deduce  from  tvo  of  the  equations  an  equation  twn- 
taiaing  only  two  of  the  unknown  quantities  hy  the  rules  of  the 
preceding  Chapter ;  then  deduce  from  the  third  equation  and 
either  of  the  former  two,  another  equation  containing  the  game 
two  unknown  quantities;  and  from  the  two  equations  thus  ob- 
tained the  unknown  quantities  which  they  involve  may  be  found. 
The  third  quantity  may  be  fonnd  by  BiAistitating  the  above 
values  in  any  of  the  proposed  equatioits. 

Example,  suppose, 

2x  +  3s  +  iz  =  U  (I), 

3a:  +  2y-5»  =  8     (2), 

63;-6y  +  3z=6     ..(3). 

For  convenience  of  reference  the  equations  are  numbered  (1), 
(2),  and  (3),  and  this  numbering  is  continued  as  we  proceed  with 
the  solution.  .    . 

Multiply  (1)  by  3,  and  (2)  by  2;  thus, 
6a!+9y  +  12s  =  i8, 
6ie  +  4y-103  =  16; 
by  subtraction, 

6i/  +  22«  =  32, :.(i). 

Multiply  (1)  by  5,  and  (3)  by  (2);  thus, 
103:+15y  +  20s  =  80, 
lOx-Uy  +  Ga    =12; 
by  subtraction, 

27y  +  Ua=68 {5). 

Multiply  (i)  by  27,  and  (S)  by  5  ;  thus. 
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WITH  MOEE  THAN  TWO  UNKNOWN  QUANTITIES.  95 

135y  +  59ts  =  864, 
135y+    70s  =  340; 

by  subtoractioii,  &24z  =  534, 

therefore, ,  3=1. 

Substitute  the  value  of  «  in  (4)  j  thus, 
6y  +  22  =  32; 


Substitute  the  values  of  y  and  « in  (1) ;  thus, 
2a!  +  6  +  4  =  16 ; 
therefore,  aj  =  3. 

■  Sometimea  it  ia  convenient  to  use  the  followii^  rule :  from 
tvo  of  the  eqiiations  express  the  values  of  two  of  the  unknowa 
quantities  in  terms  of  the  tliird,  and  substitute  these  values  in 
the  third  equation;  hence  the  third  unknown  quantity  can  be 
found,  and  then  the  other  two. 
Elzample,  suppose 

.    3a!  +  4y-16»  =  0 (1), 

5a!-8y  +  10a  =  0 : ....(2), 

2aj+6y+   7s  =  52 (3). 

Multiply  (I)  by  2,  and  add  to  (2) ;  thus 

lla!-22»  =  0;  therefore  a;  =  2«. 
Multiply  (1)  by  5,  and  (2)  by  3,  and  subtract ;  thus 

4*2/  — 110«  =  0;  therefore  }/=-„• 
Substitute  in  (3)  ;  thus 

48+15a  +  7a  =  S2;  that  is  26s  =  52; 
therefore  *=2;  and  a!  =  2«  =  4,  y  =  Tr-  =  5. 

The  same  methods  may  be  applied  when  the  number  of  simple 
eqnatioos  and  of  unknown  quantities  exceeds  three. 
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TtTAMPl.TiM  or  SDniLTANZOITS  EQTTATIONa  OF  THE  TIBSC  DEGBE^ 
WITH  HORB  THAN  TWO  UHKHOWS  QUANTITIEa. 

1.  3»+2y-4«=15,  5x-^  +  2z  =  28,  3y-wiz-K=2i. 

2.  a:+y-a=l,     8x  +  3y-6ail,     3e-ix-j/  =  l. 

3.  2a!-7y  +  4«  =  0,    3a!-3y+a  =  0,     Sw  +  5y  +  3s  =  28. 

4.  4a!-3y  +  2a  =  9,     2a;  +  6y-3a=4,     5a!  + 6y-3a  =  18. 
0.  2a!-4y+9a  =  28,     Tsb  +  3j/ -  5s  =  3,     9x+lQif-Us=i. 

6.  a!-3y  +  3«=-6,     23!  +  3y-4a  =  20,     3a!-2y  +  6s  =  26. 

7.  t«-3y+2s  =  iO,     5a!+9y-7s  =  i7,     9*  +  8y  -  Sa  =  97. 

8.  3a!  +  2y  +  «=  23,     6a:  +  2j/  +  4s  =  i6,     10a;  +  5y  +  4s  =  75, 

9.  5a!-6y  +  4s-15,     7a!  +  4y- 3a=  19,     2a!  +  y  +  6a=46. 
"^  '      '      ,     1      1      _    1      1      3 

X    z  y    z     2 

3       3     2     „      1     1     4 


V^o. 

-+  -  = 
a:     y 

«)<ii. 

\^13. 

3      4 

13. 

3j-l 

v^. 


J.   ±   2-^   ±-JL   *  M 

3a:  "^  2y  *  a  ~  6  '    5aj     2y  "^  a  "^  10  * 


lOa;  +  4y  -  5g  _  4a!  +  6y  -  3a 


10a!  +  4y-Sa  =  4x  +  6y-3a-: 
10a:  +  4y-5s     4fl!  ^-  6y  -  3s  _ 
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^15.       7a;-3y  =  l,  V\.16.     3w-2y  =  2, 

Us-7«  =  1,  5«-7«  =  l], 

4a-7y=l,  2a:  +  3y  =  39, 

19a!-3i*  =  l.  4y  +  3a=41. 

'^'- 17.     2a:-3y  +  23  =  13,  "^18.       7w- 13«  =  87, 

4y+2»  =  14,  lOy-  3ie=ll, 

4m -2k  =30,  3M  +  14ii:  =  67, 

5y  +  3w  =  32.  2j;-11s=50. 

■^19.    7a^-2s  +  3M  =  17,  V  20.     33:-4y  +  3j  +  3«-6«  =  ll, 

4y-2a+    v=n,  3a!-5y  +  2z-4w=ll, 

5j-  3ie  - 2w  =  8,  lOy -  33  +  3w -  20  =  2, 

4y  -  3w  +  2o  =  9,  5a  +  4u  +  2u  -  2x  =  3, 

3a  +  8u  =  33.  6u  -  3i;  +  4a!  -  2y  =  6. 

^21.     ?+f  =  l,      %*=1,     ?+*  =  !. 
a     0  a     c  0     c 

^  23.     ai/  +  bx=e,      ex  +  as  =  b,      be  +  cy  =  a. 

^23.    ?  +  ^  =  l,     ^-."-1,     %?  =  !. 
'  a:     y      '     y     s  s     a: 

^21.    a;+y  +  «  =  0, 

(6  +  c)^+(c  +  a)y  +  (a  +  S)8  =  0, 

V    25.     oa:  +  6y  +  «  =  J, 

a^x-t-h'y  +  e'x-A', 

(»*ar  +  i*y  +  c'a=  J'. 
\'"  26.    iKys  =  «  ^  -  aa;  -  iry)  =  6  (KB  -  !cy  -'ys)  =  c  (jy  -  y«  -  s«). 
v\27.    a;  +  y-Ka  =  a4-&  +  o, 

6a:  +  (!y  +  £M!  =  ca;  +  oy  +  Js  =  o*  + 1'  +  "'• 


\2& 


T.  A. 


K-Jy  +  b'z  =  b', 

« -  cy  +  c"*  =  c'.  ,-^  T 
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XTTI.      PROBLEMS  WHICH  LEAD  TO  SIMPLE  EQUATIONS  WITH 
MORE  THAN  ONE  UNKNOWN  QUANTITY. 

183,  We  BhftU  now  give  some  examples  of  problems  which 
lead  to  Bunple  equations  with  more  than  one  unknown  qnantity. 

A  and  B  engage  in  play ;  in  the  first  game  A  wins  ss  much 
as  he  had  and  four  shillings  more,  and  finds  he  has  twice  as  much 
es-B;  in  the  second  game  B  wins  half  as  much  as  he  had  at  first 
and  one  shillii^  more,  and  then  it  appears  he  has  three  times 
as  much  as  A  :  what  sum  had  each  at  first  1 

Let  X  be  the  number  of  shillings  which  A  had,  and  y  the 
number  of  shillings  which  B  had ;  then  after  the  first  game  A 
has  2x  +  i  shillings  and  B  has  y-x—i  shillings.  Thus  by  the 
question, 

2a:  +  4  =  2(i/-ic-4)=2y-2a!-8; 

therefore,  2y — 4a!  =  1 3  ; 

therefore,  ^~2x  =  G. 

Also  ailcr  the  second  game  A  has  2a;  +  4  —  ^  —  1  shillings,  and 
B  has  j/—x-i  +  ^  +  l  shillings.     Thus  by  the  question, 

y_a:-4  +  |  +  l  =  3(2a:  +  4-^-l)  =  6a!+12-^-3; 

therefore,       2y-2a: -8 +  y  +  2  =  12x  +  24-3y-6  ; 
therefore,  6y  -  14z  =  24, 

and,  3y-7a!=13.    . 

And  from  the  former  equation, 

3y-6j:  =  18; 
hence  by  subtraction,  a;  =  6 ; 

therefore,  v  =  18, 
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184.  A  sum  of  money  was  divided  equally  among  a  certain 
nnmber  of  persons ;  had  there  been  three  more,  each  would  have 
received  one  shilling  leas,  and  had  there  been  two  fewer,  each 
would  have  received  one  shilling  more  than  he  did :  required  the 
number  of  persons,  and  what  each  received. 

Iiet  X  denote  the  number  of  persons,  y  the  number  of  fhil lings 
which  eaib  received.  Then  lejr  shillings  is  the  sum  divided;  thus 
by  the  question, 

(!C  +  3}{y-l)  =  a:y, 
and  also,  (x  —  2)  (y  +  1)  =  xff. 


The  firat  equatioi 

i^ves 

ay+3y-x-3  =  ay; 

thus, 

3y-a!  =  3. 

The  second  equation  gives 

a:y-2y  +  a:-2=a;y; 

thus, 

x-2y  =  2. 

By  addition, 

dy-x  +  x~2ff  =  5; 

that  is, 

y  =  5. 

Hence. 

a!  =  2y+2  =  12. 

185',  What  fraction  is  that  which  becomes  equal  to  j  when 
its  numerator  is  increased  by  6,  and  equal  to  ^  when  its  denom- 
inator is  diminished  by  2  t 

Iiet  fc  denote  the  numerator  and  y  the  denominatoi'  of  the 
fraction ;  then  by  t 


Clear  the  first  equation  of  fractions  by  multiplying  by  4y; 

■"•  4(»4-6).Ss: 

tierefoM,  3^-4ai=24. 
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Cleur  the   second   equation   of  fractions  ^j  multiplying   by 
2(y-2)j  thus, 

aB  =  y-2; 
therefore,  y—2x~2, 

and,  3y-6x  =  6. 

By  BubtractioDj 

3y-4a:-(3y-6a:)  =  24-6; 
duttis,  2x=l8, 

aioA,  x  =  Q. 

Henccs  y  =  2 -i- 2x  =  20. 

ThuB  Uie  reqtured  fraction  is  ^. 


ESAUPLRS  OF  PROBLEUS. 

1.  A  certtun  fivctioQ  bpcomes  1  when  3  is  added  to  ltd  nu- 
merator, and  j^  when  2  is  added  to  its  denominator.  What  finotion 
is  iti 

•J  2.  A  and  £  togetlier  {XW^SS  ^70.  If  A'a  money  were  three 
times  what  it  really  is,  and  fa  five  timee  what  it  re^y  is,  the 
sum  would  be  £23fi0.  What  is  the  money  of  each  1 
4  3,  If  the  numerator  of  a  certain  fraction  is  increased  by  one 
the  value  of  the  fraction  becomes  ^ ;  if  the  denominator  is  in- 
creased by  one  the  value  of  the  fraction  becomes  J.  What  is  the 
fraction  1 

^  4,  Find  two  numbers  such  that  if  the  first  be  added  to  four 
times  the  second,  the  sum  is  29 ;  and  if  the  second  be  added  to 
six  times  the  first  the  sum  is  36. 

Vs.  If  A's  money  were  increased  by  36s.  he  would  have  three 
times  as  much  as  B ;  but  if  S'a  money  were  diminished  by  Bs.  he 
would  have  half  as  much  as  A.     Find  the  sum  poBsessed  by  each. 

N  6.  A  and  J  lay  a  wager  of  10«.;  if  A  loses  he  will  have 
twenty-five  shillings  less  than  twice  as  much  as  S  will  then  have ; 
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l>at  if  B  loses  he  will  bave  fiv&seveateeDtha  of  what  A  wiU  then 
ha.Y9 :  find  how  much  mone^  each  of  them  has. 
^Z"  7.     Find  two  numbers,    Buch  that  twice  the  first  plus  the 
second  is  equal  to  17,  and   twice  the  second  plus  the  first  is 
equal  to  19. 

V8.  Find  two  numbers,  such  that  one-hdf  the  first  and  three- 
fourths  of  the  second  together  may  be  equal  to  the  excess  of  three 
times  the  first  over  the  second,  and  this  excess  equal  toll. 

\9.  For  five  guineas  can  be  obtained  either  33  pounds  of  tea 
and  15  pounds  of  coflee,  or  36  pounds  of  tea  and  9  pounds  of 
coffee  :  find  the  price  of  a  pound  of  each. 

y' 10.  Detennine  three  numbers  such  that  their  sum  is  9  ;  the 
sum  of  the  first,  twice  the  second,  and  three  times  the  third,  23  j 
and  the  anm  of  the  first,  four  times  the  second,  and  nine  times  the 
third,  58. 

i/ll.  A  poimd  of  tea  and  three  pounds  of  sugar  cost  six  shil- 
lings, but  if  sugar  were  to  rise  50  per  cent,  and  tea  10  per  cent. 
ihey  would  cost  7  shillinga.     Find  the  price  of  tea  and  sugar. 

vl2.  A  person  has  ^£2660  to  invest.  The  three  per  cent,  con- 
sols are  at  81,  and  certain  guaranteed  railway  shares  which  pay 
a  half-yearly  dividend  of  10».  on  each  ori^nal  share  of  £2S  are  at 
£24.  Find  how  many  shares  ha  must  buy  that  he  may  obtain 
the  same  income  from  the  railway  shares  as  from  the  rest  of  his 
money  invested  in  the  consols. 

13.  A  person  possesses  a  certain  capital  which  is  invested  at 
a  certain  rate  per  cent.  A  second  person  has  ^£1000  more  capital 
than  the  first  person  and  invests  it  at  one  per  cent,  more ;  thus 
hifl  income  exceeds  that  of  the  fint  person  by  £80.  A  third 
person  has  £1500  more  capital  than  the  first  and  invests  it  at  two 
per  cent,  more ;  thus  his  income  exceeds  that  of  the  first  person 
by  X150.     Find  the  ci^ital  of  each  person  and  the  rate  at  which 


14.     A  sum  of  money  is  divided  equally  among  a  certain  num- 
ber of  persons ;    if  there  had  been  four  more  each  would  have 
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received  a  shilling  less  thim  he  did  ;  if  there  had  been  five  fbwer 
each  would  have  received  two  shiUings  more  than  he  did :  find  the 
number  of  persons  and  what  each  received. 

15.  Two  pluga  are  opened  in  the  bottom  of  a  cistern  con- 
taining 192  gallons  of  water ;  after  three  hours  one  of  the  plugs 
becomes  stopped,  and  the  cistern  is  emptied  by  the  other  in 
eleven  more  hours ;  had  six  hoars  occurred  before  the  stoppage  it 
would  have  required  only  six  hours  more  to  empty  the  cistern. 
How  many  gallons  will  each  plug  hole  discharge  in  an  hour,  sup- 
posing tJie  discharge  uniform  t 

16.  A  person  after  paying  a  poor-rate  and  also  the  income- 
tax  of  7(J1  in  the  pound,  has  ^486  remaining ;  the  poor-rate 
amounts  to  £22.  IO0.  more  than  tJie  income-tai :  find  the  original 
income  and  the  number  of  pence  per  pound  in  the  poor-rate. 

V/17.  A  certain  number  of  peraona  were  divided  into  three 
classes,  such  that  the  majority  of  the  first  and  second  together 
over  the  third  was  10  less  than  four  timee  the  majority  of  the 
sc4X)nd  and  third  tt^ther  over  the  first ;  but  if  the  first  had  30 
more,  and  the  second  and  third  together  39  less,  the  first  would 
have  outnumbered  the  last  two  by  one.  Find  the  number  in  each 
class  when  the  whole  number  was  31  more  than  eight  times  the 
majority  of  the  third  over  the  second. 

18.  A  fiuiner  would  spend  all  his  money  by  buying  i  oxen 
and  32  lantbs ;  instead  of  doing  this  he  bought  the  same  number 
of  oxen  and  half  as  many  lambs,  and  had  a  surplus  of  X9  after 
paying  for  them  and  for  their  ctmveyaace  by  railway  at  an  average 
cost  of  six  shillings  per  head.  Each  ox  cost  as  many  ponnds  aa 
its  carriage  by  railway  was  shillings,  and  tlie  lambs  altogether  cost 
three  times  as  many  pounds  as  the  carriage  of  each  was  diiUings. 
How  mnch  money  had  the  fiirmer  to  begin  with  I 

19,  A  and  £  play  at  bowls,  and  A  bets  £  three  shillings  to 
two  upon  every  game ;  after  a  certain  number  of  games  it  appears 
that  A  has  won  three  shiUings ;  but  if  A  had  bet  five  shillings  to 
two  and  lost  one  game  more  out  of  the  same  number,  he  would 
have  lost  thirty  shillinga.     How  many  games  did  each  win  I 
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20.  "Five  persona.  A,  B,  C,  D,  E  pUy  at  cards ;  oiler  A  has 
■won  half  of  ff&  money,  B  oae-third  of  C\  C  one-fourth  of  D'a, 
D  one-sixth  of  Ka,  they  have  each  £\.  10».  Find  how  mudi 
each  had  to  b^^  with. 

21.  If  there  were  no  accidents  it  would  take  half  as  long  to 
travel  the  distance  from  A  ia  B  hy  railroad  as  by  coach ;  but 
three  hours  being  allowed  for  accidental  stoppages  by  the  former, 
the  coach  will  travel  the  distance  all  httt  fifteen  miles  in  Uie 
same  time ;  if  the  distance  were  two-thirds  as  great  as  it  is,  and 
the  some  time  allowed  for  railway  stoppages,  the  coaoh  would 
take  exactly  the  same  time  :  required  the  distance. 

22.  A  and  if  are  set  to  a  piece  of  work  which  they  can 
fiitish  in  thirty  days  working  together,  and  for  which  they  are 
to  receive  £,1.  10<.  When  the  work  la  half  fiDished  A  intermits 
working  eight  days  and  B  four  days,  in  consequence  of  which  the 
work  occupies  five  and  a  half  days  more  than  it  would  otherwise 
have  done.     How  much  ought  A  and  B  respectively  to  receivb  1 

23.  A  and  B  run  a  mila  Fii^  A  gives  B  a  start  of  44 
yards  and  beat«  him  by  51  seconds ;  at  the  second  heat  A  gives 
B  a  start  of  1  minute  15  seconds,  and  is  beaten  by  88  yards. 
Find  the  times  in  which  A  and  B  can  run  a  mile  separately. 

24.  A  (Qid  B  start  together  from  the  foot  of  a  mountain  to 
go  to  the  Bummit.  A  would  reach  the  sunuoit  half  an  hour 
before  B,  but  TTi™iiig  his  way  goes  a  mile  and  back  again  need- 
lessly, during  which  he  walks  at  twice  his  former  pace,  and  reaches 
the  top  six  minutes  before  B.  C  starts  twenty  minutes  after 
A  and  B  and  walking  at  the  rate  of  two  and  one-seventh  miles  per 
hour,  arrives  at  the  summit  ten  minutes  after  B.  Find  the  rates 
of  walking  of  A  and  B,  and  the  distance  from  the  foot  to  the 
summit  of  Ihe  mountain. 

25.  A  railway  train  after  travelling  for  one  hour  meets  with 
an  accident  which  delays  it  one  hour,  after  which  it  proceeds  at 
thre&^fifths  of  its  former  rate,  and  arrives  at  tho  terminus  three 
honn  bdiind  time ;  had  the  accident  occurred  50  nulee  further  on, 
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tlie  trun  irould  have  arrived  1  tout  20  Dunutea  sooner.  B^juired 
the  length  of  the  lin^  and  the  origmal  rate  of  the  tram, 

26.  J,  B,  and  C  sit  down  to  pla,j,  every  one  with  a  certain 
number  of  shillings.  A  loses  to  £  and  to  C  as  man^  shiUings  as 
each  of  them  has.  Next  JB  loEes  to  A  and  to  0  as  numj  as  each  of 
them  nov  has.  Lastlj'  C  losea  to  A  and  to  £  as  many  b3  each 
of  them  now  has.  After  all  every  one  of  them  has  sixteen  shillings. 
How  much  had  each  originally  t 

27.  Two  persons  A  and  S  could  finish  a  work  in  m  daysj 
they  worked  together  n  days  when  A  was  called  off  and  £  finished 
it  in  p  days.     In  what  time  could  each  do  it  1 

28.  A  railway  ti'ain  ntnning  fiom  London  to  Cambridge 
meets  on  the  way  with  an  accident,  which  causes  it  to  iliminiiili 

its  speed  to  -  th  of  what  it  was  before,  and  it  is  in  consequence 

a  hours  late.  If  the  accident  had  hajipened  b  miles  nearei'  Cam- 
bridge, the  train  wotild  have  been  c  hours  late.  Find  the  rate  of 
the  train  before  the  accident  occurred. 

29.'  The  fore-wheel  of  a  carriage  makes  six  revolutions  more 
than  the  hind-wheel  in  going  120  yards  ;  if  the  circumference  of 
the  fore-wheel  be  increased  by  one-fourth  of  its  present  mae,  and 
the  circumference  of  the  hind-wheel  by  one-fifth  of  its  present 
size,  the  six  will  be  changed  to  four.  Sequired  the  circumference 
pfeacli  wheelv 
N  30.  There  is  a  number  consisting  of  two  digits;  the  nmnbM' 
is  equal  to  three  times  the  sum  of  its  digits,  And  if  45  be  added  to 
the  number  the  digits  interchange  their  places :  find  the  number. 
"^  31.  There  is  a  number  consisting  of  two  digits ;  the  number 
is  equal  to  seven  times  the  sum  of  its  digits,  and  if  27  be  sub- 
tracted from  the  number  the  digits  interchange  their  places  :  find 
the  number. 

33.     A.  person  proposes  to  travel  from  A  to  B,  either  direct 
by  coach,  or  by  rail  to  C,  and  thence  by  another  trwn  to  B.     The 
trains  travel  three  times  as  &8t  as  the  coach,  and  should  there  be 
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no  delay,  the  peraou  Btortmg  at  the  same  hour  could  get  to  B 
20  mmutea  earlier  by  coach  than  hj  train.  But  should  the  train 
be  late  at  G,  be  'Wotlld  have  to  wait  '^ere  for  a  train  at  long  ad 
it  would  take  to  travel  from  C  to  £,  and  his  journey  would  in 
that  case  take  twice  as  long  as  by  coach.  Should  the  coach  bow- 
ever  be  delayed  an  hour  on  the  way,  and  the  train  be  in  time  at 
C,  he  would  get  by  rail  to  £  and  half  way  back  to  G,  while  hO 
would  be  going  by  coach  to  £.  The  length  of  the  whole  circuit 
ABGA  is  76|  miles.    ^Required  the  rate  at  which  the  eoa«h  brarels. 

33.  A  offers  to  run  three  times  round  a  course  while  B  runa 
twice  round,  but  A  only  gete  ISO  yards  of  bis  third  round 
finished  when  B  wins.  A  then  offers  to  run  four  times  round 
for  ^s  thrice,  and  now  quickens  bis  pace  so  that  he  l^ins  4  yarda 
in  the  time  he  formerly  ran  3  yards.  B  also  quickens  hia  ho  that 
he  runa  9  yards  in  the  time  he  formerly  ran  8  yards,  but  in  the 
second  round  falls  off  to  his  original  pace  in  the  first  race,  and  in 
the  third  round  only  goes  9  yards  for  10  he  went  in  the  firat  race, 
and  accordingly  this  time  A  wins  by  180  yai-ds.  Determine  the 
length  of  the  course, 

34.  A  man  atarta  f  hours  before  a  coach,  and  both  travel  uni- 
formly ;  the  latter  passes  the  former  after  a  certain  number  of 
fionrB.  From  thia  pcnnt  the  coach  increasea  ita  apeed  to  six-fifths 
of  ite  former  rate,  while  the  man  increases  his  to  five-fourths  of  hia 
former  rate,  and  they  continue  at  these  increased  ratea  for  q  houra 
longer  than  it  took  the  coach  to  overtake  the  man.  They  are  then. 
92  miles  apart;  but  had  they  Continued  for  the  same  length 
of  time  at  their  original  rates  they  would  have  been  only  80 
miles  apart.  Shew  that  the  original  rate  of  the  coach  ia  twice 
that  of  the  man.  Also  if  ji  +  q^  16,  shew  that  the  original  rate 
of  the  coach  waa  10  miles  per  hoUi",  atld  that  of  the  man  5  miles 
per  hour. 
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XIV.     DISCUSSION"   OF   SOME  PROBLEMS   WHICH 
LEAD  TO   SIMPLE  EQUATIONS. 

IS6.  We  propose  now  to  solve  some  problems  which,  lead  to 
Suuple  Equations,  and  to  examine  certain  peculiarities  which 
present  themselves  in  the  solutions.  We  begin  with  the  following 
problem  :  Wbat  number  must  be  added  to  a  number  a  in  order 
that  the  sum  amy  be  6 1     Let  x  denote  this  number ;  then, 

therefore^  x^b  —  a, 

Tbis  formula  gives  the  value  of  x  corresponding  to  any  as- 
signed values  of  a  and  6.  Thus,  for  example,  if  a  =12  and 
b  =  25,  we  have  a;  =  25  -  12  =  13.  But  suppose  that  a  =  30  and 
6  =  24  ;  then  «  =  24  -  30  =  -  6,  and  we  naturally  ask  what  is 
the  meaning  of  this  n^ative  result  t  If  we  recur  to  the  enun- 
ciation of  the  problem  we  see  that  it  now  reads  thus :  What 
number  mnat  be  added  to  30  in  order  that  the  siun  may  be  24 1 
It  is  obvious  then,  that  if  the  word  added  and  tbe  vord  sum  are 
to  retain  their  arithmetical  meanings,  the  proposed  problem  is 
impossible.  But  we  see  at  the  same  time  that  the  following 
problem  can  be  solved ;  What  number  must  be  laien  from  30 
in  order  that  the  difference  may  be  24 1  and  6  is  tbe  answer  to 
this  question.  And  the  second  enunciation  difiers  &om  the  first 
in  these  respects ;  the  words  added  to  are  replaced  by  taiet*  Jrom, 
and  the  word  gum  by  difference. 

187.  Thus  we  may  say  that,  in  this  example,  the  negative 
resolt  indicates  that  the  problem  in  a  strictly  Arithmetical  sense 
is  impossible ;  but  that  a  new  problem  can  be  formed  by  apjoo- 
priate  changes  in  the  original  enunciation  to  which  the  abtotttta 
value  of  the  negative  result  will  be  the  correct  answer. 

188.  This  indicates  the  convenience  of  using  the  word  add 
in  Algebra  in  a  more  extensive  sense  than  it  has  in  Arithmetic 
Let  X  denote  a  quantity  which  is  to  be  added  aigebraioaUy  to  a ; 
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then  the  Algebmcal  som  ib  a  +  x,  whether  x  itself  be  positive  or 
n^ativB.    IhuB  the  equation  a  +  x  =  b  will  be  possible  algebraically 
whether  a  be  greater  or  less  than  b. 
We  proceed  to  another  problem, 

189.  J.*s  age  b  a  years,  and  ffs  age  is  h  years ;  when  will  A 
be  twice  aaoldaa  £1  Supposed  the  required  epoch  to  be  a;  years 
from  the  present  time ;  then  by  the  question, 

a+x^2(b  +  x)i 
Iience,  x  =  a  —  2b. 

Thus,  for  example,  if  a  =  40  and  5  =  15,  then  a:=IO.  But 
sappoBe  a  =  35  and  6  =  20,  then  x  =  —  5;  bete,  as  in  the  pre- 
ceding problem,  we  eix  led  to  inquire  into  the  meaning  of  the 
negative  result.  Kow  with  the  assigned  values  of  a  and  b  the 
equation  which  we  have  to  solve  becomes 
35  +  !ij  =  40  +  2a^ 
and  it  is  obvious  that  if  a  strictly  arithmetical  meaning  is  to  be 
given  to  the  symbols  x  and  +,  this  equation,  is  impossible,  for  40  is 
greater  than  35,  and  2x  is  greater  than  x,  so  that  the  two  members 
cannot  be  equal.  But  let  us  change  the  enunciation  to  the  fol- 
lowing: A'a  age  is  35  years,  and  £'a  age  is  20  years,  when  wag  A 
twioe  as  old  ea  St  Let  the  required  epoch  be  x  years  from  the 
present  time,  then  by  the  question, 

35-x^2{20-x)  =  i(i-2x; 
thus,  x-B. 

Here  again  we  may  say  the  negative  result  indicates  that  the 
problem  in  a  strictly  Arithmetical  sense  ia  impossible,  but  that  a 
new  problem  can  be  formed  by  appropriate  changes  in  the  original 
enunciation,  to  which  the  absolute  vaiue  of  the  negative  result 
will  be  the  correct  answer. 

We  may  observe  that  the  equation  corresponding  to  the  new 
enunciation  may  be  obtained  from  the  original  equation  by  chang- 
ing X  into  —  X. 

190.  Suppose  tiiat  the  problem  had  been  originally  ennn- 
dated  thus:  ^'b  age  is  a  years,  and  ffa  age  is  b  yeaxg;  find  the 

L., Coogle 


108  DISCUSSION  OF  SOME  PI10BLEU3 

epoch  at  which  A's  age  is  twice  that  of  B.  These  words  do  not 
intimate  whether  the  required  epoch  is  hefore  or  after  the  present 
date.  If  we  suppose  it  a/ier  we  obtain,  as  in  Art  189,  for  the 
required  number  of  fears  x  =  a~2b.  If  we  suppose  the  required 
epoch  to  be  a;  years  before  the  present  date  we  obtain  x  =  26  —  a. 
If  26  is  less  than  a,  the  first  supposition  is  correct,  and  leads  to 
an  arithmetical  value  for  x;  the  second  supposition  is  incorrect, 
and  leads  to  a  negative  value  for  x.  If  26  is  greater  than  a,  the 
second  supposition  is  correct,  and  leads  to  an  arithmetical  value 
for  xi  the  first  supposition  is  incorrect  and  leads  to  a  n^ptive 
value  for  x.  Here  we  may  say  then  that  a  n^^tive  result  indi- 
cates that  we  made  the  wrong  choice  out  of  two  possible  supposi- 
tions which  the  problem  allowed.  But  it  is  important  to  notice, 
that  when  we  discover  that  we  have  made  the  wrong  choice,  it  is 
not  necessary  to  go  through  the  whole  invesH^ation  again,  for  we 
can  make  use  of  the  residt  obtained  on  the  wrong  supposition. 
We  have  only  to  take  the  absolute  value  of  the  n^;«tiTe  result 
and  place  the  epoch  before  the  present  date  if  we  had  supposed 
it  after,  and  after  the  present  date  if  we  had  supposed  it  before. 

191.     One  other  case  maybe  noticed.     Suppose  the  enuncia- 
tion to  be  like  that  in  the  latter  part  of  Art  189;  A's  age  is  a 
years,  and  ffs  age  is  b  years,  when  was  A  twice  as  old  as  £t 
liCt  X  denote  the  required  number  of  yearsj  then 
a-x==-.2{b-x), 


Now  let  us  verifi/  this  solution.  Put  this  value  for  x;  th^i 
a-a;  becomes  a  — (26 -a),  that  is,  3a  —  26  j  and  2  (6 -a;)  becomes 
2  (6  -  26  +  a),  that  is,  2a  -  26.  If  6  is  less  than  a,  these  residts 
are  positive,  and  there  is  no  Arithmetical  difficulty.  But  if  6  is 
greater  than  a,  although  the  two  members  are  algebraically  equal, 
yet  since  they  are  both  ru^oHve  quantities,  we  cannot  say  that  we 
have  arithmetically  verified  the  solution.  And  when  we  i«c«n; 
to  the  problem  we  see  that  it  is  impossible  if  a  is  leas  than  b; 
because  if  at  a  given  date  A'a  age  is  leas  than  ^s,  then  A'a  age 
never  was  twice  ffa  and  never  will  bo.     Or  without  proceeding  to 
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Terify  tJie  result,  we  may  observe  ihat  if  &  is  greater  tbtm  a,  then 
X  is  also  greater  than  a,  which  is  inadmissible.  Thus  it  appeara 
that  a  problem  may  be  really  absurd,  and  yet  the  result  may  not 
immediately  present  any  difficulty,  though  when  we  proceed  to 
examine  or  verify  this  result  we  may  dia^oyer  an  ii)tin)ation  of  the 
absurdity 

192.  The  equation  a  +  !e  =  2(b  +  x)  may  be  considered  aa  the 
symbolical  expression  of  tlie  following  verbal  enunciation:  Sup- 
pose a  and  fi  to  be  two  quantities,  what  quantity  must  be  added 
to  each  so  that  the  first  sum  may  be  twice  the  second  }  Here  the 
words  gtiantilt/,  eum,  and  added  may  all  be  understood  in  Alge- 
braical senses,  bo  that  x,  a,  and  b  may  be  positive  or  negative. 
This  Algebrucal  statement  includes  amoijg  its  admissible  senses 
the  Arithmetical  question  abotft  tba  ages  of  A  and  B.  It  appears 
then  that  when  we  translate  a  problem  into  an  equation,  the  same 
equation  maff  be  the  symbolical  expression  of  a  more  oomprehen' 
sive  problem  than  that  froifl  whidi  it  was  obtained. 

We  will  now  examine  another  problem. 

193.  A  and  J?  gravel  in  the  same  direction  at  the  rate  of  a 
and  6  miles  respectively  per  hour.  A  arrives  at  a  certain  place  P 
at  a  certain  time,  and  at  the  end  of  n  hours  from  that  time  B 
arrives  at  a  certain  place  Q.     Find  when  A  and  B  meet. 

p Q R 

Let  e  denote  the  distance  PQ;  suppose  A  and  B  to  travel  in 
the  direction  from  P  towards  Q,  and  to  meet  at  H  at  the  end  of  x 
hoars  from  the  time  when  A  was  at  i*;  then  unce  A  travels  at  the 
rat«  of  a  miles  per  hour,  the  distance  PR  is  ax  miles.  Also  B 
goes  over  the  distandB  QR  in  ai-n  hours,  so  that  QR  is  b{x  —  n) 
miles.  And  PB  is  equal  to  the  sum  oi PQ  and  QR;  thus, 
(M!  •  c  +  6  (as  -  m)  =  c  +  Ja;  -  6n  ; 

therefor^  x  = -,  . 

We  shall  now  examine  this  result  on  different  suppositions  as 
to  the  values  of  the  given  quantities. 
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L  Suppose  a  greater  than  b,  and  c  greater  than  bn;  then  the 
value  of  X  is  positive,  and  the  traTellers  toiU  meet,  as  we  hava 
supposed,  (yfer  j1  arrives  at  /".  For  when  J  is  at  i*,  the  space 
which  S  has  to  travel  before  he  reaches  Qisln  miles,  and  since  bn 
is  less  than  c,  it  follows  that  when  ^  is  at  P  he  is  behind  Bj 
and  A  travels  more  rapidly  than  £,  since  a  is  greater  than  6. 
Hence  A  must  at  the  end  of  some  time  overtake  £. 

The  distance  Pfl  =  (KC^°''' - -r-^.     Thus, 

Off  _"(<'-  bn)       _a{c  -  bn)  -  c(a  —  b)  _eb  —  ain_b(c-an) 
^  a~b     ""  ^^  "     a-b     ~~^b~' 

Kow  if  c  be  greater  than  an,  this  expression  is  a  positive  quantity, 
so  that  £  &Us,  as  we  have  supposed,  bet/ond  Q ;  we  see  that  this 
must  be  the  case,  for  since  e  Is  greater  than  an,  it  will  take  A 
more  thwi  n  hours  to  go  frou  P  ioQ,  ao  that  he  cannot  overtake 
B  until  after  parsing  Q.  If,  however,  c  be  less  than  on,  the  ex- 
pression for  QR  is  a  negative  q^uaatity,  and  this  leads  na  to  sup- 
pose that  some  modification  is  required  in  our  view  of  the  problem. 
In  fact  A  now  takes  leaa  than  n  hours  to  go  from  P  \a  Q,  ao  that 
he  will  overtake  B  hofore  ai-riving  at  Q.  Hence  the  figurb  should 
now  stand  thus : 


And  now,  since  PR  =  PQ  —  RQ,  the  equation  for  determining 
X  would  naturally  be  written 

ax=e-b{n-x)  =  c-bn  +  bx. 
This,  however,  we  see  is  really  the  same  equation  as  before. 

Again,  if  c  be  equal  to  an  the  value  of  RQ  is  zero.     Thus 
R  now  coincides  with  Q;  and 

_ e~bn  _an-bn  ^ 

Hence  ^1  and  B  meet  at  Q  at  the  end  of  n  hours  after  A  was 
a.tP. 

II.     Kezt  suppose  that  a  is  greater  than  b,  and  c  less  than 
on.     The  value  of  x  is  nov  negative,   and  we  may  ooniectarB 
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from  what  we  haTe  hitherto  observed  respecting  u^pitiTe  quanti- 
ties tliat  .i  and  B  instead  of  meeting   ^  houni  <^Ur  A  was 

at  P,  wiU  I 

And  in  fact,  since  c  is  less  than  hn  it  fbUowa  that  B  was  behind  A 
when  A  was  at  P,  bo  that  A  must  have  passed  B  before  arriving 
at  P.  Hence  the  correct  solution  of  the  problem  would  now  be 
as  follows : 


Suppose  that  A  and  B  meet  x  houra  before  A  arrives  at  /* ;  let 
A  be  the  point  where  they  meet.  Then  RP  =  ax,  and  RQ  =  6  (x  +  n). 
Aieo  SP=RQ-PQ;  thus, 

ax  =  b(x  +  n)-c; 

therefore,  x  ~ ,  . 

a~b 

III.  Next  suppose  that  a  ia  less  than  b,  and  c  greater  than 
bn.  In  this  caae  also  the  expression  originally  obtained  for  ir  is 
negative,  and  we  shall  accordingly  find  that  A  and  B  met  be/ore 
A  waa  at  P,  For  B  now  travels  more  rapidly  than  A,  and  is 
be/ore  A  when  j1  is  at  J*  j  so  that  B  must  have  passed  A  before  A 
was  at  P.     The  result  now  is,  as  in  the  second  ca«e,  that  A  and  B 

met  -j~—  hours  before  A  was  at  P. 

IV.  Last  suppose  that  a  is  less  than  b,  and  e  less  than  bn. 
"Rero  the  expression  or^inally  obtained  for  a;  is  a  potitive  quantity, 

for  it  may  be  written  thus,  -j— — ,  Now  £  travels  more  rapidly 
than  A  and  is  behind  A  when  ^  ia  at  i* ;  thus  B  must  at  some 
time  overtake  A.  If  we  suppose  A  and  B  to  meet  ajler  ^  is  at  $, 
the  figure  will  stand  ^us  : 


Here  we  should  naturally  write  the  equation  thus, 
a9=c  +  b(se—n)  =  c  +  bx~bn. 
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If  we  suppose  A  and  B  to  meet  h^on  ^  is  at  Q,  the  figura 
vill  stand  thus : 


Hare  wa  should  naturally  write  the  eqnatioii  thus, 

I;(  ^e  two  cases  we  Ifavev  however,  leaUy  the  same  equation, 
and  we  obttdn  a;=  r— — , 

194.  The  preceding  problem  may  be  variouBly  modiiied  ;  for 
instance,  instead  of  supposing  that  A  and  B  travel  in  the  same 
direction,  we  may  suppose  that  A  travels  as  before,  but  that  B 
travels  in  the  opposite  direction.  In  this  case,  if  we  suppose,  as 
before^  that  A  and  B  meet  x  hours  after  A  arrived  at  P,  we  shall 

find  that  X  = 7- .     Thus  the  time  of  meeting  will  necessarily 

be  after  A  leaves  P,  aj;d  the  travellera  meet  at  some  point  to  the 
right  of  P.  The  student  should  notice  that  the  value  of  x  in  the 
present  case  coincides  with  the  result  obtained  by  writing  —  b  for 
b  in  the  origrnal  value  of  x  in  Art.  193. 

195.  Or  instead  of  supposing  that  the  arrival  of  £  at  Q 
occurs  n  hours  (yfcf  the  arrival  of  A  at  i",  we  may  suppose  it  to 
occur  »  hours  befare ;  and  we  suppose  A  and  B  to  travel  in  the 
tama  direction.      In  this  case  if  x  have  the  same  meaning  as 

before,  we  shall  find  that  x= r-     This  is  a  positive  quantity 

if  a  is  greater  than  b,  and  the  travellers  then  really  meet  <^fCer  the 
arrival  of  J  tt^  P.     If,  however,  a  is  less  than  6,  the  value  of  a;  ig 

a  negative  quantity ;  this  suggests  that  the  travellers  now  meet 

-T hours  before  the  arrival  of  A  at  P,  and  on  examination  this 

will  be  found  correct.  The  student  should  notice  that  the  value  of 
K  in  the  present  case  coincides  with  the  result  obtained  by  writing 
-  n  for  n  in  Qie  original  value  of  x  in  Art.  193. 
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196.  Again,  lat  ns  suppose  that  A  and  B  travel  in  oppontt 
jirectioiis,  and  that  the  arriTal  of  ^  at  P  oocnrs  n  hours  before 
that  o{  B  2.%  Q;  and  suppose  the  positions  of  P  and  Q  in  4Jie 
former  figurea  to  be  interchanged,  so  that  now  A  reaches  0  before 
he  reaches  F,  and  B  reaches  P  before  he  reaches  Q.     IS  x  have 

the  some  meanlug  as  before,  we  shall  now  find  that  x  = 7- . 

If  then  hn  is  greater  than  e,  the  value  of  a;  is  a  pomiive  quantity, 
and  the  travelers  meet,  as  we  have  aapposed,  t^ter  the  arrival  of 
A  &t  P.     If  however  bn  is  less  than  c,  the  value  of  x  is  a  negativa 

quantity,  and  it  will  be  found  that  the  traveller  meet  r- 

honia  l>e/ore  the  arrival  of  A  at  P.  The  student  should  notice 
that  the  value  of  x  in  the  present  case  coincides  with  the  result 
obtained  by  writing  —  e  for  c  in  the  value  of  a;  in  Art.  194 ; 
it  also  coincides  with  the  result  obtained  by  writing  -  6  for  b,  and 
—  0  for  c  in  the  original  value  of  a;  in  Art.  193. 

197.  Kvm  a  consideration  of  the  problems  discussed  in  the 
present  Chapter,  and  of  HiTnilar  problems,  the  student  will  acquire 
confidence  and  accuracy  in  dealing  with  n^ative  quantities.  "We 
will  lay  down  some  general  principles  which  have  been  illustrated 
in  the  preceding  Articles,  and  the  truth  of  which  the  student  will 
find  confirmed  as  he  advances  in  the  subject. 

(1)  A  negative  result  may  arise  from  the  fact  that  the 
enunciation  of  a  problau  involves  a  condition  which  cannot  be 
satisfied ;  in  this  case  we  may  attribute  to  the  unknown  quantity 
a  qttality  directly  opposite  to  that  which  had  been  attributed  to  it, 
and  may  thus  form  a  pcaaible  problem  analc^ous  to  that  which 
involved  the  impossibility. 

(2)  A  n^ative  result  may  arise  &om  the  fact  that  a  wrong 
supposition  respecting  the  qvality  of  some  quantity  was  made 
when  the  problem  was  translated  from  words  into  Algebraical 
symbols ;  in  this  case  we  may  correct  our  supposition  by  attri' 
butJDg  the  opp<Mite  quality  to  such  quantity,  and  thus  obtain 
a  podtive  result. 

(3)  When  we  wish  to  alter  the  aupTositions  we  have  made 
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respecting  the  quoLity  of  the  known  or  anknown  quaintitiM  of  & 
problem,  and  to  attribute  an  opposite  quality  to  them,  it  is  not 
neceesaiy  to  iana  a  new  eqviation ;  it  is  sufSdent  to  change  in  the 
old  equadoa  the  sign  of  the  symbol  representing  each  quantity 
which  is  to  have  its  quality  changed. 

198.  We  do  not  assert  that  the  above  general  principles  have 
been  demonatraled ;  they  have  been  suggested  by  observation  of 
particular  examples,  and  are  left  to  the  student  to  be  verified  in 
the  same  manner.  Thus  when  a  negative  result  occurs  in  the 
solution  of  a  problem  the  student  should  endeavour  to  ittterpret 
that  result,  and  these  general  principles  will  serve  to  guide  him. 
When  a  problem  leads  to  a  negative  result,  and  he  wishes  to  form 
an  analogous  problem  that  shall  lead  to  the  corresponding  positive 
result,  he  may  proceed  thus :  change  x  into  —  x  in  the  equation 
that  has  been  obtained,  and  then,  if  possible,  modify  the  verbal 
statement  of  the  problem,  so  as  to  make  it  coincident  with  the 
new  equation.  We  say,  if  possible,  because  in  some  cases  no  such 
verbal  modification  seems  attainable,  and  the  problem  may  then 
be  regarded  as  altogether  impossible. 

J99.  We  will  now  leave  the  consideration  of  uE^tive  quan- 
tities, and  examine  two  other  singularities  that  may  occur  in 
results. 

In  Art  193  we  found  this  result,  x= r- .     Suppose  that 

a  =  b,  then  the  denominator  in  the  value  of  ic  is  zero ;  thus,  denot- 
ing the  numerator  by  If,  we  have  *  =  -jr ,  fuid  we  may  ask  what  is 

the  meaning  of  l^iis  results  Since  A  and  £  now  travel  with 
equal  speed,  they  must  always  preserve  the  same  distance ;  so  that 
they  neva-  meet.  But  instead  of  supposii^  that  a  is  exactly 
equal  to  b,  let  us  suppose  that  a  is  very  nearly  equal  to  6 ;  then 

"v  may  be  a  very  large  quantity,  since  if  e»  -  6  is  very  small 
compared  with  JV,  it  will  be  contained  a  large  number  of  times  in 
A";  and  the  smaller  o-6  is,  the  larger  will  =  be.     This  is 

"r^      I 
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aibreviaicd  into   the  phruse   "  -pr    is  infinite,"  and  it  is  written 

thus,  -Tr  =  tx>.     But  the  Btudent  must  remember  that  the  phrase 

is  onltf  an  alAreviation,  and  no  absolute  meaning  can  be  attached 
to  it 

200.     The  student  should  examine  erety  problem,  ihe  result 


that  result  He  may  expect  to  find  in  such  a  case  that  the  pro- 
blem is  impossible,  but  ihat  by  suitable  modifications  a  new 
problem  can  be  formed  which  has  a  very  great  tvwmher  tea  its 
result,  and  that  this  result  becomes  greater  tlie  more  closely  the 
new  problem  approaches  to  the  old  problem, 

201.  Again,  let  us  suppose  that  in  Art  193  we  have  a=  h, 
and  aUo  e  =  bn;  then  the  value  of  x  takes  the  form  = .  On 
<'xaT"i"i'"g  the  problem  we  see  that,  in  consequence  of  ihe  sup- 
positions just  made,  A  and  B  are  together  at  P,  and  are  travelling 
with  equal  speed,  so  that  they  are  alwaya  together.  The  question, 
when  are  A  and  B  together,  is  in  this  case  said  to  be  indeterminate, 
since  it  does  not  admit  of  a  single  answer,  or  of  a  finite  number  of 
answers. 

202.  Hke  student  should  also  examine  every  problem  in 
which  the  result  appears  under  the  form  g»  and  endeavour  to 
interpret  that  rasult  In  some  cases  he  wiU  find,  as  in  the  ex- 
ample considered  ^xive,  -that  the  problem  is  not  restricted  to  a 
finite  number  of  solutions,  but  admits  of  as  many  as  he  pleases. 
We  do  not  assert  here,  or  in  Art  200,  that  the  interpretation  of 

N         0 
the  angularities  -^  and  ^  will  tJ/axtya  cconcide  with  those  given 

in  the  m'mplfl  cases  we  have  considered;  the  student  must  there- 
fore consider  separately  each  distinct  class  of  examples  that  may 
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UISCELLiSZauS   EXAHPLBS.      CHAFFER  XtT. 

1.  Simplify  the  ezpresBion 

2.  Reduce  to  its  lowest  terms  the  expreasioii 

6a!*+10a!'  +  2g'-20a;-28 
3a:'  +  14a:'  +  23ir  +  21      * 

3.  Find  the  value  of  — r ■when  x  = j . 


'(a-6)(»-.)  +  (S-,)(i-«)*(.-„)(o-6)- 

sh.,.h.t-':,"-;)f-°)^':'ry-^-^ 

o-(a-l)(o-<i)+o-(6-c)(.-ii)     a-o 
when  m  =  1,  or  2. 

Bedace  to  its  sunplest  toim 


7.  If  a!y  +  ya  +  a»!  =  l,  shew  that 

g      I     y     ,     g ■,,  ^ay 

rr7'^l-y'''l-«»     (l-iO(l-y)(l-«0* 

8.  Solve  the  equation 

9.  Solve  the  idmuItaneouB  equatdons 

a!  +  y  +  «=o  +  6  +  c, 
Ix+e^  +  ttz^ex  +  ajf+he^ab  +  bc  +  ea. 
10.     Find  ihe  least  common  multiple  of 

iB*  +  6«'+n«  +  6,  a:' +  Tie*  +  1 4a! +  8, 

a»  +  8a!*+19x  +  12,    and  a!'  +  9j:'+ 26ai  +  2t-  , 
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XV.     ANOMALOUS  FORMS  WHICH  OCCUR  IN  THE 
SOLUTION  OF  SIMPLE  EQUATIONS. 

203.  We  have  in  the  preceding  Chapter  referred  to  the  forma 
If  0 

-Q  and  ^  which  may  occur  ia  the  solutioii  of  an  equation  of  the 

first  d^ree.  We  shall  now  examine  the  meaning  of  these  forms 
when  they  occur  in  the  solution  of  aimvltaneoiu  egnaUimt  of  the 
first  degree.    We  will  first  recall  the  results  already  obtained. 

201.  Every  equation  of  the  first  degree  with  one  unknown 
quantity  may  be  reduced  to  the  form  ax'ab.     Now  £rom  this  we 

obtain  a;  =  - ,  If  a  =  0  the  value  of  x  takes  the  form  j;  ;  in  this 
case  no  finitd  value  of  x  can  satiBfy  the  equation,  for  whatever 
finite  value  be  assigned  to  x,  since  ax  =  Q,  we  have  0  =  &,  which  is 

impossible.     If  a  =  0  and  b=0,  the  value  of  x  takea  the  form  ^  ; 

in  this  case  every  finite  value  of  x  may  be  said  to  satisfy  the 
equation,  mnce  whatever  finite  value  be  given  to  x  we  have  0  =  0. 
If  &  =  0  and  a  ia  not  =0,  then  of  course  »=0;  this  esse  calls 
for  no  remark. 

205.  Suppose  now  we  have  two  equations  with  two  unknown 
quantities ;  let  them  be 

ax  +  hy^e  and  a!x  +  6'y  =  ^. 

We  will  Srst  make  a  remark  on  4he  notation  we  have  here 
adopted.  We  use  certain  lettera  to  denote  the  known  quantities 
in  the  first  equation,  and  then  we  use  correiporuUng  Utter*  wiA 
accetUa  to  denote  corresponding  quantities  in  the  second  equation; 
here  a  and  a'  have  no  necessary  connexion  as  to  value,  although 
they  have  this  common  point,  namely,  that  each  is  a  coeffident 
of  X,  one  in  the  first  equation  and  the  other  in  the  second  equa- 
tion.    Experience  will  establish  the  advant^ie  of  this  notation. 

Instead  of  accents  subscript  numben  are  sometimes  used; 
thus  a,  and  a,  might  be  used  instead  of  a  and  a'  retf>eotively. 
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Bjr  solving  the  given  equations  we  obtun 
_  ^'^  ~  ^'  _tic  —  a4 

I.     Suppose  that  &'a  —  5a'  =  0 ;  then  tlie  values  of  x  and  y  take 

the  forms  rr  and  ^^ ;  we  should  therefor*  recur  to  tie  ^ven  equ&. 

tioiiB  to  discover  the  meaning  of  these  results.     From  the  relation 

6'«— 6a'=0  we  obtain  -  =^  =  'k  suppose;  thus  a  =  ha  and  V-IA. 

By  Bubstituting  these  values  of  a'  and  ('  we  find  that  the  second 
of  the  given  equations  may  be  written  thus : 


whence,  a{e  +  by  =  -j-. 

if 
Now  if  t  he  difierent  from  e,  the  last  equation  is  iiieontiiUnt 

with  the  first  of  the  given  equations,  because  ax-^hy  cannot  be 
equal  to  two  diffei'ent  quantities.     We  may  therefore  conclude 

that  the   appearance  of  tiie  results  under  the  forms  -rr  and  ■= 

indicates  that  the  given  equaticms  are  inconsistent,  and  ULerefora 
catmot  be  aolved. 

IL  Next  suppose  that  &'o— 6a'  =  0,  bo  that  -  =  t  i  """^  "^ 
that  ~  =  — ,  and  therefore  of  course  ~  r  ■  ^^  this  case  the  nu- 
merators in  the  values  of  x  and  y  become  zero  as  well  as  the 
denominators,  so  that  the  values  of  x  and  y  take  the  form  ^. 
Now  by  what  we  have  shewn  above,  the  second  of  the  given, 
equations  may  be  written 

But  now  r  =  c,  so  that  tLe  second  given  equation  is  only  a 
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repetition  of  the  first  j  we  have  thus  really  only  one  equation 
inrolving  two  unknown  quantities.  We  cannot  then  deUrmtTia 
X  and  y,  because  we  can  find  as  many  yalues  as  we  please  which 
will  satisfy  one  equation  involving  two  unknown  qnantitiea.  In 
this  case  we  say  that  the  given  equations  are  not  independent,  and 
that  the  values  of  x  and  y  are  indeterminate. 

206,  We  have  hitherto  supposed  that  none  of  the  quantities 
0,  b,  c,  a,  b',  e'  can  be  zero ;  and  thus  if  the  value  of  one  of  the 

unknown  quantities  takes  the  form  »  or  ^r  the  value  of  the  oliier 

takes  the  tame  form.  But  if  some  of  the  above  quantities  are 
zero,  the  values  of  the  two  unknown  quantities  do  not  necessarily 
take  the  tame  form.     For  example^  suppose  a  and  a'  to  be  tero ; 

then  the  value-  of  x  takes  the  form  ^  ,  and  the  value  of  y  takes 

the  form  ^  .    Now  in  this  case  the  given  equations  reduce  to 

by  =  e,    and  h'y  =  c' ; 
these  lead  to 

j,  =  |,  u,d    y-l.. 

Thus  we  have  two  cases.     First,  if  t  is  nof  eqnal  to  j,  the 

two  equations  are  inconsistent.     Secondly,  >f  >  >s  equal  to  p  the 

two  equations  are  equivalent  to  one  only.     In  the  second  case, 

since  the  relation  r  -  t,  makes  the  numerator  of  x  also  vanish, 
0     o 

the  values  of  both  x  and  y  take  the  form  ^  ;  in  this  case  ic  is  in- 
determinate but  y  is  not,  for  it  is  really  equal  to  t  • 

207.  Before  we  conader  the  peculiarities  which  may  occur  in 
the  sedation  of  three  simultaneous  simple  equations  involving 
three  unknown  quantities,  we  will  indicate  another  method  of 
solving  such  eqtiations. 
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Let  the  eqoatioDS  be 

ax  +  by+cz=d,    a'x  +  h'y  +  e'a = d*,    a"x  +  h"y  +  c"z  =  d". 
Let  /  and  m  denote  tnx>  quantities,  the  values  of  whicli  are  at 
present  ondetenuiiied ;  multiply  the  second  of  the  given  equationa 
by  /,  and  the  third  by  m  ;  then,  by  addition,  we  have 
ax  +  hy  +  cz  +  l  {a'x  +  b'y  +  &z}  +  m  {a"x  +  6"y  +  ^'z)  =  d+ld!+ mrf", 
that  ia, 
x{a+  la'+  ma")  +  y  (6  +  lb'+  Tub")  +  s  (c  +  fc'+  mc")  =  d  +  ltf+  w»rf". 
Now  let  such  values  be  given  to  t  and  m  as  will  make  the 
coefficients  of  y  and  s  in  the  last  equation  to  be  zero ;  that  is,  let 
b  +  lb'  +  mb"=  0,         c  +  fc'+  mc"-  0. 
Thus  tJie  equation  reduces  to 

x{a  +  la'i-ma")=d+ld'+md" ;     , 

therefore,  X"  — r~, ?.. 

a  +  la  +ma 

We  must  now  find  the  values  of  t  and  m,  and  substitute  them 
in  this  expression  for  x,  and  then  the  value  of  x  will  be  known. 
We  have 

6  +  /6'  +  mJ''=0,         c  +  la'+nic"-^0; 

from  these  we  shall  obtain 

■      6"c-6c"  be'-b'e 

~  6'c"-  &V '  ~  b'e"-  e'V  ' 

substitute  these  values  in  the  expression  for  x,  and  after  Bimpli&. 
cation  we  obtain 

_  d  (b'e"-  b"€)  +  rf'  (6"c  -  6g")  +  J"  (fie'  -  S'c) 

"     a  (6'c"  -  6"c^  +  a'  (6"o  -  fie"';  +  a"  (fie'  -  fi'c) ' 

By  a  similar  method  the  values  of  y  and  «  may  also  be  obtained. 

208.  The  above  method  of  solution  is  called  the  method  of 
indelerminale  multipliera,  because  we  make  use  of  multipliers 
which  we  do  not  determine  bdbrehand,  bat  to  which  a  convenient 
value  is  assigned  in  the  course  of  the  investigation.  The  multi- 
pliers are  not  finally  tndetermineUe ;  they  are  merely  at  first  tm- 
delermiTied,  and  if  it  were  possible  to  ali«r  established  language^ 
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the  word  undetermined  miglit  here  yiifk  jn^prietj  be  substituted 
for  indeterminaU, 

209.  We  now  proceed  to  our  obserrations  on  llie  v&lues  of 
se,  y,  Bod  z  which  are  obtained  from  the  eijuationa 

<KB  +  6y  +  cs  =  d,     ax  +  b'y  +  c'x  =  d,     a"x  +  b"y  +  c"*  =  d'. 

The  value  of  x  has  been  gireu  in  Art.  207 ;  if  the  student 
inTest^tes  4^e  vcJue  of  y  he  will  find  that  the  denominator  of  it 
is  the  same  at  that  wAicA  occurs  in  the  value  of  x;  or  can  be  made 
to  be  the  same  by  changing  the  sign  of  every  term  in  the  nume- 
rator and  denominator.  The  same  remark  holds  with  respect  to 
the  denominator  in  the  value  of  £. 

310.  We  may  however  obtain  the  values  of  y  and  e  from  the 
expresuon  found  for  the  value  of  x.  For  tiie  original  equations 
might  have  been  written  thus : 

by  +  ax  +  efd,     b'y  +  a'x  +  c'z-  d',     Vy  +  a"x  +  ife  =  d'; 
ire  may  say  then  that  the  equations  in  this  form  differ  from  those 
in  the  origiiul  form  only  in  the  following  particulars ;  x  and  y  are 
interdianged,  a  and  b  are  interchanged,  a'  and  h'  are  interchanged, 
and  a"  and  U'  are  interchanged.     We  may  therefore  deduce  the 
value  of  y  from  that  of  x  by  the  following  rule  :  for  a,  a',  and  a" 
writ*  6,  6',  and  6"  respectively,  and  conversely.     Thus,  fittm 
_  d  (SV  -h"ir)  +  d!  {Ve  -  be")  +  rf"  {be'  -  h'e) 
"    a  (6  V  -  b"e')  +  a'  {b"c  -  6c")  +  a"  (6c'  -  6'c) 
w«  may  deduce  that 

_  d  (M'r-  a"if)  +  d'  (a"e  -  gc")  +  d"  (ag*  -  a'e) 
^     b  {a'cf  -  a'-tf)  +  V  {fl"c  -  oc'O  +  b"  {a^  -  i^e) ' 

It  will  be  foimd  on  compajmin  that  the  denominator  of  the 
value  of  y  is  the  same  as  &at  of  the  value  of  x  with  the  sign  of 
every  term  changed. 

Kmilarly  by  interchanging  a,  a',  and  a"  with  c,  c',  and  c" 
reqiectively,  we  may  deduce  the  value  of  e  from  that  of  a; ;  or  by 
intcTohanging  h,  If,  and  b"  with  e,  c*,  and  c"  respectively,  we  may 
deduce  the  value  of  «  frvm  that  of  y. 
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211.  There  is  anotlier  system  of  interchanges  by  which  th» 
values  of  y  and  a  laAj  be  deduced  from  that  of  x.  The  given 
■  equations  are 

ax  +  hy  -i-c»  =  d,     a'x  +  h'y  +  o'x  =  cP,     a"x  +  b"y  +  c"s  =  d" ; 
they  may  also  be  written  thus, 

6y  +  «  +  WE  =  d,    h'y  +  1^8  +  a'x  =  d',    b"y  +  c"a  +  a"x  =  d". 

We  may  say  then  that  the  second  form  diSers  from  the  first 
only  in  the  following  particulars ;  a;  ia  changed  into  y,  y  into  a, 
c  into  X,  a  into  h,  h  into  c,  e  into  a,  a'  into  h',  and  so  on.  Ws 
may  therefore  deduce  the  value  of  y  from  that  of  x  by  this  rule : 
change  a  into  b,  b  into  e,  c  into  a,  and  make  similar  changes  in  the 
letters  with  one  accent,  and  in  those  with  two  accents.  -The 
value  of  z  may  be  deduced  from  that  of  y  by  t^ain  using  tha 
tame  rvle. 

212.  These  methods  of  deducing  tlie  values  ot  y  and  z  ^m 
that  of  X  by  interchanging  the  letters  may  perhaps  appear  difficult 
to  the  student  at  first,  but  they  deserve  careful  consideration, 
especially  that  which  is  given  in  Art.  211. 

We  shall  now  proceed  to  examine  the  peculiarities  which 
may  occur  in  the  values  of  the  untnown  quantities  deduced  from 
the  equations 

ax  +  by4-ex=d,     o'a:  +  b'y  +  e't  =  d',     a"x  +  b"y  +  e"z  =  d". 

213.  The  most  important  case  is  that  in  which  d,  <f,  and  cf 
are  all  zero.     The  given  equations  th^m  become 

ax  +  by  +  ce^O,    a'x  +  b'y  +  c'x  =  0,    a"3)  +  b"y  +  o"«  =  0. 
It  is  obvious  that  x  =  (i,  y-0,  z  =  (i  satisfy  these  equations ; 
and  from  the  values  found  in  Art  210  it  follows  Uiat  these  are 
the  only  values  which  will  satisfy  the  equations  nnleM  the  deno- 
minator there  given  vanishes,  that  is,  unless 

a  (6'e"  -  6"c^  +  a'  (b"e  -  be")  +  a"  (be'  -  b'c)  =  0. 
If  this  relation  holds  among  the  coefficients,  tlie  Talues.foDnd 
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to  the  given 
equationB  for  further  iuformatioo. 

We  obserre  tliat  when  thia  relation  holds  the  equations  are 
not  independent ;  from  anj  two  of  them  the  third  can  be  deduced. 
For  multiply  the  first  of  the  given  equations  by  Ve'—b'</',  tiie 
Becond  by  bo"  —  b"c,  and  the  third  by  b'e  —  be',  and  then  add  the 
results.  Ifa  will  be  found  that  by  virtue  of  the  given  relation  we 
arrive  at  the  identity  0  =  0;  thus,  in  fact,  if  the  first  equation  be 
multiplied  by  b"c'—b'c",  and  the  second  equation  by  bc"  —  b"e,  and 
the  two  added,  the  result  is  equivalent  to  the  third  equation,  for  it 
may  be  obtained  by  multiplying  that  equation  by  bo'  —  b'e. 

Suppose  then  tiiat  this  relation  holds ;  we  may  confine  our- 
selves to  the  first  two  of  the  given  equations,  for  values  of  x,  y, 
and  z  which  satisfy  these  will  necessarily  satisfy  the  third  equa- 
tion.   Divide  these  equations  by  x ;  thus 


'  X       X 

"lia         z      ahf'-a'b 


I      6c'-6'c'        X      b<f~b'c' 
We  may  therefore  sBcribe  any  value  toe  please  to  x,  and  deduce 
corresponding  values  of  y  and  «.     Or  we  may  put  our  result  more 
symmetrically  thus ;    let  p  denote  any  quantity  whatever,  then 
the  given  equations  will  be  satisfied  by 

x^p{bt^-b'c),    y=p{ca'-c'a),         z  =  p {ab' - a'b). 
We  might  in  the  same  way  have  used  the  second  and  third  of 
the  giv^i  equations,  and  have  omitted  the  first ;  vre  should  thus 
have  deduced  solutions  of  the  form 

ai.5(6V'-S"c'),    y. 5 (»■»"- «"«').    z . q (aV - a'b'), 
where  q  is  any  quantity.     These  values  however  are  substantially 
equivalent  to  the  former ;  for  it  will  be  found  that  by  virtue  of 
Uus  Buppooed  relation  among  the  coefficients, 

y(fe'-y<.)        p(.ca--c-a)        pjaK-alb) 
q (6'<r -¥J)~q (i?5vr7V) "  J (oT - d-b)-. 
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214.  We  shall  now  consider  the  pecoliaritiea  'which  jnay  occur 
'when  d,  d",  and  ^  are  not  all  zero. 

We  shall  first  shew  that  if  the  value  of  any  one  of  tiie  nn- 

known  quantitieft  takea  the  form  j- ,   the  given  eqaationa  itre 

ineontistenl.     Suppose,  for  instance,  that  tlie  value  of  x  takes  tiua 
form,  that  is,  suppose  that 

a  (b'c"  -  h"e')  +  a"  (S"c  -  6c")  +  a"  (6c'  -  b'c) 
is  zero.  Of  couise  if  the  given  equations  'were  consistent,  any 
equation  legitimately  deduced  from  them  would  also  be  true. 
How  multiply  the  fiiBt  of  the  given  equations  by  6'V  — 6V,  tlie 
second  by  ho"  —  h"c,  and  the  third  by  h'e  —  M  and  add.  It  will  be 
found  that  the  coefficients  of  y  and  z  in  the  resulting  equation 
vanish ;  and  the  coefficient  of  ib  is  zero  by  supposition.  Thos  the 
first  member  of  Uie  resulting  equation  vanishes,  but  'the  second 
member  does  not ;  hence  the  resulting  equation  is  impoesibl€^  aod 
therefore  those  from  which  it  was  obtained  cannot  have  been  oon- 


215.     Wo  cannot  however  affirm  certainly,  tliat  if  the  'value  of 

one  of  the  unknown  quaatitieB  takes  the  form  - ,  the  equations  are 

consistent^  but  not  independent.     For  it  is  possible  that  tike  value 
of  one  of  the  unknown  quantities  should  take  this  form,  while 

the  value  of  another  takes  the  form  -^  ;  and,  as  we  have  shewn 

N 
in  tlie  preceding  Article,  the  occurrence  of  the  form  ~  is  an  indi- 
cation that  the  given  equations  are  inconsistent.     For  example^ 
suppose  the  equations  to  be 

ax+br/+cz=d,    a'x  +  bt/-i-ix  =  d',    a"aj  +  By  +  ce  =  d". 
Here  it  will  be  found  that  the  values  of  y  and  z  take  the  fbnn 
■jr ,  and  that  of  x  takes  Uie  form  — . 
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MoreoTer,  if  the  values  <^  all  the  vrnknoim  qttsDtities  take 
the  form  = ,  we  camiot  affirm  certainly  that  the  girea  equations 

are  couaiaten^  but  not  indepeodent     For  example,  suppose  Uie 
equationa  to  be 

ax  +  by*ez=d,    ax*by  +  ez  =  d',    oa:  +  6y  +  «  =  d"; 
here  it  will  be  found  that  the  raluea  of  all  the  unknown  quoa- 
titiea  take  tLe  form  ^ ,  but  the  equationa  themselves  are  obviously 
inconaisten't^  unless  d,  d',  and  if'  are  all  equal, 

316.  We  may  ahevr  that  if  the  numerators  in  the  values  of 
X,  y,  and  z,  all  vanish,  tlie  denominator  will  also  vanish,  assuming 
tliat  1^  <r,  and  if'  are  not  all  zero. 

For  suppoeuig  €hese  numerators  to  vanish  ve  have 

d  {b'c"  ~  h".f)  +  d'  {h"c  -  he")  +  (f '  (Jc'  -  h-c)  =  0, 
d  (((a"  -  o"a')  +  (f  (c"a  -  eo")  +  d"  {ca'  -  </a)  =  0. 
d  ^a.'b"~a^^')  +  d'  {a"b-  cA")  +  rf"  {ah'-  e^b)  =  0. 
Let  us  denote  these  relations  for  ahortneas  thus, 
Ai+£d'+(7d"=0,    A'd  +  B^  +  C!'d"  =  (i,    A"d*S"d'  +  C"d''=0. 
By  Art.  213,  since  d,  d'  and  cf'  are  not  all  zero  the  following 
relation  must  also  hold, 

A  {ffC"  -  S"(r)  +  A'  (ff'C  ~  BC)  +  A"  (BC  -  B'C)  =  0. 
It  will  be  found  tliat 

B'C"  ~B"C  =  a{a  (6V'  -  b'^a')  +  a'  {b"c  -  5c")  +  «"  (^  -  ^'<'))  i 
and  B"C  -  BC  and  BC  -  B'C  may  be  similarly  expressed,  so  that 
finally  the  relation  becomes 

{a  (J'c"  -  b"e')  +  a'  (6"c  -be")*  a  {be'  -  b'c))'  =  0. 
This  establishes  the  required  result. 

217.  If  we  adopt  the  method  of  irtdeiermiTtate  mulUpliert 
given  in  Art  207,  it  may  happen  that  the  two  equations  for  find- 
ing I  and  m  are  incoruielent ;  we  will  examine  this  case.  Suppose 
titen  fi'e'  ~  b'&'  =  0,  so  that  these  two  equations  are  inconsistent 
(Art.  205).    In  this  case  the  value  of  x  may  be  obtained  from,  the 
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second  and  third  of  the  given  eqiuitioiia,  without  using  the  first 
For  multiply  tlie  second  of  tlie  given  equations  hj  c",  and  tiie 
third  by  c',  and  subtract ;  thuB  the  coeEGciente  of  y  and  z  vanish, 
and  iro  have  an  equation  for  determiaing  x.  For  example,  sup- 
pose the  equations  to  be 

ix+2T/+3zml9,    x  +  i/  +  iz  =  9,    a;  4- 2y  +  8«  =  16. 
Here  the  value  of  x  may  be  found  from  the  second  and  third 
equations ;  we  shall  obtain  x  =  3  ;  substitute  this  vahie  of  a;  in 
the  tliree  given  equations ;  &om  the  first  we  have  2y-t-3z  =  7,  and 
from  tlie  second  or  thirdy+4s=6  j  hence  y  =  2  and  «  =  1. 

Again,  the  values  of  I  and  m  may  take  the  form  x ,  so  that 

the  two  equations  for  finding  them  are  not  independent ;  we  will 
esunise  this  case.  Here  we  have  b"c'  —  h'<^'  =  0,  ic"  —  6"c  =  0,  and 
6'c  —  frc'  =  0 ;  these  suppositions  are  equivalent  to  the  two  relationa 

—  ^—  and  -f~  =  —  .     Suppose  then  that  V  =j^,  and   therefors 

e' =pc,  and  that  h"=qh,  and  therefore  ii'  =  qo.     Thus  the  given 

ax  ^hy  +  ex  =  d,     a'x*phy +pcz  =  d',     o"aj  + j6y  + jc*=rf", 

and  they  may  be  written  thus, 

,  .     <»'        I  Jo",  d" 

ax  +  bv  +  ai=d,    — !B  +  6y  +  cs  =  — ,    — x  +  bv  +  cz  =  — . 

Here  x  may  be  found  from  any  two  of  the  equations ;  if  we  do 
not  obtain  the  same  value  from  each  pair,  the  given  equations  are 
of  course  inconsistenl ;  if  we  do  obtain  the  same  value  for  x,  then 
the  given  equations  are  not  independent ;  and  in  fact  we  shall  in 
the  latter  case  have  only  one  equation  for  finding  hy+as,  so  that 
the  values  of  y  and  a  are  indeterminate.  For  example,  suppose  the 
given  equations  to  be 

x+2y  +  Se  =  lO,    3x+iy  +  Gz  =  25,    x  +  Gy  +  9z=2i. 

From  any  two  of  these  equations  we  can  find  x  =  3;  then 
substituting  this  value  of  x  in  any  one  of  the  three  equations  ve 
obtain  2y  +  3s  =  7,  and  thus  y  and  s  are  indeterminate.  If,  how- 
ever, the  right-hand  member  of  one  of  the  given  equations  bo 
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altered,  va  shall  not  obtam  the  same  value  of  x  from  each  pair  of 
the  equation^  and  thus  the  given  equations  'will  be  incontiigtent. 

218,  In  the  preceding  Articles  we  have  supposed  the  gir^i 
equations  to  be  solved,  and  from  the  peculiar  forms  of  the  solu- 
tioos  have  drawn  inferences  as  to  the  nature  of  the  given  eqiia- 
tions.  "We  will  now  take  one  example  of  investigating  a  relation 
between  the  equations  without  solving  them.  Suppose,  as  before, 
tiiat  the  equations  are 

ax  +  by  +  ex  =  d,  o'a:  +  fi'y  +  e'a  =  tf,  a"x  +  6"y  +  c"«  =  rf"; 
and  let  us  find  the  relations  which  must  exist  among  the  known 
quantities,  in  order  that  the  third  equation  may  be  deducible  fit>m 
the  other  two  hj  multiplication  by  suitable  quantities  and  addition. 
Suppose  then  that  by  multiplying  the  first  equation  by  X,  and  th^ 
second  by  /i,  and  adding,  we  obtain  a  result  which  is  coincident 
with  the  third  equation.     Thus, 

(Xu  +  fi^x  +  (X6  +  fth'jy  +  (Xc  +  ^')s  =  \d+fx^ 
is  equivalent  to  a"x  +  6"y  +  c"*  =  d"; 

that  is,  ve  suppose  that 

Xa  +  fia'  _e^'        X6  +  /*&*     6"         Xc  +  iit^      c" 
tid  +  fid'"  d"'      kd+fjd'     d" '      Xd+iid'  ™  d" ' 
From  the  last  three  equations  we  deduce 

A  _  a,"d;-a'd"        X  _  b"i£-  h'd"       X  _  c"d!^ifd" 
fi.       ad"—a"d  '      y.      bd"~b"d  '      fi.      ed"—<^d 
Hence  in  order  that  the  third  equation  may  be  deducible  from 
the  other  two  in  the  inauuer  proposed,  we  must  have  the  follow- 
ing relations  among  the  known  quantities, 

a"d-a'^'  _b"^-b'd"     d'd'- dd" 
ad"-a"d  ~  bd"-Vd  ^  c^'-d'd  ' 
It  is  easy  to  shew  that  if  these  relations  hold,  the  values  of 
jB,  If,  and  z  take  the  form  ^.     For  by  multiplying  up  we  obtain 

results  which  shew  that  the  numerators  in  the  values  of  x,  y, 
and  a  vanish;  and  then  by  Art  216  the  denominator  will  also 
vanish. 
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lOSCELLAlIEOUa  EXAHPLES.      CHAPTER  XT. 

K«duc8  -7 — :r-i — rm — n rs  to  its  simplest  form. 


Sbe#  that 
+  6  +  e)  (a*+  6*+  0*+  a6c)  ~(ab+bc  +  ca){a'  +  b*+<r)  =  a''  +  b*  +  e*. 

\  S.     If   (  =  2^,   «'  =  2^.   «  =  2^.  y  =  24^'    fi"*^    *^* 
relation  between  I  and  :e. 
x^    4.     If  2s  =  a  +  J  +  c,  shew  that 
^  t    1  1  1        1  ahe 


V^  5.     Shew  that  the  Q.C.tt,  of  two  quantities  ia  the  LCk 
their  common  measures. 


,6.     Solve  the  equation 
'     («-9)(.-7)(»i-6)(«-l)-(.-2)(«-4)(=:-6)(=:-10). 
'  v/  7-     Solve  l^e  simultaneous  equations 

IB  +  y  +  «  =  0, .     oa;  +  61/  +  ca  =  0, 

6caj  +  cay  +  aJa  +  (a  -  6)  (6  -  e)  {o  —  a)-  0. 

\  8.     If  1  +  ^+1^ \ ,  Bhewthat 

n      1      IN"-'  1 

"v;  9.  A  person  leaves  £12670  to  he  divided  among  his  five 
children  and  three  brothers,  so  that  after  the  l^acy  duty  has  been 
paid,  each  child's  share  shall  be  twice  as  great  as  each  brother's. 
The  le^cy  duty  on  a  child's  share  being  one  per  cent,  and  on  a 
brother's  slmre  three  per  cent.,  find  what  amounts  they  respectively 
receive. 
V  .      10.     Solve  the  equation 

^  2  ^  6 

a!  +  6a     iB-3a     aj  +  2a~a;  +  a' 
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XVI.    INVOLUTION. 


219.  If  &  quantity  be  continuEdly  moltiplied  by  iteelf,  it  is 
said  to  be  invoAwii  or  raised,  &nd  the  power  to  irhicli  it  is  nused 
is  expressed  by  the  aomber  of  times  the  quantity  has  been  em- 
ployed in  the  multiplication.     The  operation  is  called  Involuiion. 

Thus,  as  we  hare  stated  (Art  16),  a  x  a  or  a'  is  called  the 
second  power  of  a;  axaxa  or  a*  is  called  the  third  power 
of  a;  and  so  on. 

220.  If  the  quantity  to  be  involved  have  a  negative  wga 
pi-efixed,  the  sign  of  the  even  powers  will  be  positive,  and  the 
sign  of  the  odd  powers  will  be  negative. 


221.  A  simple  quantity  is  raised  to  any  power  by  multiply- 
ing the  index  of  every  &otor  in  the  quantity  by  the  exponent  of 
that  power,  and  prefixing  the  proper  sign  determined  by  the  pro- 
ceding  Article, 

Thus  cT  rtUBed  to  the  n*  power  is  a";  for  if  we  form  the 
product  of  n  factors,  each  of  which  is  a',  the  result  by  the  rule  of 
multiplicatioQ  is  a".  Also  (oJ)"  =  oS  xai  x  oA...  to  n  fectora, 
that  is,  «xoxa..  to  n  factors  x6x&x6...  to  n  factors,  that 
is,  o"  X  b'.  Similarly,  aVc  raised  to  the  fifth  power  is  a"b"^. 
Also  —  a"  raised  to  the  «*  power  is  *  a",  where  the  positive  or 
nt^tive  sign  is  to  be  prefixed  according  as  n  is  an  even  or  odd 
number.  Or  as  —  a"  =  -  1  x  a",  the  »*"  power  of  —  a"  may  be 
written  thus  (-  1)*  x  «""  or  {—  l)"a"'. 

222,  If  the  quantity  which  is  to  be  involved  be  a  fraction, 
botih  its  numerator  and  denominator  must  be  raised  to  the  pro- 
posed power.     (Art.  H2.)  ^  Gtitwle 
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233.  If  th«  quantity  which  is  to  be  inrolved  be  compound, 
the  involution  may  either  be  represented  by  the  proper  index,  or 
may  actually  be  performed. 

Let   a  +  h   be  the   quantity   which  is  to   be   raised    to   any 
power, 
o  +  ft  a'  +  2fl4  +6'  a' +  3a'6  +  3oJ' +  J' 


+  2a'6  +  oi'  «*  +  3o'6  +  3a'6'  +  ab' 

+  a*b  +  2o6*  +  6'  +  0*6  +  3oV  +  3a6'  +  6* 


a'  +  2a4  +  i*         a'  +  3a*6  +  3a6'  +  6*         a*  +  4a'&  +  6o'6'  +  4aA'  +  b* 
Thus  the  square  or  second  power  of  a+fi  is  a' +  Sot +  6*,  the 
cube  or  third  power  of  a  +  b  Js   o'  +  ia'b  +  3a6'  +  6',  the  fourth 
power  of  a  +  6  is  a'  +  4a'6  +  Ga'fi'  +  4a6*  +  6*,  and  bo  on. 

Similarly,  the  second,  third,  and  fourth  powers  of  a  —  S  will 
be  found  to  be  respectively  a'  —  2aft  +  ¥,  a'  -  3a*6  +  Soft'  —  6*,  and 
a*  —  ia'b  +  6<»'6*—  iab'  +  b*;  tiiat  is,  wherever  an  odd  power  of  6 
'  occurs,  the  negative  sign  is  prefixed. 

We  shall  hereafter  give  a.  theorem,  called  the  Binomial  Theo- 
rem, which  will  enable  us  to  obtwn  any  power  of  a  binomial  ei- 
pression  without  the  labour  of  actual  multiplication. 

221.  It  is  obvious  that  the  n""  power  of  a"  is  the  same  as  the 
m*  power  of  o*,  for  each  is  a"";  and  thus  we  may  arrive  at  the 
same  result  by  different  processes  of  involution.  We  may,  for 
example,  find  the  sixth  power  of  a  +  £  by  repeated  multiplication 
by  a  +  b;  or  we  may  first  find  the  cube  of  a  +  b,  and  tiien  the 
square  of  this  result,  since  the  square  of  (a  +  J)*  is  (a  +  J)* ;  or  we 
may  first  find  the  square  of  a  +  b  and  then  the  cube  of  this  result^ 
since  the  cube  of  (a  +  h)'  is  (a  +  6)°, 

229.     It  may  be  shewn  by  actual  multiplication  that 

{a+b+c)'  =  a'  +  b'  +  c'  +  2ab  +2bc+  2ac, 
(a  +  J  +  c  +  d)'=o'  +  6'  +  c*+rf*  +  2a6+2a<!+2ad  +  2faf  2W+2a?, 

The  following  rule  may  be  observed  to  hold  good  in  the  above 
and  similar  examples:   the  iquare  0/ any  nMltinimial  amtiM*  of 
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ihe  tqvarn  o/ each  term,  together  with  twice  the  produet  <}f  every  pair 
of  terms- 

Another  form  may  also  be  ^ven  to  these  resulta, 
{a  +  b  +  ey  =  a*  +2a(b  +  e)  +  l>* -t-ibc  +  c*,  . 
{a-t-b-¥c+dy  =  a'  +  2a(b  +  e  +  d}+b'+2b(e+d)  +  e'+2cd  +  d^. 

The  following  rule  may  be  obaerred  to  hold  good  in  the  above 
and  sunilar  examples :  the  tguare  ofa/ny  mufttnontio^  c<mn^  o/tha 
eqtuire  of  each  term,  together  with  twice  the  product  of  each  term  by 
the  man  of  aH  (Ae  U/ma  which  Jbllotn  it. 

These  rules  may  be  strictly  demonstrated  by  the  procem  of 
mathematical  induction,  which  will  be  expWned  hereafter. 

226.  The  following  are  additional  examples  in  which  we 
employ  tie  first  of  the  two  rules  given  in  the  preceding  Article. 

(o  -  6  +  c)' =  o' +  6*  +  p' -  2a6  ■>- 26c  +  2(»c, 
(1  -  2x+  3a!y=  1  +  4«'  +  Ox* -  4x -  12a^  +  ear" 
=  1  -  4a:  + 1  Oas' - 1  2k' +  9a!*, 
(1  +  aj  +  x' +  !E^*  =  1  +  a!*  +  «*  +  a:*  +  2a;  +  2a:*  +  Sa;*  +  2a;' +  2a!*  +  Sx* 
=  1  +  2a!  +  Sa;"  +  4a:'  +  3a:*  +  2a;'  +  x*. 

227.  The  results  given  in  Art.  55  for  the  cube  of  o  +  5,  tJie 
cube  of  a  -  J,  and  the  cube  of  a  +  6  +  c  should  he  carefully  noticed. 
The  following  may  also  be  yeri6ed. 

(o  +  6  +  p-tdj'=a'+i^+c'  +  d' 

+  3a'<p  +  oi-d):i-3b*(a+e  +  d)*Sc'(a  +  h^d)  +  3d'{a  +  b  +  c) 

+  6bcd+  6acd-t-6abd+  6afip, 


f  ravonmoN. 

'^l.     T1nd(l  +  9x  +  3a:')*.  *^2.     Find  (1 -a!  +  !B*-a:')'. 

/3.     Find(o  +  J-c)'.  /4.     rind{l  +  2a!  +  a!0'. 

V5.     Find  (1  +  3a!  +  Sa;**  a;*)'  +  (1  -  3a;  +  Sa;" -a:")'. 

/e.     Shew  that  gj^igj + gj^^ji b. 
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V.' 


Shew  that  (ax'  +  2bxy  +  ei^{aZ'  +  2bXY  +  eT') 

^{axX+  ci/r+  b(xY -i-yX)]'*  (ac-b')(xY-yXy. 
\l  8.     Shew  that  (a^  +  pxf/ +qy'){X' -i- pXT +  qT') 
=  {xX+p!/X+qi/Ty+p{xX+pi/X^qijT}{xr-yX)+q{xY-yXy 
and  alBO 

=^{xX+pxT+qy7y+p{xX+pxY-i-gi/T)(yX-xY)  +  q{xY-i/Xy. 
V  9.      Simplify 

(1  -  10a;'  4-  5x')  (5  -  30a:'  ■)-  5V)  +  (5x  -  lOif  +  jc*}  (20a!  -  20a^) 

(5a;  -  lOa:"  +  iC*)'  +  (1  -  Wx" -i- 5xy 

V  10.     Shewthat  (a' +  b' +  c' *  d")  {p' +  ^  +  r"  +  t^ 

=  {ap  -bq  +  er-  tig)'  +  {aq+bp-c»-  dr)' 

+  (af-bi-cp+  dq)'  +  (at  +  br  +  cq  +  dpy. 

XVII.     EVOLUTION. 

238.  Evolution,  or  tlie  extractioii  of  roote,  is  tho  method  of 
determining  a  quantity,  which  when  raised  to  a  proposed  power 
will  produce  a  given  quantity, 

229.  Since  the  n*  power  of  a"  is  a",  an  n*  root  of  a™  must 
he  a" ;  that  is,  to  extract  any  root  of  a  Bimple  quantity,  we  divide 
the  index  of  that  quantity  by  the  index  of  the  root  required, 

230.  If  the  root  to  be  extracted  be  expressed  by  an  odd 
number,  the  sign  of  the  root  will  be  the  same  as  the  sign  of  the 
prop(»ed  quantity,  as  appears  by  Art,  320.     Thus, 

«—■)—». 

231.  If  the  root  to  be  extracted  be  expressed  by  an  even 
number,  and  the  quantity  proposed  be  positive,  the  root  may  be 
either  positive  or  negative ;  because  either  a  positive  or  negative 
quantity  raised  to  an  even  power  is  positive  by  Art  220.     Thus, 

233.  If  the  root  proposed  to  be  extracted  be  expressed  by  an 
even  number  and  the  sign  of  the  proposed  quantity  be  negative. 
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Uie  root  caimot  be  extracted ;  becftnae  no  quantit7  raised  to  an 
even  power  can  produce  a  negative  result.  Such  roots  are  called 
i^npotrUile. 

333.     A  root  of  a  fraction  may  be  found  by  taking  that  root 
of  both  the  numerator  and  denominator.     Thus, 


7©=?-^/(-?)=- 


231,  We  will  now  investigate  the  method  of  extracting  tho 
square  root  of  a  compound  quantity. 

Since  the  square  root  of  a'+2ah  +  ('  is  a+  B,  ve  may  b«  led 
to  a  general  rule  for  the  extraction  of  the  square  root  of  -an  alge- 
braical expression  by  observing  in  whnt  manner  a  and  b  may  bo 
derived  from  a'  +  2ab  +  b'. 

o»+2a*  +  i'  {ai-b 


2ab  +  b' 

Arrange  the  terms  according  to  the  dimeosious  of  Oae  letter  a, 
then  the  first  term  is  a',  and  its  square  root  is  a,  which  is  the  first 
term  of  the  required  root.  Subtract  its  square,  that  is  a*,  from 
the  whole  expression,  and  bring  down  the  remainder  2ab  +  6'. 
Divide  3ai  by  2a  and  the  quotient  is  b,  which  is  the  otiier  term 
of  the  required  root.  Multiply  the  sum  of  twice  tlie  first  term 
and  the  second  term,  that  is  2a +  b,  by  the  second  term,  that  is  b, 
and  subtract  the  product,  that  is  2ai  +  8',  from  the  remwnder. 
This  finishes  the  operation  in  the  present  case.  If  there  were 
more  terms  we  should  proceed  with  a  +  b  as  we  did  formerly 
with  a;  its  square,  that  is  a' ■t-2ab  +  b',  has  already  been  sub- 
tracted frttm  the  proposed  expression,  so  we  should  divide  the 
remainder  by  the  double  of  a  +  &  for  a  new  term  in  the  root,  and 
then  for  a  new  subtrahend  we  should  multiply  this  term  by  the 
sum  of  twice  the  former  terms  and  thia  term.  The  process  must 
be  continued  until  the  required  root  is  fbund.  -.  , 
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235.     For  example,  required  the  square  root  of  the  expres* 
4a:'-12i»  +  5a;*  +  6a!+l  [3x'-Zx~l 


-123? +  Qx' 


4x' -  6a!  - 1>  -  isB*  +  6iB  + 1 
-4!c'+6a!  +  I 


Here  the  square  root  of  ix*  is  2a;',  which  is  the  first  term  of 
the  required  root.  Subtnict  its  square,  that  is  4x',  from  the 
-whole  expression,  and  fehfl  fenminder  is  —  I2a:'  +  5a:'  + 6x  +  l. 
Divide  — 123:*  by  twice  Z**,  that  iS  by  in?,  the  quotient  is  —  3x, 
which  -will  be  the  next  term  of  the  r^uired  root ;  tliea  mul- 
tiply iaf—3x  by  —  3ai  and  subtract,  so  that  the  remainder  is 
-  ix"  +  Gz  +  I.  Divide  by  twibe  th^  portion  of  the  root  already 
found,  that  is  by  ia;"  -  6a: ;  this  leads  to  —  1 ;  the  product  of 
ia?—Gx—l  and  —1  is  —  4a!*  +  6a;-f-l,  and  when  this  is  subtracted 
there  is  no  remainder,  and  thtls  the  required  root  ifl  2x*—  Zx—  I. 

For  another  example,  required  the  square  root  of  the  expres- 
sion x'  -  Gaa?  +  IBaV  -  20aV  + 1 5aV  ^  Ga^x  +  o*.  The  operation 
may  be  arranged  as  before, 

jc*  -  CeM:'+ l5aV- 20oV+ 15aV- 6a'a+<»' (^a?- 3aa^+ 3a'a:  -  a' 

X* 

g*"  -  Saa^J  -Gax'+  15aV  -  20aV  +  15aV-  6a'aj  +  a* 
-6af +  9aV 
23?  -  603?  +  Sa'xJ  GoV  -  20oV  +  1 5a V  -  Ga'x  +  a' 
6oV-18«V+9aV 


2a?  -  Gax'  +  Ga'x  -tfj-  2aV    +  Gct'sl?  -  Ga?x  +  a* 
-  2aV   +  6oV  -  60'*  +  a' 
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236.  It  has  been  already  lenuirked,  tHst  all  men  roots  admit 
tf  adoablaugn.  (Art.  231.)  Thus  in  the  first  example  of  Art.  236, 
the  expreesion  2a^— 3x—  1  ia  found  to  be  a  squaro  root  <^  the 
expression  there  given,  and  —2s^  +  Zx  +  l  will  also  be  a  square 
root,  as  may  be  verified.  In  fact,  the  process  commenced  hy  the 
extraction  of  the  square  root  of  43:',  and  this  might  be  taken  as 
8a^  or  aa  —  2a^ ;  if  we  adopt  the  latter  and  continue  the  opera- 
tioa  in  the  same  nuuiner  as  before  we  shall  artire  at  the  result 
—  2x*+3x+l.  Similarly  in  the  second  example  of  Art  235  we 
see  that  —a?*3tae*  —  Za'xta'  will  also  be  a  square  root. 

237.  Th4  fourth  root  of  an  expression  may  be  fonnd  by  ex< 
tracting  the  square  root  of  the  hjuare  root;  Similarly  the  eighA 
root  may  be  found  by  three  sncceaaive  extfaetitms  of  the  square 
root^  and  the  taOtffnth  root  by  fbut  siietj^^ve  extractions  of  the 
square  root,  and  bo  on. 

For  example,  required  the  fourth  root  of  tbe  expression 

81a:*  -  4323^  +  864a:*  ^  Te&e  +  266. 

Proceed  as  in  Art.  235,   and  w^  Shall  find  that  the  square  root 

of  the  proposed  expression  ia  9»*  —  843:  +  16 ;  aid  the  square  root 

of  thid  is  5±  —  4j  which  is  therefore  the  fourth  root  of  the  proposed 


238.  The  preceding  investigation  of  the  square  root  of  an 
Algebraical  expressioii  Vill  enable  us  to  prove  the  rule  for  the 
extraction  tS  the  square  root  of  a  number,  which  is  given  in 
Aritlunetj& 

The  square  root  ef  100  is  10,  of  10000  is  100,  of  1000000  Is 
1000,  and  so  on ;  hence  it  will  follow  l^at  the  square  root  of  a 
number  less  than  loO  must  consist  of  only  one  figure,  of  a  number 
betweea  100  and  lOOOO  of  two  places  of  figures,  of  a  number  be- 
tween 10000  and  lOOOOOO  of  Hu-ee  places  of  figures,  and  bo  on. 
If  then  a  point  be  placed  over  eveiy  teeond  figure  in  any  number 
Tmginning  with  the  onite,  the  number  of  points  will  ahew  the 
number  of  figures  in  the  square  root  Thus  the  square  root  of 
4356  cousiata  of  two  figures,  tiie  square  root  of  611524  of  three 
figures,  and  soon. 
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239.     Suppose  the  square  root  of  i336  requirol. 
Point   the    number   aooording  to 
the  rulej   thus  it  appeara  that  the  4  3  S  6  (^60+6 

root  consista  of  two  places  of  figures.  3  6  0  0 

Let  a  +  b  denote  the  root,  where  a  is     120-t-CJ756 
the  value  of  the  figure  in   tbe  tens'  7  5  6 

place,  and  b  the  figure  in  the  units' 

place.  Then  a  must  be  the  greatest  multiple  of  ten  which  has 
its  square  less  than  4300 ;  this  is  found  to  be  60.  Subtract  a* 
that  is  the  square  of  60,  from  the  given  number,  and  the  remaiit- 
der  is  756.  Divide  this  remainder  by  2a,  that  is  by  120,  and  the 
quotient  is  6,  which  is  the  value  of  b.  Then  (2a  +  b)  b,  that  is 
126  X  6  or  756,  is  the  quantity  to  be  subtracted ;  and  as  there  is 
now  no  remainder,  we  conclude  that  60  +  6  or  66  is  the  required 
square  root. 

It  is  stated  above  that  a  is  the  greatest  multiple  of  ten  which 
has  its  square  less  than  4300.  For  a  evidently  cannot  be  a 
greater  miiltiple  of  ten.  If  posdble  suppose  it  to  be  some  multi- 
ple of  ten  U»»  than  this,  say  x  ;  then  since  a:  ia  in  the  tens'  place, 
and  b  in  the  units'  place,  a;  +  i  is  less  than  a ;  therefore  the  square 
of  x  +  6  is  less  than  a',  and  cousequentlj"  x-i-b  \b  leas,  than  the 
true  root. 

If  the  root  consist  of  three  places  of  figures,  let  a  represent 
the  hundreds  and  b  the  tens ;  then  having  obtained  a  and  b  aa    ■ 
before,  let  the  hundreds  and  tens  together  be  considered  as  a  new 
vaJue  of  a,  and  find  a  new  value  of  b  for  the  units. 

The  cyphers  may  be  omitted  for  the  sake  of  brevity,  and  the 
following  rule  may  be  obtained  from  the  process. 

Point  every  aeeotid  figure  beginning  with 
the  units'  place,  and  thus  divide  the  whole  4  3  5  6  (_  6  6 

number  into  several  peiiods.     Find  the  great-  ^  ^ 

est  number  whose  square  is  contained  in  the    12  6  J  7  5  6 
first  period ;    this  is  the  first  figure  in  the  756 

root ;  subtract  its  square  from  the  first  period,  
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Bud  to  the  remainder  bring  down  the  next  period.  Divide  Uiia 
qnantitf,  omittJng  the  last  figure,  by  twice  the  part  of  the  root 
already  found,  and  annex  the  result  to  the  root  and  also  to  the 
divisor,  then  multiply  the  divisor  as  it  now  standa  by  the  part  of 
the  root  last  obtained  for  the  subtrahend.  If  there  be  more 
periods  to  be  brought  down  the  operation  must  be  repeated. 

240.    Extract  the  square  root  of  611524 ;  also  of  10346401. 

6i  1524  (,782       1  034640  i  (,3201 
49  9 

1 48^1 2  1  5  62;i 2  4 
1184  124 


1  562^31 24  6401^6401 

3124  6401 

In  the  second  example  the  student  should  observe  the  occur- 
rence of  the  cypher  in  tlie  root. 

241.  The  role  for  extracting  the  square  root  of  a  decimal 
follows  from  the  preceding  rule.  We  must  observe,  however,  that 
if  any  decimal  be  sqnared  there  will  be  an  men  number  of  decimal 
places  in  the  result,  and  therefore  there  cannot  be  an  exact  square 
root  of  any  decimal  which  in  its  simplest  state  has  an  odd  number 
of  decimal  places. 

The  square  root  of  21-76  is  one-tenth  of  the  square  root  of 
100  X  21-76,  that  is  of  2176.  So  also  the  square  root  of  -0361  is 
one-hundredth  of  that  of  10000  x  -0361,  that  is  of  361.  Thus  we 
may  deduce  this  rule  for  eztractjng  the  square  root  of  a  decimal : 
put  a  point  over  every  second  figure  beginning  at  the  units'  place, 
and  continuing  both  to  the  right  and  left  of  it ;  then  proceed  as 
in  the  extraction  of  the  square  root  of  integers,  and  mark  off  as 
many  decimal  places  in  the  result  as  the  number  of  periods  in  the 
decimal  part  of  the  proposed  nnmber. 
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242,  The  studeiit  will  probably  soon  acqoixe  the  conviction 
that  many  iiit«^;en  have  strictly  speaking  no  square  root.  Take 
for  example  the  integer  7.  It  is  obvious  that  7  can  have  no 
integer  for  its  square  root ;  for  the  square  of  3  is  less  than  7,  and 
the  square  of  3  is  greater  than  7.  Nor  can  7  have  any  fraction  as 
its  square  root.  For  take  any  fractioii  ^fidcb  id  strictly  a  fraction 
and  not  an  integer  in  a  fractional  form,  and  multiply  this  fraction 
by  itself ;  then  the  product  will  be  a  fractioii :  this  statement  can 
be  verified  t«  any  extent  by  trial)  and  may  be  demonstrated  by 
the  principles  of  Chapter  ul  Thus  i  taa  ho  square  root,  either 
integral  of  fractionaL  In  like  manner  no  integer  can  have  a 
square  root  unless  that  integer  be  one  of  the  set  of  numbers 
1,  4,  9,  16,  ...  which  are  the  squares  of  the  ilatural  numbers 
1,  2,  3,  4,  ...,  and  are  called  square  mtmbers. 

243,  In  the  extraction  of  the  square  root  of  an  integer,  if 
tiiere  is  still  a  remainder  after  we  have  arrived  at  the  figure  in 
the  units'  place  of  the  rool^  ib  Indicates  that  the  proposed  number 
has  not  an  exact  square  root  We  ftfay  if  we  please  proceed  wiUi 
the  approximation  to  any  desired  extent  by  supposing  a  decimal 
point  at  the  end  of  the  proposed  number,  aid  umexing  any  even 
number  of  cyphers  and  continuing  the  operation^  We  ihua  obtain 
a  decimal  part  to  be  added  to  the  integral  pai-t  already  fbund. 

It  may  be  observed  that  in  such  a  case  by  continuing  the 
process  we  shall  not  arrive  at  figures  in  the  root  vMch  eireulaU 
or  recur.  For  a  recurring  decimal  can  be  reduced  to  a  fraction  1^ 
a  rule  given  iil  books  oit  AiithmeUc,  and  'Vlli<^  Kill  be  demon- 
strated in  Chapter  t^^T  ■  aild  fherefore,  if  tBe  Square  root  were 
a  recurring  decimal  it  tiovli  be  (ixpr^Ss^  as  a  fraction,  and  so 
there  would  be  an  exact  square  i\}ot,  which  ia  contrary  to  the 
suppoBition. 

Similarly,  if  a  decimal  number  has  no  exact  square  root,  we 
may  annex  cyphers  and  proceed  with  the  approximation  to  any 
desired  extent. 
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244.     The  following  is  the  extraction  of  tlie  square    root  of 
twelve  to  seren  decimal  places. 

120606...  (,3-464101  6 


64^300 
2S6 


686^4400 
41  16 

6924;28400 
27696 

69281^70400 
69281 

6928201^11190000 
6928201 

6928202  6^42617  990d 
415692150 

10487744 

Thus  we  see  in  what  sense  we  can  be  Said  to  approximate  to 
the  square  root  of  12  :  the  fltjuare  of  34641016  is  less  than  12, 
and  the  square  of  3'4641017  is  greater  than  12 ;  the  former  square 
differs  from  13  by  the  fraction  which  has  10487744  for  nnmerntor 
and  10"  for  deiioininatoi'. 

245.  It  can  be  demonstrated  hy  &e  prinoiples  of  Chapter  lit. 
that  no  fraction  ean  bare  a  square  root  tinJess  the  numerator  and 
denominator  are  both  ^tiare  numbers  when  the  fi'action  is  in  its 
lowest  torma.  But  we  may  approximate  to  any  desired  extent 
to  the  square  root  of  a  fraction. 
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Supiwae    for    example    we  require    the    equaro   root   of  = . 

We  might  proceed  thua:  /t~^j  *^*'*  approximate  to  the 
square  root  of  3  and  to  the  square  root  of  7,  and  divide  the  fbrmer 
result  by  the  latter.     But  the  following  methods  are  preferable. 

Convert  =  into  a  decimal  to  any  required  d^ree  of  approxi- 
mation ;  and  approximate  to  the  square  root  of  this  decimal. 

approximate  te  the  square  root  of  21  and  divide  the  result 
by  7. 

246.  When  n  +  1  JlgwrM  of  a  square  root  have  heen  obtained 
by  the  ordinary  method,  n  more  may  be  ohtained  by  division  only, 
supposing  2n  +  1  to  be  the  lohole  number. 

Let  N  represent  the  number  -whose  square  root  is  required, 
o  the  part  of  the  root  already  obtained,  as  the  part  which  remtuns 
to  )«  found ;  then 

JR=a  +  x, 
Bothat  N  =  a*  +  2ax*-s?, 

therefore,  2f^a'  =  2ase  +  x', 

and  —5 — =3!  +  —  , 

2a  Ha 

Thus  A'-  a'  divided  by  2a  will  give  the  rest  of  the  square 

root  required,  or  x,  incrmsed  by  ^ ;  and  we  shall  shew  that  5- 

is  a  proper  /raetion,  so  that  by  neglecting  the  remainder  arising 
&om  the  division  we  obtain  the  part  required.  For  x  by  sup- 
position contains  n  digits,  so  that  a^  cannot  contain  more  than 
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The  above  demonstratioii  implies  tliat  JT  is  aa  integer  with 
an  exaot  square  root :  but  ve  may  easily  extend  the  result  to 
other  cases.  For  example,  suppose  we  require  the  square  root 
of  1 2  to  4  places  of  decimals.  We  have  in  iact  to  seek  the  square 
root  of  1200000000,  and  to  divide  the  result  by  10000.  Now 
the  process  in  Art  244  shews  tlat  1200000000- 1119  =  (34641)'. 
Here  JV  may  stand  for  1200000000-1110;  and  then  a  may 
stand  for  34600  and  (  for  41.  Thus  die  demonstration  assures 
us  tltat  we  can  obtain  41  by  dividing  2840000  by  69200,  that  is 
by  dividing  28400  by  693  :  and  this  coincides  with  the  rule  givm 
in  books  on  Arithmetic. 

In  like  manner  if  we  require  the  square  root  of  12  to  6  places 
of  decimals,  the  la«t  three  figures,  namely  101,  can  be  obtained  by 
dividing  704000  by  6928. 

247.  We  will  now  investigate  the  method  of  extracting  the 
cube  root  of  a  compound  quantity. 

The  cube  root  of  a'  +  3a*6  +  3aJ'  +  b'  is  a  +  b,  and  to  obtain 
this  we  may  proceed  thus :  Arrange 
the  terms   according  to   the  dimen- 
sions of  one  letter  a,  then  the  first      — 

term  is  a',  and  ita  cube  root  is  a,       3o'^  3o'6  +  3a6' +  6* 
which  is  the  first   term  of  the  re-  3a'&+3a6'  +  6* 

quired  root.     Subtract  its  cube,  that 

is  a',  from  the  whole  expression,  and  bring  down  the  remainder 
Sa'b  +  3a6'  +  6*.  Divide  the  first  term  of  the  remainder  by  3a*, 
and  the  quotient  is  b,  which  is  the  oUier  term  of  the  required 
root;  then  subtract  3a'b  +  3al' -i-b'  from  the  remainder,  and  the 
whole  cube  of  a  +  6  has  been  subtracted.  This  finishes  the  opera- 
tion in  the  present  case.  If  there  were  more  terms  we  should 
proceed  with  a  +  b  as  we  formerly  did  with  a ;  its  cube,  that  is 
a'  +  3a'b  +  Zab'  +  6",  has  already  been  subtracted  from  the  pro- 
l>oeed  expression,  so  we  should  divide  the  remainder  by  3  (o  +  b)' 
for  a  now  term  in  the  root :  and  so  on.  .-,  . 
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218.  It  will  be  convemetit  in  extracting  tlie  cube  root 
of  more  complex  algebraical  expressions,  and  of  numbers,  to 
arrange  the  process  of  tji§  preceding  Article  in  three  columns, 
as  follows : 

3(1  +  6  3a*  a*  +  3a'b  +  Zab'  +  b'  (a  +  b 

(3a +6)  6  a' 

3o'  +  3f»6  +  ^'  3o'fi  +  3ab'  +  6' 

5a'b+3ab'  +  b' 


Find  the  first  term  of  tiis  root,  that  is  a ;  put  a*  under  the 
given  expression  in  the  third  column  and  subtract  it.  Put  3a 
in  the  first  column,  and  3o*  in  the  second  column ;  divide  3o^ 
by  3a',  apd  thua  obtain  the  quotient  6 ;  add  6  to  the  quantity 
in  the  first  poiumn;  multiply  the  expression  now  in  the  firai 
column  hj  b,  Mid  place  the  product  in  the  second  column  and  add 
it  to  the  quantity  already  there;  thus  we  obtain  3a*-t- 3a&-(-6'; 
multiply  this  by  6  and  wp  gljtain  3a'6  +  3o6'  +  6',  which  is  to  be 
placed  in  the  third  column  and  subtracted.  We  have  thus  com- 
pleted the  process  of  subtracting  (a  +  6)'  from  the  original  ex- 
pression. If  there  ware  more  terms  the  process  would  have  to 
be  continued. 

249.     In  continuii^g  the  pperation  wa  must  add  such  a  qnan- 
tity  to  the  first  column  as  to  obtain  there  tkrfje  times  Ute  part  of 
the  root  already  found.     This  (s  conveniently  effepted 
thus :   we  have  already  in  the  first  column   3a +  b;  .,  > 

place  26  under  the  6  and  add ;  so  we  obtain  Za+3b,       

which  is  tiiree  timeg  a  +  b,    that  is,  three  ^a^ea  the       3<»  +  3& 
part  of  the  root  already  found.     Moreover,  we  must  add  such  a 
quantity  to  the  sepond  column  as  to  obttun  there  three  timea  the 
tqvare  qf  the  part  of  the  root  already  found. 
This  is  conveniently  efiected  thus:   we   have  (3a+6)6| 

already  in  the  second   column  (3a +  6)  6,  and  3a'  +  3a6  +  6'l 

below  that  3a*  +  Zab  +  6' ;  place  b'  below  and         ^ 

bM  the  expreagione  tn  the  three  lines ;  so  we  3a'  +  6a&  +  3^ 

obtain    3a*  t  §ff6  +  36',   which   is  three   timea 
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(a  +  by,  that  is,  three  times  the  square  pf  tite  part  of  the  root 
nlready  found. 

250.     Example;  extract  the  cube  root  of 
at*-  aGftc*  +  eec"*^ -^  63(!*a^  +  33cV  -  Qc^x  +  c". 

6a!'-  3«a:)  l&e* 

-6ex)  -Sexi^af-Zc. 


12!c*-18«f'  +  9cV 
+  9c'a!'J 


12aj*-36ce*+27c'?:' 

+  c'(63:'-9m!  +  <.') 
J2a!»-  36ca^+  aSeV-V-e  +  c* 
8a^  -  36ea!'  +  66cV  -  63o'ai'  +  SacV  -  Oc'a;  +  c'  (,  2a:'  -  3ca!  +  e" 

-  Seca;*  +  66cV  -r-  SV**  +  33cV  -  Od'x  +  e' 
-36<«^  +  B4c'x'-27cV 

12cV  -  36<!'j^  +  SSc'fB'  -  90**  +  c' 

IBc'a!*-  36c*iB*  +  33cV -  9^**  +  c* 

The  cube  root  of  8**  is  2x*  which  will  be  the  first  tena  of  the 
root;  put  8x*  uuder  the  given  expression,  in  the  third  column  and 
subtract  it.  Fut  three  times  Sx*  in  the  first  column,  and  three 
times  the  square  of  2^  ii)  the  Becoif(l  colupin;  that  is,  put  6x'  in 
the  first  column,  and  12x'  in  the  second  column.  Divide  -  Sficx* 
by  12a:',  and  thus  obttuu  the  quotient  -3ex,  which  will  be  the 
second  term  of  the  root;  place  this  term  in  the  first  column, 
and  multiply  the  expression  now  in  the  first  column,  that  is, 
e**  — See  by  -  Sex;  place  the  product  under  the  quantity  in  the 
second  column  and  add  it  to  that  quantity;  thus  we  obtain 
12iB*-  ISciC*  +  9c'ic';  multiply  this  by  -  Sex,  and  place  the  product 
in  the  third  column  and  subtract.  Thus  we  have  a  remainder  in 
the  third  oolumn,  and  the  pai't  of  the  root  already  found  is 
a«'~3c3!. 
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We  must  now  adjust  the  first  and  second  columns  in  the 
tnauner  explained  in  Art.  249.  We  put  twice  —Sex,  tbat  is, 
—  6cx,  under  the  quantity  in  the  first  column,  and  add  the  two 
lines ;  so  we  obtain  6x*  —  9ex,  which  is  three  times  the  part  of 
the  root  already  found.  We  put  the  square  of  —  3cx,  that  is,  9c'x*, 
under  the  quantity  in  the  second  column,  and  add  the  last  three 
lines  in  this  column;  so  we  obtain  12a!*- 36c3;'+ 27cV,  which 
is  three  times  the  square  of  the  part  of  the  root  already  found. 

Now  divide  the  remainder  in  the  third  column  by  the  ex- 
pression just  obtaiued,  and  we  arrive  at  c*  for  the  last  term  of 
the  root;  proceed  as  before  and  the  opemtion  closes. 

251.  The  preceding  investigation  of  the  cube  root  of  an 
Algebraical  expression  will  enable  us  to  deduce  a  rule  for  the 
extraction  of  the  cube  root  of  any  nimtber. 

The  cube  root  of  1000  is  10,  of  1000000  is  100,  and  bo  on; 
hence  it  will  follow  that  the  cube  root  of  a  number  less  than 
1000  must  consist  of  only  one  figure,  of  a  number  between  1000 
and  lOOOOOO  of  two  places  of  figures,  and  so  on.  If  then  a  point 
be  placed  over  every  third  figure  in  any  number  b^inning  with 
the  units,  the  number  of  points  wUl  shew  the  number  of  figures 
in  the  cube  root 

253,     Suppose  the  cube  root  of  405224  required. 

310  +  4       14700      405224(,70  +  4 
856       343000 


6  222  4 
62224 


Point  the  number  according  to  the  rule;  thus  it  appears  that 
the  root  consists  of  two  places  of  figures.  Let  a  +  b  denote  the 
root,  where  a  is  the  value  of  the  figure  in  the  tens'  place,  and  b 
the  figure  in  the  units'  place.  Then  a  must  bo  tho  greatest  multi- 
ple of  ten  which  has  ifat  cube  less  than  40S000;  that  is,  a  must  be 
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70.  Place  the  cube  of  70,  that  is  343000,  in  the  third  column 
Qsder  the  givea  auinber  and  subtract.  Place  three  times  70,  that 
is  210,  in  the  first  column,  and  three  times  the  square  of  70,  that 
is  14700,  in  the  secoad  oolnmn.  Divide  the  remainder  in  the 
third  column  by  the  number  in  the  second  column,  that  is,  divide 
63234  hj  14700;  ire  thus  obtain  4,  which  is  the  value  of  b.  Add 
4  to  the  first  column;  multiply  the  sum  thus  formed  by  4,  that  is, . 
mulldply  214  by  4;  we  thus  obtain  856;  place  this  in  the  second 
column  and  add  it  to  the  number  already  there.  Thus  we  obtain 
15556;  multiply  this  by  4,  place  the  product  in  the  third  column 
and  subtract.  The  remainder  is  zero,  and  therefore  74  is  the  re- 
quired root,  llie  cypheiB  may  be  omitted  for  brevity,  and  ihe 
procees  will  stand  thus : 

21  4 


253.     Example 


147 
856 

405224  ^74 
343 

15556 

62224 
62224 

extract  the  cube  root  of  12812904. 

12                      12  812904(,334 
189                  8 

1389 
9 

48  12 
4  107 

15  87 
2776 

645904 
645904 

6j 

Gir4 


16  1476 

Aitor  obtaining  the  first  two  figures  of  the  root  23,  we  adjust 
the  first  and  second  columns  in  the  manner  explained  in  Art.  249. 
We  place  twice  3  under  the  first  column  and  add  tiie  two  lines 
ginng  69,  aqd  we  place  the  square  of  3  under  the  second  column 
tnd  add  tlie  last  three  lines  giving  1587.  Then  the  operation  is 
Gontuiued  as  befbre.    The  cube  root  is  234, 

t.  A.  '-.. CiMH^Ie 


14« 

291. 

4/ 

Exaoiple;  extract 
76 

30* 

7804 

4 

8112 

6266 

roLunoN. 

the  enbe  root  of  144182818617463. 

14  4' 182818617453(62437 

125 

ue,} 

19182 
16608 

15723) 
6/ 

3674818 
3269824 

157297 

817456 
16 
823728 
47169 

304994617 
247269907 

57734710453 
57734710453 

82419969 
9 

82467147 
1101079 

8247815779 
The  cube  root  b  5S437. 

255.  If  the  root  have  aay  number  of  decim&l  places  the  cube 
will  have  thrice  as  many;  Emd  therefore  the  nomber  of  decimal 
places  in  a  decimal  number,  -which  is  a  perfect  cube,  and  in  its 
aimpleat  state,  will  necessarily  be  a  multiple  of  three,  and  the 
number  of  decimal  places  in  the  root  will  be  a  third  of  that 
number.  Hence  if  the  given  cube  number  be  a  dedmal,  we 
place  a  point  over  the  unite'  figure,  and  over  every  third  figure  to 
the  right  and  left  of  it ;  then  the  nnmber  of  points  in  the  decimal 
part  of  the  propoeed  number  will  indicate  the  number  of  decimal 
places  in  the  cube  root. 

If  a  number  have  no  exact  cube  root  ve  may,  as  in  the  ex- 
traction of  the  square  root,  proceed  with  the  approximation  to 
any  desired  extent     See  Art  243, 
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296.     Eeqmred 

the  cub«  root  of  1481-544. 

'U 

3 

14  8  1-544  (11 

3  1 

1 

331 

331   ■ 
1. 

481 
331 

363 

150544 

1336 

150544 

and 


37636 

The  cube  root  is  11'4. 

257.      When  n  +  2  Jtgures  of  a  cube  root  have  been  obtained 

btf  the  ordinary  method,  n  more  may  be  obtained  by  division  only, 

ttippoting  %ii  +  2  tobe  the  whole  nun^er. 

Let  N  represent  the  number  whose  cube  root  is   require*!, 

a  the  part  of  the  root  already  obtained,  x  the  part  which  remains 

to  be  found ;  then 

IjN^a  +  x. 

so  that  .y=a'+3o'x  +  3fla;*  +  a:'; 

therefore,  jV—  a*  =  Za*x  +  Soa*  +  a^, 

!f-a'_        ^     ^ 

3a'    "'"■^a  *3a'" 

Thus  Jf-ft'  divided  by  3a.'  will  give  the  rest  of  the  cul>e 

a!*      a? 
root  required,  or  x,  increased  6y  —  +  5-5  j   and  we  ahall  shew 

that  the  latter  expression  is  b.  proper  Jraetion,  so  that  by  neglect- 
ing the  remainder  arising  from  the  division,  we  obtain  the  part 
required.     For  by  supposition,  x  is  less  tlian  10*,  and  a  is  not 

a?  10"  1 

less  than  lO"*' ;  thus  —  is  less  than  ,„,.^|,  that  is,  less  than  77: , 
a  10   *'  10 

And  5-1  is  less  than  = — ..„.. ,  that  is,  less  than  - — iTrixs .    Hence 

oar  okIO^  axil) 

j^       -^  11 

—  +  g— ,  is  less  than  rr:  +  -T — rjyT*!  1  """J  *8  thus  less  than  unity. 

K«marks  similar  to  those  in  (^e  latter  part  of  Art.  24C  apply 
here. 
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*viupi.pa  or  ETOLunoir. 


Extract  the  aquare  roote  of  the  expreauous  oontunecl  ia  the 
fullowing  examples  firom  1  to  1£  incluuve : 
\1.    ai'-2a!'  +  3a!'-2a!  +  l.      \l2.     «*  -  las' +  ftc  +  4. 
VS.     i«*+12*»  +  5i'-6x+l.       4.V  las'-la^  +  Bis'-Sar+I. 
Id.    W-I2ai>?+  25aV  -  24o'«  + 1 6o'. 
•^  6.     26*'  -  SOwb"  +  49aV  -  2i<Ac  +  16tt*. 
•^7.     «•-  eae*  +  IfiaV-  20.A:'  +  15aV-  6ii'ar-f  It"; 
yS.    (a-t)*-2{a*  +  a')(a-&)'+2(o*  +  6'). 

ylO.     a'  +  6*  +  c*  +  d'-2o*(i'  +  d')-26'(c'-d')  +  2c'(£/-d'). 
n/i1.     (x+l)'-i(«-l).       yfs.    a:'-<^  +  ^  +  4«-2+*. 

/U.     a'  +  2{26-c)<^  +  (46'-46<!  +  3<!')a'  +  2c'(26-c)<»  +  c*. 

•/l5.     (a-26)V-2a(a-26)ai'+(o'  +  4a*-6o-86'+126)!c' 
/  -(4ai-6a)a:+46'-12J+9. 

V 16.     Find  the  square  root  of  tiie  Bum  of  the  squares  of  '2,  '4, 
■6,  -86. 
Extract  Hie  cube  root  of  the  expressions  and  numbers  in  the 
following  examples  from  17  to  23  inclusive  : 
^/l7.    se*-  a**  +  SZx'  -  easB"  +  66*"  -  36a:  +  8. 
yaS.     Saf  +  48«!'  +  60cV  -  SOt^*"  -  90cV  +  lOSe'a;  -  27c*. 
n(i9.    See'-  ZSoaf  +  102c"ai*  ^  171cV  +  204cV  -  144c'a:  +  64c'. 
V20.     167-28416I.  ^^21.     731189187729. 

<3t22.     10970-645048.        <£23.     i37<74il0^367'62ff890'260631. 
V    24.     Extract  the/a»rtt  root  of  (<^  +  ^'-  4  (»+-)' +12. 
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25.     If  a  number  cont«ia  n  jigite,  its  Btjuare  nxit  oontfuns 
i{2«+l -(-!)•}  digite.  J 

V  26.     Shew  that  the  following  expreeaion  is  tin  exact  square : 

(a!"  -  !«)•  +  G^  -  «e)' +  (^  ~  a^)' -  3  (a^  -  ye)  {y»  -  aar)  («•  -  ay). 


XVIII.    THEORY   OF  IKDICES. 

258.  Wo  have  defined  o",  where  ro  is  a  positive  lut^r,  as 

the  prodact  of  m  fEictors  each  equ^  to  a,  ftqd  we  have  shewn  that 

a"  X  a'  =  a"*',  and  that  —  =  a"''  br  ■■,_;;  according  as  m  i^  greater 

or  lees  than  iu  Hitherto  tbeq  sn  exponent  has  always  been  a 
potttive  integer ;  it  is  however  found  convenient  to  use  exponeata 
whidi  are  not  positive  integers,  and  we  shall  now  expl^n  the 
meaning  of  such  exponents. 

259.  As  Pactional  indices  and  n^;ative  indices  have  not  yet 
been  defined,  we  are  at  liberty  to  give  what  definitions  we  please 
to  them ;  and  it  is  found  convenient  to  give  such  definitions  to 
them  as  will  make  tie  important  relation  a"  xoT  =  a"*"  aXwayf 
true,  tdiaUver  m  and  n  mar/  he. 

For  example ;  required  the  meaning  of  aK 

By  supposition  we  are  to  have  a»  x  o^  =  a'  =  a.  Thus  a'  must 
be  such  a  number  that  if  it  be  multiplied  by  itself  the  result  is  a ; 
and  ^e  square  root  of  a  is  by  definitioQ  such  a  number ;  therefore 
o'  miiet  be  equivalent  to  the  square  root  of  a,  that  is,  o*  =  Ja. 

Again ;  required  the  meaning  of  a\ 

By  supposition  we  are  to  have  a*  x  o'  x  o'  =  o"*'**  =  a'  =  (». 

Hence,  as  before^  a^  must  he  equivalent  to  the  cube  root  of  a, 

that  is  a*  =  .Va.  -,         . 
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Again ;  I'equii'ed  the  meaning  of  a*. 

By  aupposition,  a*  x  a'  x  a"  x  a*  =  a' ; 
therefore  a'  =  ^a'. 

These  examples  -would  enable  the  etudent  to  understand  what 
is  meant  by  any  fractional  exponent ;  but  we  will  give  the  defini- 
tion in  general  symbols  in  the  nest  two  Articles. 

260.  Required  the  tneamnij  of  a"  where  n  is  any  positive  vykote 
number. 

By  supposition, 


thei-efore  a*  miist  be  equivalent  to  the  n""  root  of  a, 
that  is,  a'  =  ^o. 

261.  Required  the  meaning  of  a"  wliere  m  oW  n  are  any  ptw^ 
live  tehole  nvmAen, 

By  supposition, 

o"  xa"  xa"  X  ...ton  fectors^a"    -    «     *    "        =o"; 
tLerefore  a-  most  be  equivalent  to  the  r^  i-oot  of  a", 
that  is,  a'-^a'. 

Hence  a'  means  the  h*^  root  of  the  m""  power  of  a ;  that  ia, 
in  a  fractional  index  the  numerator  denotes  a  power  and  the 
denominator  a  root. 

262.  We  have  thus  assigned  a  meaning  to  any  positive  index, 
whether  whole  or  fractional ;  it  remains  to  assign  a  meaning  to 
ntgative  indices. 

For  example,  required  the  meaning  of  a~*. 
By  supposition,      a*  x  a"'  =  a'"*  =  a'  =  o, 
-,     a       1 
<*     =^  =^- 

kow  give  the  definition  in  genei-al  symbols.        t  ^ 
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2C3.     Jieqitired  the  meaning  of  a~* ;  tMetv  n  tf  any  potiUva 
number  tohoU  orJractiojtoL 

By  suppoBition,  'whatorer  m  may  be,  ire  are  to  have 


Kow  we  may  suppose  m  positive  and  greater  than  n,  and  tLen, 
by  what  has  gone  before,  we  have  . 

a"—  xa'=a'';         and  therefore    o"'"  =  —;; , 

Therefore  o"  x  tt~'  =  — ;  ; 

therefore  0~"  =  — . 

In  order  to  express  tiiis  in  words  we  wiU  define  the  word 
reeiproctd.  One  quantity  is  said  to  be  the  rectprocal  of  anotlier 
when  the  product  of  the  two  is  equal  to  uni^  ;  Ulus,  for  example, 

X  is  the  reaiproeal  of  - . 

Hence  a~'  is  the  reciprocal  of  a* ;  or  we  may  put  this  result 
Bymbolically  in  any  of  the  following  ways, 


264,  It  will  follow  from  the  meaning  which  has  been  given 
to  a  negative  index  that  oT-i-a'  =  a"''  when  m  is  less  than  n,  an 
well  as  when  m  is  greater  than  n.     For  suppoee  m  lees  than  n ; 


Suppose  in  =  n;  then  t^+a"  is  obviously  =  1  j  and  a"~"  =  a*.  ■ 
The  last  symbol  has  not  hitherto  received  a  meaning,  so  that  we  - 
ar^  at  liberty  to  give  it  the  meaning  which  naturally  prewnta 
itself;  hence  we  may  say  that  a°  =  1. 
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265.    Thiis,  for  example,  according  to  these  definiticms, 
o*  =  ^a',         o'  =  J<^,         o*  =  Ja*  =  a', 
-.1  -ill  .ill 

Thus  it  wOl  appear  that  it  is  not  abgoluielj/  necatary  to  intro- 
duce fractional  and  negative  exponents  into  Algebra,  since  they 
merely  supply  us  with  a  new  notation  for  quantities  Thich  we  had 
already  the  means  of  representing.  It  is,  as  we  have  said,  a  con- 
vtnienl  notation,  which  the  student  will  learn  to  appreciate  as  he 
proceeds. 


(}>^. 


The  notation  which  we  have  explained  will  now  be  used  in 
establishing  some  propositions  relating  to  roots  and  powers. 

266.     To  shew  that  a'xi"  =  ( oM". 
Let  a'  xb'  =x;  therefore 

ar=(a*xS'Y=(a=)'x  (b'J,    (by  Art.  41),  =ax& 

Thus  (b*  =  oJ,  therefore  x  =  («&  F»  ■which  was  to  be  proved. 
In  ^e  same  manner  \re  can  prove  that 


<^'+^-©-- 


267.  Afl  an  example  of  the  preceding  proposition  we  have 
,Jax^  =  ^{aby  Jf ow,  as  we  have  seen  in  Art  236,  a  square 
root  admits  of  a  dottle  sign ;  hence  strictly  speaking  oiir  result 
should  be  stated  thus :  the  product  of  one  of  the  square  roots  of 
a  into  one  of  the  square  roots  of  &  is  equal  to  one  of  the  square 
roots  of  ab.  A  similai  remark  applies  to  other  propositions  of  tJbe 
present  Chapter.  In  the  higher  parts  of  mathematics  the  matter 
here  noticed  is  discussed  in  more  detail :  see  Theory  of  EquationM, 
Chapter  zi, 
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268.     Hence  a"  x fi'  x c"  =  (ofi)-  x<f  =  (aie\'. 

And  by  proceeding  in  thia  way  we  can  prove  that 

a""x6-xc^x xk'  =  (abc....k\'. 

Suppose  now  that  there  are  m  of  theae  quantities  a,b,e,...t, 
and  that  each  of  them  is  equal  to  a ;  theij  we  obtain 


t  (ary  is,  by  Arts.  260,  261,  cT;  thua 


Hence  comparing  this  with  Art  261  we  see  that  the  Jt**  root 
of  the  wi*  power  of  o  is  equivalent  to  the  m*^  power  of  the  n*  root 
of  a. 

269.  To  shew  that  (irf  =  a". 

Let  a!  =  («"J';  Uierefore  af  =  a'';  therdbre  ar"  =  a;  tiiere- 
fore  X  =  a".     Thus  (  «~  V  =  a^,  which  was  to  be  proved. 

270.  To  shew  that  a^  =  a^. 

Let  x=a';  therefore  !c"  =  a";  therefore  of  =  o"';  therefore 
X  =  a"'.     Thus  a"  =  a"',  which  was  to  bo  proved, 

271.  The  student  may  infer  irom  what  we  have  said  in 
Art.  265,  that  the  jnropositiona  juat  established  may  also  be 
eBt«b)ished  without  uaing  /raefional  exponetUt.  Take  for  example 
that  in  Art  266 ;  here  we  have  to  shew  that 

>x  ;/&=;/(«*).  . 
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Proceed  aa  before ;  let  a;  =  !ja  x  !^b  ;  therefore 

aT-C^ax  •Jb)'  =  C^ayx(^b);  {by  Art  41),  =ox  6. 
Tbaa  3?  =  ab,  therefore  x = ^Jiah),  whicli  was  to  be  prored. 

272.  We  have  been  ]ed  to  the  definitions  of  Arts.  260.. .265 
as  consequences  of  considering  the  relations  »'"xa"  =  o"*"  and 
{(i")"'=  o™^  to  be  Tiniveraally  true,  ■whateTer  m  and  n  may  be ;  -we 
shall  now  proceed  to  shew  conTeraely  that  if  we  adopt  theee  defi- 
nitions the  relations  a' ■x  a' =  a"*'  and  {a")"  =  o"*  are  uniTeraally 
true,  whatever  m  and  n  may  be. 

I      '-      It'. 

273.  To  shew  that  afxa'T^a?  '. 

a*  xtf  =  «'•>:  o",  by  Ait.  270, 
\--  ■  =  ( a'-V  X  (*'')*,  by  definition, 

=  (o"  X  arf,  by  Art  266, 


= {^*^'y= 


271.     In  the  same  way  we  can  shew  that 


275.  Thus  the  relation  a"  ■x.a'  =  a'''"  is  shewn  to  be  true 
when  m  and  n  are  positive  fractions,  so  that  it  is  true  when  m 
aad  n  are  any  positive  quantities.  It  remains  to  shew  that  it  is 
also  true  when  either  of  them  ia  a  negative  quantity,  and  when 
both  are  negative  quantities. 

(I)     Suppose  on6  to  be  a  n^^Uve  quantity,  say  n  j  let 
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(2)    Suppose  both  to  be  negative  quantities  j  lat 


276.  Similai'ly  o"  x  o'  x  a'  -  o"*"  x  o*  =  a-+*^  j  and  so  on. 
Thus  if  'we  suppose  there  to  be  r  qimntities  m,  n,  p,  ...,  and 

tbat  each  of  the  others  is  equal  to  fit,  we  obtain 

whatever  m  may  be. 

277.  To  shew  that  fa'f  =  a^. 

Let  oj  =  faO';  tlierefoi-e  a?=  U' J  =o<~,  by  Ai-t.  276  j  thei-e- 
fore  of  =  t^;  therefore  x  =  aS,  which  was  to  be  proved. 

278.  To  shew  that  (o")"  =  o"  universally. 

By  the  preceding  Article  this  is  true  when  m  and  n  are  any 
poeitive  quantities ;  it  remains  to  shew  that  it  is  true  when  either 
of  them  is  a  negative  quantity,  and  when  both  ai'e  negative 
quantities. 

(1)     Suppose  n  to  be  a  negative  quantity,  and  let  it  =  — v. 
J 1 _„       „ 

(S)     Suppose  m  to  be  a  negative  quantity,  and  let  it  =  —  /t. 

ita.  w-K')-(iy-^-»-""-. 

.  (3)    Suppose  both  m  and  n  to  be  n^^tive  quantities ;  let 
*»  =  -  ft  and  7*  =  —  V. 

'       '  r., GoiH}|l,^^ 
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n/  1.     Simplify  (k*  X  a:^)H 

J  2.     Find  tte  product  of  a*,  o^*,  o"*,  and  a~^. 

J  3.     Find  the  product  of  (^)*,   (Sf  "^^  (i'/- 
^  i.     Simplify  the  product  of 

o',  a-\  i/a\  a-^,   ^a^,  and  (,-J)'. 

\/6.  Multiply  a*  +  6*  +  o-*6  bj'  a6-*-»*  +  6^. 

\J7.  Multiply  x^-xy^  +  x^ff  -  y'  by  iB  +  x^if^+  y. 

/S.  Multiply  n*-(^  +  o*-a*+o*^o  +  o*-l  bya*  +  l. 

/9.  Multiply  o'  -  a*  +  I  -  «-*  +  o~J  by  o*  +  1  +  a"*. 

VlO.  Multiply  -  3o"*  +  2a"'6-'  by  -2o"'-5a"'6. 

/n.  Divide  !C*-a:y'  +  fl:*y-y*  by  a:*-y*. 

\A2.  Divide  a;*  +  a:'o'  +  «*  by  a:*  +  a^a*  +  a', 

yiS,  Divide  a*  — a  '   by  a"  —a  '. 

\/u.  Divide  2a^y"'-5a!V'+'*'y~'~5a:*+2a!y 

by  a^y^'-fc'y''+ay"'. 

/  IS.  Divide  <»'-o*6  +  <ij'-2aifi*  +  6'  by  J-ab^  +  ak-bK 

■^1$,     Sunphfy  -, j j j j .  . 

a*  ~  a'oj*  +  3a*a!  -  Zax*  +  o  V  -  aj' 
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1/  17.     Extract  the  Bquare  root  of  —  +  t-  +  -^ — r—  . 

\ /Is.     Extract  the  square  root  of 

4a  -  12a*6*  +  96'  +  16a*c*  -  2«M  4  16c*. 
1/    19.    Extract  the  square  root  of 
256a;'-512a!  +  640*'-512a:*  +  304-I28a;-*  +  40a!-*-8a!-'  +  a;-*. 

1/ 20.     li  a'  =  b^,  shew  that  (|)*=<»'~';  "»^  ^  a  =  2b,  shew 
that  6  =  2. 


279.  Wlieji  a  root  of  ah  Algebrucot  quantitjr  which  is  re- 
quired, cannot  be  exactly  obtainedj  it  is  called  an  irrational  or 
turd  quamtityi  Thus  J/a*  oT  a'  ia  called  a  surd.  But  i/a'  or  «*, 
though  apparently  in  a  aurd  form,  can  be  expresse4  by  a',  and  so 
is  not  called  a  surd. 

The  rules  for  operations  with  surds  follow  &«m  the  proposi- 
tions established  in  the  preceding  Chapter,  as  will  now  be  seen. 

280.  A  raUonal  quantity  mat/  be  expressed  in  ihe  Jorm  of  a 
given  turd,  by  raising  it  to  the  potcer  tohon  root  the  aurd  ei^reases, 
and  aj^xiTtg  the  radical  sign. 

Thus  a  =  Ja*  =  !Ja',  dec. ;  and  a  +  a:  =  (n  +  «)" ,  In  th«  same 
manner  the  form  of  any  surd  may  be  altered ;  thus 

(o +  «)'- (a +  a:)*- (a  ■(■!«!)* 

The  quantities  are  here  raised  to  certain  powers,  and  the  roots  of 
those  powers  are  again  taken,  so  that  the  values  of  the  quantities 
are  not  changed. 
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281.  The  eoeffimeni  of  a  turd  may  he  introduced  under  the 
radical  tign,  by  first  redaeiTig  it  to  the  form  of  the  aurd  and  then 
mtdUplying  according  to  Art.  271. 

For  example, 

»V(2o-«).V(2orf-ii?);      «x(a-«)'-l.'(o-j!)")*; 
4J2.V(16x2).V32. 

282.  Converiely,  any  quantity  may  be  made  the  coefficient  of 
a  ntrd,  if  every  part  ttnder  the  sign  be  divided  by  the  quantity 
raised  to  the  power  tohose  root  the  sign  expreaset. 

/I    ly.  1/    by  !/«■    y  (»--y)i 
U'  W   H   ^)  x\v  V      «*   ■ 

283.  TT/ien  surds  have  the  same  irrational  part,  tlieir  sum  or 
difference  is  found  by  affttittg  to  that  irrational  part  the  suta  or 
difference  of  their  coefficients. 

Thus  aJx^b^x  =  (aJ.b)Jx; 

^300  *  5  ^3  =  10  ^3  ±  5  ,^3  =  15  ^3  or  5  V3  ; 
J{3a'b)  +  JiSx'b)  =aj(3b)^x  J{3b)  =  {a-(-x)  ^{36). 

284.  If  two  surds  Itave  the  same  index,  their  product  is  found 
by  taking  the  product  (fthe  quantities  under  the  signs  and  retain- 
ing l7ie  common  index. 

Thus     a"  X.  b"  =  (ot)",  (Art.  266) ;      J2xJ3  =  J6; 
(„  +  &)Jx(o-6)*  =  (a'-6')*. 

285.  If  the  surds  have  coeffteients,  the  product  of  these  eorffi- 
dents  must  be  prefixed. 

Thus  ajxy.bjy  =  abj{xy);     3^8x5^2  =  15^16  =  60. 
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3S6.  If  iha  indieeg  of  two  gwds  hav6  a  eomnMn  denominator, 
let  the  quantities  be  raieed  to  the  pouiere  expreated  by  their  Tetpeetiva 
numerators,  and  th&,r  product  may  be/mmd  as  before. 

Thus  2*  X  3*  =  8*  X  3*  =  (24)' ; 

{a^4.{a-x)*^\{a^^)(a-x)'\K 

287.  If  the  indices  have  not  a  common  denominator,  they  may 
he  transformed  to  others  of  the  same  vahie  with  a  common  deno' 
minalor,  and  their  product  found  as  in  Art.  286. 

Thus  <a'-a:0*x(a-a:)'  =  (<.'-aiO*  ><(«-«)'  =  {(«'-aO('»-'cn*; 
2*  X  3*  -  2*  X  3*  =  8*  X  9*  =  (72)*. 

288.  If  two  surds  have  the  same  rational  quantity  under  the 
radical  signs,  their  product  is  found  by  m,aking  the  sum  of  the 
indices  the  index  of  that  quantity. 

Thus  o"  X  a"  =  a"  *■ "",  {Art.  273) ; 

V2x  V2  =  2^2*  =  2'*'  =  2» 

289.  ^Ihe  indices  of  two  surds  have  a  common  denominator, 
the  quotient  of  one  svrd  divided  by  the  other  is  obtained  by  raising 
them  respectively  to  the  powers  expressed  by  the  numerators  of  their 
indices,  and  extractitig  that  root  of  the  ^otienl  which  is  expressed 
by  the  common  denominator. 

Thus,         ^=(1)-,   (Art266);   ^=(^-; 

290.  If  the  indices  have  not  a  common  denominaior,  reduce 
them  to  others  of  the  same  value  with  a  common  denoTtanalor,  and 
proceed  as  before. 
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291.  If  the  surds  have  the  same  raliotuil  qtiaiUUy  under  the 
radieai  sigtu,.lheir  quotient  w  obtained  by  makitig  the  d^ermee  of 
the  indieee  the  index  of  that  quantity. 

Thua,  a~-i-a'  =a-~",   (Art.  274) ; 

V2-4-t/3  -  2*+2*  =  2*"*  =  2*. 

292.  It  is  BOmetimes  useiul  to  put  a  fraction  which  haa  a 
simple  Burd  in  its  deooininator  into  another  form,  by  moltiplpng 
both  aumerator  and  denominator  hj  a  feotor  whicb  will  render  the 
denominator  rational.     Thus,  for  example, 

2  2^3         2^3 

If  we  wish  to  calculate  numerically  the  approximate  value  of 
—js  it  will  be  found  leas  laborious  to  use  the  equivalent  form 
3^3      a-    .,    ,       a      aJb 

293.  It  is  also  easy  to  rationalise  the  denominator  of  a  frac- 
tion when  tihat  denominator  conBiBta  of  two  quadratic  s&rds. 

For  ^^Uh^Jo)  -iJb^Jo) 

Jb^Jc     {Jb^Jo){Jb^Jc)  b-c 

So  also        «      _       -ib^Jc)       _aib.Jc) 
^•^J'     (^•^Jc){b^Jc)         b'~c 

Simih^ly  |±^=i|±4H|±41.1*±^  =  l±4^. 


-V6     (3-V5){3+V5)- 

291.  Sy  two  operations  we  may  rationalise  the  d^omlnstor 
of  a  fracticm  when  that  denominator  consists  of  three  quadratic 
surds.  For  suppose  the  denominator  to  be  Ja  +  Jb  +  Jo;  fin* 
multiply  both  numerator  and  denominator  by  Ja  +  Jb~  Je,  thua 
tlie  denominator  beooUtes  a  +h--  e  +  ij{ab);  then  multiply 
both  numerator  and  denominato*  by  a  +  b-e—ZJ{cii),  and  we 
obtain  a  raUxmal  denominator,  namely  (o  +  6  —  c)'  —  iob,  that  is, 
I*' +  &•  +  c"  -  2a6  -  26o  -  See*. 
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295.    AJaetor  may  bt  found  kAvA  will  rationaltM  any  biru>mial. 

(1)  Suppose  the  bmomial  c^-f  &'.  Put  x  =  t^,  j/^b*;  let 
n  be  the  least  common  multiple  of  p  and  q ;  then  af  and  y*  are 
both  rational.     Now 

(a!  +  y)(a^-'-a!-V+a!-y-...*y-')  =  JB"J.y, 

'where  the  upper  or  lower  sign  mu&t  be  taken  according  afi  n  is  odd 
or  even.     Thus 

a^"'^a;'""'y  +  !e"'V- */"' 

is  a  factor  which  will  rationaHse  x+y. 

(2)  Suppose  the  binomial  a'  —  fi» .  Take  x,  y,  and  n  as  be- 
fore.    Now 

(a!-y)(ar'  +  arV  +  a!"s^+ +y— )=*"-»"■ 

Thus  ar^  +  ar-'y  +  af-*y  + +  jT"' 

is  a  &ctor  which  will  rationalise  x  —  y. 

Take,  for  example,  a'  +  &* ;  here  m  =  6.  Thus  we  have  as  a 
rationalising  factor 

a?-a!'y  +  3fy'~a^y'  +  <cy*-y', 

that  is,  a*-a!'6*  +  a'6'-a'6=  +  a'6*-J^, 

that  is,  o*-a'6l  +  a'6*--oi  +  a'i*-6*. 

The  rational  product  is  a:' — y',  that  is,  o'  —  6',  that  is,  a'  —  6'. 

K    396.     The  square  root  of  a  rational  quantity  cannot  be  partly 
rational  a/nd  partly  a  quadratic  surd. 

If  poBEdble  let  ^n  =  a  +  ^m  j  then  by  squaring  these  eqnal 
qnantities  we  have  n  =  a'  +  2a  Jm  +  m ;  thus  2a  Jm  =  n^a'  —  m, 

and  ^m  = = ~  ,  a  rational  quajitity,  which  is  contrary  to 

the  supposition.     See  Art.  2^ 


T.  A. 
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t'       297.     I/ttco  quadraiie  gv/rda  cannot  &e  reduced  to  oilers  which 
have  the  game  irraiumal  part,  their  product  w  irratumal. 

JjBb  Jx  and  Jy  be  the  two  qiutdratic  surds,  and  if  posdble 
let  J(xy)  =  KB,  where  r  ia  s  whole  number  or  a  fi^ction.  Then 
xj/'^r*^,  and  y  =  r*x,  therefore  •Jy  =  Tjx,  that  is,  Jy  and  Jx 
maj  be  so  reduced  aa  to  have  the  same  irrational  part,  which  ia 
contoary  to  the  Huj^tositiou. 

298.  One  quadraiie  surd  cannot  be  made  up  of  two  othert 
''    uSiieh  have  not  the  game  irralionaZ  part. 

If  possible  let  Jx=Jm  +  Jn;  then,  by  squaring,  we  have 
as  =  w*  +  «  +  2  ^(mn),  and  ^(mn)  =  J{a!~»n— n),  a  rational  quan- 
tity, which  is  abBurd.     See  Art.  242. 

299.  InoMy  equationx  +  ^j  =  A4-^  v^achinxolveg  ratioTial 
'■    quantOieg  amd  quadratie  gurd»,  the  rational  porta  on.  each  side  are 

equal,  and  also  the  irrational  parts. 

for  if  as  be  not  equal  to  a,  suppose  a:  =  a  +  tn ;  then 

a  +  m  +  Jy  =  a  +  Jb, 
so  that  fn  +  J}f=Jh;  thus  Jb  is  partly  rationfd  and  partly  a 
quadratic  surd,  which  is  impossible  by  Art.  296.     Therefore  a;  =  a, 
( and  consequently  ^/y  =  Jb. 

^'1        300,    11  J{a^Jh)  =  x-^Jy,  then  J{a  ~  ^b)  =  x  -  Jy. 
For  ance  J{a  +  Jb)  =  a;  +  Jy,  we  have  by  squaring 
a  +  ^6  =  »'  +  2aj,/y  +  y; 
therefore        a-a^  +  y,  and   Jb==2xjy,  (Art  299). 
Hence  a-jb  =  af—2xjy  +  y, 

and  Jia-Jb)  =  x-Jy. 

Similarly  we  may  shew  that  if 

J(a^Jb)^Jx  +  Jy, 
then  J{a-Jb)  =  Jx-Jy. 

r..,„i.7?<iT,Google 


301.  The  square  root  ^  a  Jnnotiwd,  on*  oftehote  term*  it  a 
quadratic  turd  and  the  other  rational,  may  tomeiimtM  be  expreued 
hy  a  binomial,  one  of  each  o/vAom  term*  ie  a  quadratie  eurd. 

liet  a  +  ^b  bo  the  giren  binoOual,  and  suppose 

By  Art.  300,  J{a  -  ^b)  ^  Jx-  Jy. 

By  multiplicaUon,         ^(o'  —h)  =  x  —  y. 

By  sqaaring  botli  sides  of  the  £ivt  equation, 

therefore  a  =  x+y. 

Hence,  by  additioa  and  subtraction, 

«+^(a'-6)=ae,      o-v(«'-6)=2y; 

therefore        a:  =  J  {a  +  J{a*  -  6)},        y  =  i  {«  -  V(<»'  -  *)}• 

Thus  X  and  y  are  known,  and  therefore  J{a  +  ^),  which  is 

Also  Jifl  -  Jh)  is  known,  for  it  is  Jx-  Jy. 

302.  For  example  find  tLe  square  root  of  3  +  2  J2, 
Here     0=3,  ^b  =  2J%  o'-6  =  9-8=l; 

liiMefore        iB=J(3  +  l)  =  2,         y=i(3-l)  =  l. 
Thus  V(3  +  2  V2)  ^  V2  +  VI  =  V2  + 1. 

303.  Again ;  find  iJie  square  root  of  7  -  2 ^lO. 

Instead  of  nung  the  result  of  Art.  301  we  may  go  through  the 
whole  <^»erati<Hi  as  follows : 

Suppose                 J  (7  ~i^lO)=-  Jx-  Jy; 
then,  by  squaring,            7  -2  JIO  =  x-2J(scy)  +  y ; 
hence  x  +  y  =  7 •-:-"-0i> 
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therefore  (a:  +  y)'  -  lajy  =  49  -  (2^10)', 

thatia,  {!i!-y)*=«-iO=9, 

and  a:-ff  =  3    (2); 

therefore,  from  (1)  and  (2),  x=5,  and  y  =  2. 

Thoa  ^(7  ~  2^10)  =  V5  -  -J^- 

304.  It  appears  from  Art.  301  that 


v«vr-^^i'  ^-yf 


heuce,  unleaa  o*  —  6  be  a  perfect  square,  the  values  of  ^aj  and  ^y 
will  be  complex  Burds,  and  the  expression  ^/x  +  ^y  will  not  be  bo 
simple  08  J(a  +  ^b)  itselil 

305,  A  binomial  surd  of  the  form  ij{a'e)  +  Jb  may  he  written 
thus,  ,yclo+  ./  -)■     If  thefi  a' — be  a.  perfect  i^uwre,  the  square 

root  of  *  +  ,  /  -  may  be  expressed  in  the  form  Jx  +  Jy ;  and 
therefore  the  square  root  of  Jffi'c)  +  ^/ft  will  be  ijc  {Jx  +  ^y). 

306.  For  example,  find  tlie  square  root  of  ^32  +  ^30. 
Here  JZ2  +  ^30  =  ^2  (4  +  ^15)  i 

thus  ^{^32  +  V30)  =  ^3  X  ^(4  +  V15) ; 

and  it  may  be  sliewn  that 

Hence  7(V32+V30)  =  V2(/5+/2).'(V5*J3). 
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307.  Sometimes  we  may  extract  the  square  root  of  a  quantity 
of  the  form  a*  ^b  +  ^c  +  Jd  by  assuming 

then    ■a  +  Jb^Jc  +  Jd=x-t-if  +  x  +  2^{x2,)  +  ^J(ye)  +  2^{zx); 
we  may  then  put 

and  if  Ike  values  of  tl,  y,  and  z,  fmivd  from  them,  also  Batiefi/ 
x  +  y^z-a,  we  shall  hare  the  i-equired  square  root. 

308.  For  example,  find  the  square  root  of 

8  +  273  +  2^5  +  2710. 

Assume    7(8+ V2+ 275  + g^lO)- ^ar  +  ^y  +  ^a;  then 
8  +  2  72  +  2  75  +  2710  =  a!  +  y  +  »  +  2  7(3^)  +  2  7{y^)+2  7(«e). 

Put     27(a:y)  =  273,         27{y»)  =  275,         27(sa;)  =  2710; 
hence,  by  multiplication,  ^(^)  >^  Jiyii)  -  JIO, 
and  7{*a!)=710, 

therefore,  by  division,  H-^  > 

hence  x  =  2,  and  z  —  5. 

These  Talues  satisfy  the  equation  a;  +  y  +  s  =  8. 

Thus  the  required  square  root  is  ^'l  +  Ji  +  75. 
that  is,      *  1  +  72+73. 

309.  If  ^^(a  +  76)  =  «  +  Jy,    then  J{a  -  7S)  =  a;  -  7tf. 
For  suppose  ^{a  +  Jb)  =  x  +  Jy  ; 

then,  by  cubing,  a  +  Jb  =  ai?+Za?  Jy  +  Zxy  +  y  Jy; 

therefore         a=a?  +  3xy,  ^b  =  Z3?  Jy  +  y ^y,        (Art.  290); 

hence  a  — Jh-a? —  Zv?  Jy^-  Zxy  —  y  Jy, 

„d  y(.-V»)-»-Vj.         ^ coogle 
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310.  The  cule  root  of  a  binomiai  a*^b  may  bt  Kometitaet 
found. 

Amane  !!/(a  +^)  =  x+^ff, 

then  i}ia-^b)  =  x-^y. 

By  multiplication,     J/((»' -h)=a?—y. 

Suj^Moe  now  that  a'  —  (  ia  a  perfect  cube,  and  draiote  it  by  «*, 
thua  e  =  a^-y; 

and,  88  in  Art.  309,  a=a'  +  3ay. 

Substitnte  the  tbIuo  i^y; 
tires  a  =  a;'  +  3*  (aj*  -  o) ; 

therefore  43)*  —  Zex  =  a. 

From  this  equation  x  must  be  found  by  trial,  and  then  y  ia 
kno^m  from  the  eijuaiion  y  =  s^  —  c. 

Thus  it  appean  that  the  method  is  inapplicable  unless  a*  -  £ 
lie  a  perfect  cube ;  and  Uien  it  is  imperfect  since  it  leads  to  an 
oquatioa  -which  ve  have  not  at  present  any  method  of  solving 
except  by  tnaL  The  prc^KJsition,  however,  is  of  no  practical 
importance. 

311.  For  eiample,  find  the  cube  root  of  10  +  ^108. 
Assume  ^/(lO  +  V108)  =  a!+ ^y,  then  "/(lO- V108)  =  a:- ^y. 
By  multiplication,  ^{100- 108)  =ai*-y,  that  is,  ~2  =  i>f-y. 

AJso  10^a^+3xy=3f+3x{!i!'  +  2);  therefore  i3f  +  6x  =  l0. 

We  see  that  this  equation  ia  satisfled  by  id=  1;  h^ice  y=  3, 
and  the  required  cube  root  is  1  +  ^3. 

Ji^pin;  find  the  cube  root  of  18  »/S +  14^5, 

18^3+U^5  =  3V3(6+^y|). 

The  cube  root  of  3^3  is  ,/3;  and  the  cube  root  of  6  +  ^  V? 

can  be   found.      For  here  o»_6  =  36-l|^  x  |  =  - A;    bo  that 

c™-a  .  Hence  we  have  the  equation  4a;*+ 20:=  6,  whidi  we  see  ia 
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satisfied  by  a;  =  1.   Thus  the  required  cube  root  is  ^3  ( 1  +      /-'\  , 
thatia  V3  +  V5.  "^ 

313.  We  will  now  solve  an  equation  involring  Binds  wljicli 
■will  serve  as  a  model  for  similar  examples  :  the  equation  resembles 
those  already  solved  in  the  oircmnstanoe  that  we  obtain  only  a 
single  value  of  the  unknown  qusjitity. 

Solve  V(«  +  2)  +  ^(a:  - 14)  =  8. 

By  transposition,  V(a!  +  2)  =  8-^(«-14)  ; 

square  both  aides,  «  +  2  =  64-16  .y(a!-14)  +  a;'-14  • 

transpose,  16  ^(a!- 14)=:4S; 

divide  by  16,  V(«-14)  =  3; 

square  both  sides,  iC'-14  =  9; 

therefore  a;  =  23.                      X 

EZAUPLES  OP  SUBDS.  (      .        ^'^f  ' 

^  1,     Find  a  factor  which  will  rationalise  a*  -  S*.  "' 

V  2.     Find  a  factor  which  will  rationalise  ,^2  —  ^3, 
If  3.     Find  a  factor  which  will  rationalise  ,^3  +  ^^5. 

^4.    Given  ^3  =  1  "7320508,  find  the  value  of  r-^ . 

/-:     ^.— .T--.  (3  +  V3)(3  +  V3)(V5-2)     1    ,„ 
Y'     ^^*^*  (5-Vg)(l+V3) ^l"^    ■ 


^10+  v'20  4- ^40-^5-^80' 


V5(l+^/2). 


W  7.     Extract  the  square  root  of 

9?_2t     /-  +  34-24     A+9?^. 

y       V  y  y  X      X 

\   8.     Extract  the  square  root  of  {a  +  &)'  -  4  (a  -  b)  Jiab). 
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Extract  the  square  root  of  the  exprcBaiona  in  the  ibllowing 
exacnples  froia  9  to  18  incluuTe: 
4  9.     4  +  2  VS.  MO.     7-4^3. 

ill.     7  +  2^10.  12.     18  +  8V6. 

V13.     75-12^21.  'U.     16  +  6^7. 

,^15.     ««  +  c*  +  */({<»'  -  <0  (6'  -  0}-      "^6.     J21  +  V15. 
v^l7.     -9  +  6V3.  '^IS.    l  +  (l-c')-*. 

Y 19.     Find  the  value  of 

l+a:  l-a:  ,  ^3 

1 in — — r+T— — 77i — --\  when  at=  g-. 

y  20.     Rod  the  value  of 

!+«  \-x  ,  JS 

•^ in r  +  ^ J7i v  when  «  =  -_-. 

1+^(1+*)      l-^(l~x)  2 

Extract  the  square  root  of  C  +  2^2  +  2»/3  +  3^6. 

\  22.     Extract  the  square  root  of  5  +  VI0-V6-,yi5. 

•,^'23.     Extract  the  square  root  of 

15-2^3-3^15  +  6  V2-2VC  + 2  V5- 2  V30. 

24.     Extract  the  cube  root  of  7  +  5  J2. 

■*  25.     Extract  the  cube  root  of  1 6  +  8  ^5. 

V  26.     Extnict  the  cube  root  of  9  ^3  -  11  ^2. 
\  27.     Extract  the  cube  root  of  21  ^6  -  23  ^5. 

\/   28.  Shewthat  ^(V5  +  3)-^{V5-2)=l. 

^^29.  Solve  the  equation  ^(x  +  11)  -  ^a;  =  1. 

"^  30.  Solve  the  equation  J{3x  +  4)  +  ^(3a!  -  B)  =  9. 

y31.  Solve  the  equation  a^(b  —  x)  =  h^{a  —  x). 

V  32.  Solve  the  equation  ^ix*a)*  J{x  +  b)=  Je. 
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XX.     QUADRATIC  EQUATIONS. 

313.  When  aa  equation  oontaiiui  only  tbe  square  of  the 
unknown  quantity  the  value  of  this  square  can  be  found  hy  the 
rules  for  solvuig  a  mmple  equation  ;  then  hj  extracting  the  square 
root  the  values  of  the  unknown  quantity  are  found.  For  example, 
BoppoBe 

8;ti'-72  +  103^-7-2iai'  +  89: 
by  transposition,  42a?  =  168  ; 

by  division,  x'  =  i  ; 

therefore  x  —  J^  =  *  2, 

The  double  sign  is  used  because  the  square  root  of  a  qiuintity 
may  be  ^ther  poaitiTe  or  negative,     (Art,  231.) 

It  might  at  first  appear  that  from  a^  =  4  we  ought  to  infer, 
not  that  !c  =  *  2,  but  that  *  a;  =  *  2.  It  will  however  be  found 
that  the  second  form  is  really  coincident  with  the  firsti  For 
^  x  =  >!■  2  gives  either  +  a;  =  +  2,  or  +  « ■■  —  2,  or  -  a;  =  +  2,  or 
—  a:  =  —  2  ;  that  is,  on  the  whole,  either  tc  =  2,  or  a;  =  —  3.  Hence 
it  follows,  that  when  we  extract  the  square  root  of  the  two  mem- 
bers of  an  equation  it  is  sufficient  to  put  the  double  sign  before 
the  square  root  of  <me  of  the  members. 

314.  Quadratic  equations  -vrbich  contain  only  the  square  of 
lie  unknown  quantity  are  called  pure  quadratics.  Quadratic 
equations  whicb  contain  the  first  power  of  the  unknown  quantity 
as  well  as  the  square  are  called  ad/eded  quadratics.  We  proceed 
now  to  the  solution  of  the  latter, 

315.  We  shall  first  shew  that  every  quadratic  equation  may 
be  reduced  to  the  form  a;'  +px  =  q,  where  p  and  q  are  pomtive  or 
negative.  For  we  can  reduce  any  quadratic  equation  to  this  form 
by  the  following  steps  :  bring  the  tenns  which  contain  the  unknown 
quantity  to  the  left-hand  side  of  the  equation,  and  the  known 
quantities  to  the  right-hand  side ;  if  the  coefficient  of  x'  be  n^a- 


170  QUADRATIC  EQUATIONS. 

eveiy  term  by  the  coefficient  of  x'.     Thus  ve  may  represent  any 
quadratic  aqnation  by 

To  solve  thia  equation  we  add  j  p*  to  both  aides  j  thus 

The  left-hand  member  is  now  a  complete  sguare;  extract  tho  squars 
root  of  each  member ;  thus 


transpose  the  term  ^ ,  and  y 


e  obtain 


316.  For  example,  suppose 

-3a:'  +  36a!-105  =  0; 
transpose,  -  Sm*  +  36a)  =  105 ; 

change  the  dgna,  Sx^ — 36x  =  —  \95 ; 

divide  by  3,  a'-12a!=-35; 

add  to  both  sides  (-^j,  that  is,  36;  thus 

a:'  -  12a:  +  36  =  36  -  33  =  1 ; 
extract  the  sqoare  root  of  both  members ;  thus 
a!-6=*l. 
Therefore  iB  =  6il;  that  is,  x  =  7,  or  5.     If  either  of  these 
values  be  substituted  for  a;  in  the  expression  -  3a?  +  36ar— 105,  the 
result  is  zero. 

317.  Henco  the  following  rule  may  be  ^von  for  the  solution 
of  a  quadratic  equation  : 

£i/  transpogiiwn  and  reduction  arrange  the  equalion  to  that 
the  tervM  invoMng  the  unknoion  yuantUjf  mv  aUm^^  on  one  aide, 

r..._. ,Cjt)t)^le 


QUADRATIC   EQUATIONS.  171 

and  the  coefficient  of  s^  it  + 1 ;  add  to  both  tides  <f  the  equaiion 
the  square  of  hoi/ ike  coefficient  of  tc,  and  extrael  the  tguare  root  of 
both  tidee. 

318.     As  anotber  oxajnple  -we  will  take 

(MS*  +  &i!  +  c  =  0 ; 

transpose,  oar*  +  bx  =  ~c; 

divide  by  o,  jb'  +  —  =  — ; 

I'       e      h'-iae 


'il) 


«i^  hf.    ,  '«'  +  T 


^w- 


-h^^(b'-iac) 


The  particular  case  in  irhich  e=  0  shoald  be  noted.     Then,  taking 
the  upper  sign  we  have  ai  =  0  ;  and  taking  the  loirer  sign  we  have 

3!= — ,    Infoct  In  this  caae  the  equation  reduces  to  aa^-t-bx^O, 

or  X (ax +b)^0:  and  it  is  plain  that  this  is  satisfied,  either  when 

a!  =  0 ;  or  when  ax+b  =  (i,  that  is  when  x-  —  . 

319.  When  an  example  is  proposed  for  solution  instead  of 
going  tlirongh  the  process  indicated  in  Art.  317,  we  may  make  use 
ofUte  formula  in  Art.  318.  Thus,  take  the  example  in  Art.  316, 
namely,  —3:1^+ 36a;— 105  =  0,  and  by  comparing  it  with  the  formula 
in  Art  318  wesee  that  we  may  suppose  o  =  — 3,  6  =  36,  c—  — 105. 
Hence  if  we  put  these  values  for  a,  b,  and  e  in  the  result  of 
Art.  318,  we  shall  obtain  the  value  of  x.  Here 
6'  -  4<M=  (36)*-  12*x  105  =  36 ; 

therefore  «  = g —  =  7,  or  5. 
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320.  For  another  example  take  the  equation 

3?-Zx 2; 

iMid(|y,  (B"-6a!  +  9  =  I)-2  =  7; 

extract  the  square  root,       aj  -  3  =  ±  J7, 
transpose,  ar  =  3  *  ^7. 

Here  ^7  cannot  be  found  exactly;  but  we  can  find  an  ap- 
proximate value  of  it  to  any  aaaigned  degree  of  accuracy,  and  thus 
obtain  the  vfJue  of  x  to  any  assigned  degree  of  accuracy. 

321.  In  the  examples  hitherto  considered  we  have  found  fa>o 
different  roots  of  a  quadratic  equation ;  in  some  caseu  however  we 
shall  find  really  only  one  root.  Take  for  example  tJie  eqnation 
ar*-  123!  +  36  =  0;  by  extracting  the  square  root  we  have  a:—  6  =  0, 
and  therefore  a;  =  6.  It  is  however  convenient  in  this  case  to  say 
that  the  quadratic  equation  has  two  equal  roots. 

322.  If  the  quadratic  equation  be  represented  by 

(M!'+&l!+C=0, 

we  know  fcom  Art.  318  that  the  two  roots  are  respectively 
-h -t- J(b' - iac)        ,  -l-J{h'-iac) 
2a  2a 

Vow  these  will  be  different  unless  b'—  iac  =  0,  and  then  each  of 


must  hold  in  order  that  the  two  roots  of  the  quadratic  equation 
may  be  equal. 

323.     Consider  next  the  example  x*  -  I  Oa;  -I-  32  =  0. 

By  transpcmtion,        a:*— 10a;  =  —  32; 
by  addition,  x'-  10a!+  25  =  25-32  =-  7. 

If  we  proceed  to  extract  the  square  root  we  have 
x~5  =  ^^-7. 


^i.iGotj'-^le 
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But  the  negative  quantity  —  7  has  no  square  root  either  exact  or 
approximate  (Art  232) ;  thus  no  real  Tslue  of  x  can  be  found  to 
satisfy  the  proposed  equation.  In  such  a  case  the  quadratic 
equation  has  no  real  roots ;  this  is  sometimes  expressed  by  saying 
that  the  roots  are  imaginary  or  impossible.  We  shall  return  to 
this  point  in  Chapter  xxv. 

321.     If  the  quadratic  equation  be  represented  by 
aa?  -i- bx  +  c  =  a, 
we  see  from  Art.  318  that  the  roots  are  reo^  if  6*  —  4ac  is  jiotiiive, 
that  is,  if  6'  is  algebraically  greater  than  iae,  and  that  the  roots 
are  impossible  if  6*  —  4ac  is  negative,  that  is,  if  i'  is  algebraically 
less  than  4ac 
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v:  1.     iB'-ia!  +  3"0.  x-2.  a!'-5a!  +  4  =  0. 

y,Z.     6a!*-13a!  +  6  =  0.  «  4.  Zx'-lx^^V). 

}^5.     23?  -  7ie  +  3  =  0.  ;.  6.  Za?- 5Zx  +  Z\  =  Q. 

-<7.     !c'+10a;+24  =  0.  x  8.  ra:*- 3ic=.160. 

/  9,     Ua!-«'  =  33.  v-lO.  2a^-2a!-2  =  0- 

>^11.     «?-Z  =  \{x~2.).  /l2.  4{«'-l)  =  4a!-l. 

vl3.     ll(te'-21a:  +  l=0.  ^U.  T80a!'-73a!+ 1  =0. 

Vi5.     (a!-l)(a!-2)=6.  \/l6.  (3*- 2)  («- 1)=  H. 

N/17.     (3a!-5)(2x-5)  =  (^+3)(*-l). 
n&.     {2a!+l){»  +  2)  =  3aT'-4. 
{x  +  1)  {2*  +  3)  =  4a:'  -  22. 
ix-\){x-^)  +  {x-'i){x-i)  =  &{2x-ti). 

v/si.     (2x-3)'  =  &x.  /22.  (6k- 3)'- 7=  44a: +  5. 


•^90 


,/  23.     (»-  7){a:-  4)  +  (2a!-  3)(a!-  5)  =  103.  .-  . 


T 
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/..(.-■)(,.|).^-1)(.-1)    («->)(.-!). 


V-  hhhl 


•  «  7  '  jB      6  4 


21       23  /,,      _2I_     »     23 

5-»"7"  1  ■ 


•Ms  '         I      •>     ^'  7„  3         .       ■!  3 


/3k 

15-3(10-1)          96       • 

2a!      3x-S0      12fl;  +  70 
13'^3{10+a;)         190     " 

i/38. 

sc  +  2     4-a;     7 
iB-1         285    ^3* 
«  +  4     «-4     10 
S^4*;T4'T- 

y4o. 

it  +  2     «-2     5                     / 

jr2-JT2  =  6-            yi- 

»        «!  +  l     13 

V42. 

1      2     3 

y«. 

4           6          12                  f„ 

6        3       It 

a!+2"^a!     a!  +  4" 

V'  *8- 

3«-6+2x-3     2-             /"• 
x*3     x-3     2i-3         Z     »- 

^2-^jr-2-;rr-    >•   ?. 

3«-2     3«-5     8 
2»-6     3»-2     3- 

\(48. 

■2     «4.2     2{«+S) 

r2'-;r3--;^3  ■ 

r..„. ..Google 
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\A50.  IO(2a!  +  3)(a!-3)  +  (7»  +  3)'=20(a:+3)(a:-l). 

V52.  a!»-2«e  +  fl'-6'=0. 

>(fi3.  a?-2aa!  +  6'  =  0. 

sJh.  (Sa'  +  li')(!>?~x  +  l)  =  {3h'  +  a'){x'  +  x+l). 

\l5o.  — -  + ;  + ==  0. 

t  a—a     x—b     x~c 


•--     (.-S)(»-o)     (a+«Ka  +  6)     (a+c)(«-o) 

'  (aH.6,(-4)' 

^           a-t-b+x     a     b      X 

. 

{as.     (<M!-fi)(&B-a)  =  A 

^-■  ^^^=^- 

c                <f               c 

1  -,      fl!  +  a     iB  +  6     as  +  o     „ 

yl^-     „  +  .(«-;,)'      :.         .-2«- 

XXL     EQUATIONS  WHICH  MAY  BE  SOLVED 
LIKE   QUADRATICS. 

325,     Ttere   are  many  equations  which,  though  not  really 
quadratics,  may  be  solved  by  processee  similar  to  thoae  given  in 
the  preceding  Chapter.     For  example,  suppose 
«;'-9a!'+20  =  0. 

Tranapose,  *'  -  a*"  =  -  20  :  ^  , 

r..:„i.7.<iT,CjOOgle 
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by  addition,  «='"  9^+ (|)'- (|)'-20  =  ^ 

extract  the  sqnare  root,         tB*  ~  ^  =  *  ^ ; 


therefore  x*  =  -  ik  -  =  5,  or  4 ; 

therefoe  x-*=^5,  or  *2. 

326.     Similarly  we  may  solve  any  equation  of  tlie  form 
ay^  +  bx^  +  e^O. 

Transpose,  ax*'  +  fta^  =  -  c ; 

,.  .,   ,                               J,    ft*"       " 
divide  by  a,  ar^H =  — ; 

byadditxon,  ^  + _  +  ^_j  =  y  _  _  =  _^-^; 

, ,,,  ^        ^      b      *J(b'-iac) 

extract  the  square  root,       af  +  s-  =  -        a    — -^  i 


Hence  by  extracting  the  n"'  root  the  value  of  x  is  known. 


337. 

Suppose 

for  example, 

«+4V^  =  21; 

tharafinv 

a!+4^a:  +  4  =  25; 

therefore 

^ar  +  2=*5; 

therefore 

^a!  =  -2±5  =  3,  or  -7; 

therefore 
32& 

a5=9,  or  49. 

Again,  suppose 

therefore 

.-...-..!  =  -. 

C.c„l 

.d^vGooglc 
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therefore  a:"*  =  -  ^  ±  ^  =  ^>  '"'  ~^'> 

therefore  aj~'  =  i,  or  9, 

and  "'"I'  ""^  5' 

329.     Suppose  we  require  the  solutions  of  the  equation 

X  +  J{5x  +  10)  =  8. 
By  trsosposition,     J  {fix  +  1 0)  =  8  -  aj ; 
square  both  sides ;  thus 

5a;  +  10  =  04-16aj  +  a!*; 
therefoi-e  a?-21a!=-54 ; 


therefore  a;  =  -g-  *  -s*  =  18,  or  3, 

Substitute  these  valuee  of  a;  in  the  left-hand  side  of  the  given 
equation;  it  'will  be  found  that  3  satisfies  the  equation  but  that  18 
does  not;  we  shall  find  however  that  18  does  satisfy  the  equation 

a!-^(5a;+10)  =  8. 

In  &ct  the  equation  ffat-f  10  =  64  — 16%-l-a^  which  we  obtained 
from  the  given  equation  hj  transposing  and  squaring  might  have 
arisen  also  from  x  —  ^/{5x  +  10)  =  8.  Hence  we  are  not  sure  that 
the  values  of  x  which  are  finally  obtained  will  satisfy  the  proposed 
equation ;  tiiey  may  satisfy  the  other  form. 

330.     Again,  consider  the  example 

By  transposition,  a;  — 14  =  2  ^(^x'  +  x*5)  ', 


.djaii^le 
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by  Bquaring,  a:"  -  2&e  -h  196  =  4aj'  +  4a;  +  20  ; 

therefore  3a;'  +  32a!  =  176. 


however,  be  found  on  trial  that  neither  of  these  values  satisfies  the 
proposed  equation ;  each  of  them  however  satisfies  the  equation 
x  +  2^{a^  +  x  +  5)-U  =  0. 
Fi-om  this  and  the  preceding  example  we  see  that  when  an 
equation  has  been  reduced  to  a  rational  form  by  squaring,  it  will 
be  necefisary  to  examine  whether  the  roots  which  are  finally 
obtdned  satisfy  the  equation  in  the  form  originally  given.  This 
remark  applies  for  instance  to  equations  like  those  solved  in 
Aria  312,  327,  and  338. 

331.  Suppose  that  all  the  terms  of  an  equation  are  brought  to 
one  side  and  the  expression  thus  obtained  caa  be  represented  as 
the  product  of  simple  or  quadratic  factors,  then  the  eqnatdon  can 
be  solved  by  methods  already  given.     For  example,  suppose 

(x-c){3?-3as:  +  2a*)  =  0. 
The  letthand  member  is  zero  either  when  x—  c  =  0,  or  when 
a^-Zax  +  2a'  =  0;  and  in  no  other  case.  But  if  x-e=0,  we 
havea!  =  c;  and  if  ic' —  Sua;  +  2a*  =  0,  we  shall  find  that  x  =  a,  or  3a. 
Hence  the  proposed  equation  is  satisfied  by  a:  =  c,  or  a,  or  2a ; 
and  by  no  other  values. 

332.  Facility  in  separating  expressions  into  &ctora  will  be 
acquired  by  experience ;  some  assistance  however  will  be  funushed 
by  a  principle  which  we  will  here  exempliiy.  Consider  Uie 
example 

«(«-.)■-«(.-.)■. 

Here  it  is  obvious  that  as^a  satisfies  the  equation ;  and  we  shall 
find  that  if  we  bring  all  the  terms  to  one  aide  x-a  wilt  be  a  fitcbv 
of  the  whole  expression.     For  the  equation  may  be  written 

a*  -  o*  -  2c  {k'  -  a*)  +  c*  («  -  a)  =  0 ; 
that  is,  lx~a){a^  +  ax  +  a*-2c(x  +  a)  +  <^i  =  <X.         , 
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Hence  the  other  roots  besides  a  will  be  found  by  solying 
the  quadratic 

ib' +  aiB  +  a' -  2<;  (m  +  a)  +  c' =  0. 

In  this  manner  when  one  root  is  obvious  on  inspection,  we 
may  succeed  in  arranging  the  equation  in  the  manner  indicated  in    - 
Art  331. 

333.  We  will  now  add  some  miscellaneous  examples  of  equa- 
tions reducible  to  quadratics. 

(I)    Suppose 

a^-7x  +  J{7?  -  7a:  +  18)  =  24. 
Add  IS  to  both  sides;  thus 

complete  the  square ;  thus 

a:'-7a:  +  I8+V{^-7a;+18)  +  J  =  42i  =  '-^''; 

therefore  V(a;'  -  7a:  +  18)  +  i  =  *  ^ ; 

therefore  sj{^'  -  7a;  +  1 8)  =  6,  or  -  7  ; 

therefore  a;'  -  7a;  +  18  =  36,  or  49. 

Hence  we  have  now  two  ovdinaiy  quadi^tic  equations  to 
solve.  We  shall  obtain  from  the  first  a:  =  9,  or  —  2,  and  from  the 
second  x=  i(7*  V173).  It  will  be  found  on  trial  that  the  first 
two  only  are  solutions  of  the  proposed  equation ; '  the  others  apply 
to  the  equation 

a:'-7a!-^{a;'-7i+18)  =  24. 


(2) 

Suppose 

«'  +  «■ 

-fe'trtt 

Divide  by  at* ; 

Ih™ 

^  +  «- 

■*^^^ 

ISO 
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or 

a^  +  ^+a  +  i_4  =  0; 

theroforo 

(«.l)%(..l)-.  =  o. 

therefore 

^^3'*(^^3-. 

and 

h^^hD^h'^'"!' 

thei-efore 

-I^h4' 

therefore 

.  4-  i  =  2,  or  -  3. 

First  suppose 

.a.2, 

therefore 

a!'-2iB+l=0; 

therefore 

a!=]. 

Next  supi>080 

-l'-^' 

therefore 

si'+3«  —  1; 

therefore 

....|  =  |-,=|. 

therefore 

..|=.f,„d..-»:^^ 

(3)     8«ppaie 

x*+Sx4  l  =  3a*  +  ga;'. 

TrunapoBe 

,•-3^.3.. 1.^, 

therefore 

(-|)"-¥  — T< 

♦iierefora 

(.--)--2(..--)-^..  =  ^, 

r..„. ..Google 
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therefore       («'-^y-2(a;'-^)  + 


Extract  tlie  square  root,  tlieii 


We  have  now  ordinary  quadratics,  namely,  x'~-^~'l  =  —  , 
and    a:*-  —  -I=-_.      IVom    the    former   wo    shall    obtain 
'^  =  J(?*n/85),  and  fi-om  the  Utter  a;  =  4(1*^10). 
(4)     Suppose 

Ox^x-Ux+S^x~\  =  0. 
We  may  write  the  equation  in  the  form 

(x-3^xy  +  2(x-3^j:)  + 1  =3^". 
Hence  a-S^ai  +  l  =*ai 

Take  the  upper  sign ;  thus 

x-S^x+l=x; 
therefore  n/*  =  s  i  siHA  a:  =  s  • 

Take  the  lower  sign ;  tlius 

tis-3Jx  +  l=-x', 
therefore  2a;- 3^a!+ 1  -  0. 

From  this  we  obtain  ^x  =1,  or  - ,  and  therefore  a;  -  1,  or  - , 
(5)     Suppose 


-^i^-d-)         So 


..(1). 


In  solving  this  equation  we  shall  employ  a  principle  whicli 
oftfin  abbreviates  algebraical  work.  ("nn  ilr 


182  EQ^:ATIO^-s  which  mat  be 

Suppoao  that  t--, 

tiien  will 

(i+5__p  +  7         a-h     p-^         fl-i-5  _P  +  1 
b     ~     q     '  6     ~     ?    '        «-'     P  —  l' 

For  the  first  of  these  three  results  ia  obtained  by  adding  unity 
to  each  of  the  given  equal  quantities,  the  secoud  is  obtained  by 
subtracting  unity  from  each  of  the  given  equal  quantities,  and  the 
third  result  is  obtained  by  dividing  the  first  by  the  second.  Each 
result  is  soraetimea  serviceable.  For  the  present  example  we 
employ  the  thii-d.  Thus  from  (1)  we  deduce 
2(a:  +  c)         9j;-i-17c 

Square  both  sides,  and  simplify  tha  left-hand  member  ;  thus 

«tj_(9«  +  l_7.)" 

0=-.-    (S:.  +  or W 

Again,  by  employing  the  third  of  tlie  above  results  we  deduce 

X  _  (9j:+17c)'-i-(9a!  +  c)'  _  (9a;  +  17e)'  + (9a;  +  c)' 
c  "^(9a:  +  irc)'-(9x  +  c)'"       lCo(18a!+ 18c)       " 

By  reducing,  we  obtain 

63a!'-18aM-H5c'  =  0, 

i-u-  5e  29c 

and  from  this,  "!= --,  ora:  =  — -^. 

(6)     Suppose 

Transpose;  thua 

r..„ ^.CjQOglC 
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Sy^foimg,  ^(1-4j!)-3«V(1-<«)  V(^-«)-Sa«-^ 

-7(1-14 

Divide  by  ^(1  -  ix)  ;  thus 

By  sqnaring,       (1  +  3a)'  (1  -  4a;)  =  16  (^  -  a:) ; 
therefore       4a!{(l  +  3o)'-i}  =  (l  +  3o)'- 12o-(l-3o)'j 
therefore  4a!(3a+  3)  (3a-  1)=  (3a-  1)'; 

*'^""  ="  =  llf^- 

Also  coireapoading  to  the  factor  ^(  1 "  ix),  which  was  lemoyed, 

we  have  the  root  *  =  i  . 

This  example  U  introduced  in  order  to  draw  the  attention  of 
iJie  student  to  the  circumstance  that  when  both  sides  of  an  equa- 
tion are  to  be  squared,  an  advantageous  arrangement  of  the  terms 
on  opposite  sides  of  the  equation  should  be  made  before  squaring. 
If  in  this  example  aa  it  originally  stands  we  square  both  sides,  no 
terms  will  disappear ;  but  by  transposing  before  squaring  we  ob- 
tain a  result  in  which  -  x  occurs  on  both  sides,  and  may  therefora 
be  cancelled. 

(7)     Suppose 

V(«-<-9)  +  ./(i--9)  =  ^(34)  +  4. 
We  have  identically 

«•  +  9  -  {3^  -  9)  =  18  =  34  -  16. 

Hence,  dividing  the  members  of  this  identity  by  the  cor- 
responding members  of  the  proposed  equation,  we  obtain 

r..„ ^,Cjt)t)gle 
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Therefore,  by  addition,   J{3?  +  9)  =  ^(34)  ; 
therefore  a?  =  25,    and  a;  =  ^  5. 

This  equation  is  introduced  for  the  sake  of  illustrating  the 
artifice  employed  in  the  solution.  This  artifice  may  often  be  em- 
ployed with  advantage;  for  instance,  example  (6)  may  be  solved 
in  this  way, 

(8)  ^(2.^4)-V(3-«).;;|^. 


We  may  write  this  equation  thus, 
,y<2a;+4)-2V(2-a:) 


The  fiictor  J{2x  +  i)-2J{2~x)  can  now  be  removed  from 
both  sides  j  thus  ve  obtain 

,y(9a^  + 1 6)  =  2  y{%^  +  4)  +  2  VC2  -  x)). 
By  squaring,  Sai'  +  ie  =  4{12 -2iC+ 4^(8-2a^}; 
therefore  a:'+ 8a!  =  4(8 -2a^  + 16^(8 -2a:^; 

therefore       a!*+  Saj  +  16  =  4  (8  -  Sa:^  +  16  ^{8  -  S*")  + 16. 
Extract  the  square  root ;  thus 

-.(a!  +  4)  =  27{8-2a!^  +  4. 
The  solution  can  now  be  completed ;  we  shall  obtiun 

and  also  a  pair  of  imaginary  values. 

Also,  by  equating  to  zero  the  factor  ^(2a!+4)- 2^(2 -«), 
which  was  removed,  we  shall  obtain  a;  =  s . 

It  will  be  seen  that  very  artificial  methods  are  adopted  in  some 
of  these  examples ;  the  student  can  acquii«  dexterity  in  using 
such  transformations  only  by  practice.  More  examples  vidll  be 
found  in  Ohapter  UT. 

r..„ ^,Gt)tH^lc 
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EZAUPLEa  OF  XqUATIOHS  BEDUCIBLE  TO  QUADBATIC8. 


31a!»=32. 


VS.  3iB'  + 42*1  =3321.  ^. 

^.  a:*- 35a:' +216=0.  j  6.     a^~a:^  +  2  =  0. 

/?.  a!  +  2VK)  +  c  =  0.  V8-     3io* -7a:' =  43075. 

\f^.  as* -14a!' +  40  =  0.  Vio.     a^+-^  =  34. 

2a!* 

VTl.  ^(2a;)-7aT  =  -52.  Vj2.     Sa?- "/ar  +  ^=  16. 

m  «  +  5~V(*  +  5)  =  6.  Vl4.    2Va+A={S, 

\15.  je*  +  5a!*-22  =  0.  Me.     3a:*-4«'  =  7. 

Vl7.  2a!  +  V(4a!  +  8)  =  ^.  Vls.     2{a^  +  a:-")  =  5. 

m  ^(2a!  +  7)  +  V(3»-18)  =  ^C7a:+l). 

>^2.  V('"  +  9)-2^/»!-3■ 

m  a!  +  V(5a!  +  10)  =  8.  V  2*-     2"' +  4' =  80. 

VfJj  '■-fa,'-'-l_3j 

Vsa.  (a + ft)  v{«*+&'+a^ -(»-&)  V('*'+^' -'=')  =  «' +^*- 

-^^9.  a:  +  Va;  +  V(«  +  2)  +  VC*''  +  S*)  =  a. 

r..„..:,,:^,Gt)t)gle 


\/30. 
V  31. 

,/ 

y  33. 

/  33. 
/34. 

\-    35. 

\    30. 

\37. 


2x  +  V(2  +  2: 
a-x 


>+^(«-«)"',/»+v(»+«) 
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,/("=^ 
>/(■»- 

:-2»)        >: 

^/C«  + 

S)-J(x* 

3).yx. 

J(" 

3)4.y(»* 

■8)-V» 

>*?^- 

34 

■IS- 

V  39. 


850     ie'(a^-a') 


741. 


(»!+»')!. (•!<.»!')'.  —    'i'43.    ^Tj+^zj"** 
^(1  -  a;  +  a?)  -  .^(1  +  a;  +  a^  .  m. 

'-^('■-1) 

^(a?  -  3m  +  o')  +  V(»"  +  3m  +  a")  -  V(3(."  +  26"). 


V^"^=^ 


/so. 


n/«  +  V1»:-V(1-«)1-1- 

(a:  +  ar-(«-a)-.242«'. 


„i,7.d -,000(^10 


EXAMPLES.      XXI.  18, 

V  10j:-8  2a:- i     ■ 

y'63.     V(2»  +  9)  +  V(3i-15)=V(T!t  +  8). 

55.     ^(^  +  2a:-l)+V{*'+a;+l)^^/3  +  ^J.     — 

y  57.     {^+l)(x*2)  =  2.  V  68-     {»^  +  a){x  +  b)^tib. 

1,59.     {a!-a){ir-&)(a:-c)  +  afc-0. 

*  1  -iB      l  +  a:      1  +  ar 

V61  ^  1  1         ^         1  ^j 

x  +  a  +  b     x-a-t-b      x  +  a-b     x~a-b^ 

VeS.  a;'  +  3  =  2V(^-2a:  +  2)  +  2a!. 

Y,06.  »"  +  5a!  +  4.5^(a!'4-5n-28). 

Vcr.  J(,^-!bn-S)-^.3-z. 

\/68.  3«»+I5a!-2^/(«'  +  5w  +  l)=2. 

yC9.  (i  +  5)(;«-2)+5.yj«(«+3)1.0. 

V'70.     r.:'  +  3-V(2»'-3»+2).|(i  +  l). 
/7I.     a:(a;  +  :)  +  3V(2»"+6i!  +  5).25-2»,'. 
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Ja*Jia-x)     >  +  »/('■  +  »)     ^ 
V  j(a!-2a)+^(a!  +  2a)      2»' 

/34.    V(«+3)+y(«+'8)-V'. 
V    «     »■ -!■•«■<-■■■     34 

\  38.     J{a1-bx-)-J,  =  tJ(!^). 
\  37.     ,/(:.  +  4)-7«=y("^  +  |). 
,38.     i'  +  ^-o--,,0.  V  39.     jJiTr?-- 

V41.     (o' +  !;')'  =  («•  +  «!)!.  '.42.     2Ly'+5l^,j^ 

.'43.    V(l -*  +  '«') -^/(I +  *  +  *")-»»• 

',  45.     J{^-3iix  +  a')  +  Ji^+3ax  +  a*)^J{2af  +  2b^ 

'«■  VG-')=>-- 

'47.     W^)-~W«4.yx)-0. 

,48.    .y. +  VI«- ./(I ->:))- 1- 

,.  49.     (a!  +  a)'-(a:-a)'-343(.'. 

/  50.     -j — r  =  «  +  ^  /  - . 

'  it"-l  V»  r-         I 

D,g,l,7?d-i,CjOO(^IC 


EXAilPLES.      XXI.  18' 

^51.     J{x*  +  ax  +  b')-\-^{^  +  bx  +  (^^a  +  b. 

.„  25i"-16  3(i'-4)» 
V"^-  10..-8  "  2»-4  • 
V'bS.     ^(2i+9)  +  V(3a!-15).y(r«  +  8). 

65.     J(;e'  +  2.-l)+V{«'+a!+I)-V2+V'!-    — 

1-67.     (it'+lXi  +  Sj.S.  V  68.     (i'  +  o)(«  +  }).oS. 

^'69.     {aj-a){a!-6)(3:-c)  +  aJc=0. 

V6I  ]  ,         1         ,         1  1        _^ 

x+a+b     x-a+h     x+a-h     x-a-h~ 

VG5.     ^  +  3  =  2.y(«'-2a!  +  2)  +  2a!. 
y.CC.     «'  +  5«  +  4  =  5^(»'4-5»  +  28). 
VC7.    V("'-*"+9)-^=3-i. 

\/68.     3«"*15ai-2.y(«'  +  5»  +  l).2. 
yC9.     (i  +  6)(i-2)+3V!«(«+3)).0. 

V'70.     j!'  +  3-V(2»'-3i+2). 2(1  +  1). 
/7I.     it(i!  +  l)+3V(2«'+6i!  +  5).25-2»,-. 
|/72.    a!'-2V(3>;'-2«ii  +  4)  +  4-^(»*j*l). 

r.,,„i,7?d-,Google 


18S  EXAMPLES.      XXI. 

73.     a!'-a!  +  3^{2a:'-3«  +  2)  =  |  +  7. 

l  +  X  +  3^ 

,  75.     {x  +  a) {«  +  2a)  (a:  +  3a)  («+  ia)  =  c*. 
/76.     16a!(a!  +  I)(a;  +  2)(a:  +  3)  =  9. 

■•"■  i^^-4-        "•  »-■-(■-'■>•• 

^79.     a:'-2a;'  +  a!  =  a.  /gO.     a!*  -  2a^  +  a:  =  132. 

V82.     •■-8(a!H.l)/a!+18»  +  l--,0. 

V'SS.     2(a^  +  «t)'  +  ^»  +  V(«  +  «)  =  »-2«- 

yS*.    ii!'+2a?-lli"  +  4i  +  4.0.  85.    «"  +  lo'i  =  a'. 

^88.     ^.2..2(..l)=!i?. 

Vsi.  a!*  +  l=0.  92.     »w!*  +  a!  +  n  +  l  =  0. 

93.  (a!-2)fa!-3)(a!-4)  =  1.2.3. 

94.  (a!-l)(ar-2)(a!-3)-(6-l){6-2)(6-3)  =  0. 

95.  (x-l)(a:-2)(a!-3)=24. 

96.  G3*-B^-^x  =  0.  97.     a!'  +  a:'-4a!-4  =  0. 

98.  -  +  -+--  =  1  +-  +  —, 
a     X     a?  a     a' 

99.  8a!'  +  lfte=9.  100.    a'-A^jj. 

r..„ ^,Gt)t)'^IC 
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102.  ie(a?-2)-OT(a:»  +  2»na:+2). 

103.  {a*~a'^(x  +  a)b  +  {a'-b'){a  +  b)x  +  {b*-a^{h  +  x)a  =  ii. 

104.  a^  +  jw*  +  (p-l+  — ^^ aj  +  1  -  0. 

105.  (p-iyx'+pa^.+fp  -  1  +  ^-^^i«!+  1  =  0. 


XXn.     THEORY  OF  QUADRATIC   EQUATIONS  AND 
QUADRATIC  EXPRESSIONS. 

334.     A  quadratic  equation  cannot  have  more  than  (wo  roolt. 
For  any  quadratic  equation  will  take  the  form  ax'  +  bx*e  —  0 
if  all  the  terma  are  brought  to  one  side  of  the  equation ;  and  then 
by  Art.  318  the  value  of  x  mtut  be  either 

-h  +  J(b'-iae)        -b~  J{b* -  iac) 
ia  °'  2a  ' 

that  is  the  value  of  x  must  be  one  or  the  other  of  tuM  quantities. 

The  result  is  sometimee  obtained  thus.  If  possible  let  thi'ee 
different  qoantitiee  a,  /3,  y  be  roota  of  the  quadratic  equation 
ox*  +bx  +  c  =  0 ;  then,  hy  supposition, 

aa'+ha  +  e  =  0,     o^'  +  6j3  +  c  =  0,     ay'  +  by  +  c  =  0. 
By  subtraction, 

diride  by  a  —  /3  which  is,  by  supposition,  not  zero ;  thus 
o{o+j8)  +  ft  =  0. 

Similarly  we  hare       o  (a  +  y)  +  5  =  0. 

By  subtraction,  «  03  -  V)  =  **  J 

this  however  is  impossible,  since  by  supposition  a  is  not  lero,  and 
/7— y  is  not  zero.  Hence  there  cannot  be  three  different  roots 
to  a  quadratic  equation. 

r..„ .,Gt)t)gle 
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535.  In  a  quadratic  equation,  where  the  coe^icUnt  ofOiajiral 
term  is  vnity  and  the  term  are  aU  on  one  side,  the  man  o/ihe  roots 
is  equal  to  the  eoe^cient  ofiiie  aecond  term  toiih  its  sign  chmufod, 
and  the  product  o/the  roots  is  equal  to  the  last  term. 

For  the  roata  of(Kt:'  +  6a!  +  c  =  0ftre 

-h  *■  ^(1,' -  iac)  ^^  -b-^ib'-iae)  _ 

hence  the  sum  of  the  roots  ia  — ,  and  the  produot  of  the  roots  is 
~  t  i -,  ^^^  ifj  -■     And  by  dividing  by  a  the  equation 

may  be  written  x' A —  +--=0;  and  thus  the  proposition  is  esta- 
blished. 

336.     Let  a  and  ^  denote  the  roots  of  the  equation 
at?  +  fia;  +  c  »  0 ; 

then  a+^  =  —  and  q/Se  — .     These  relations  are  useful  in  finding 

the  valuee  of  expressions  in  which  a  and  jS  occur  in  a  symmeti-ical 
manner.     For  example, 


The  relations  denioqatrated  iq  Art.  335  are  nseftU  in  verifying 
the  solution  of  a  quadi'atic  equatioa ;  of  course  if  the  roots  ob- 
tained do  not  satisfy  these  relations  we  are  certain  that  there  is 

When  we  know  one  root  of  a  quadratic  equation  we  can 
deduce  the  other  root  by  the  aid  of  either  of  these  relations.  Take 
for  example  the  equation 

g  +  e      6  +  c  _  2(a  +  6+_c) 
x-i-a*x+b"    x  +  a  +  b    ' 

r..:„i.7.<iT,CjOO(^IC 


ThuB  the  product  of  the  roots  is  - 


AND  QUADRATIC  EXPRESSIONS.  19t 

Here  xj^c  obTiously  satMes  the  equation  j  cleaj:mg  of  fractiona 
'we  obtaia 

c(a'  +  b') 

£ —  :  and  as  one  root 

is  e  the  other  must  be — v- . 

337.  We  have 

ax^  +  bx  +  c  =  aW  +  —  -i-  -i  ; 

now  put  for  -  and  -  their  valaes  in  terms  of  a  and  ^ ;  thus 

Thos  the  expreaeion  as^  +  bx  +  e  is  identical  with  the  exprea- 
turn  a(x-a)(x-^)i  that  is,  the  two  expressions  are  equal  for 
all  values  of  x. 

Hence  we  can  prove  the  statement  of  Art  334  in  another 
manner.  For  no  other  value  of  x  besides  a  and  p  can  make 
(x  —  a)  (a;  —  p)  Tajjish ;  since  the  product  of  two  quantities  cannot 
vanish  if  neither  of  the  quaiitities  vanishes. 

The  student  may  naturally  ask  if  the  identity 
cuxf  -[■bx  +  c  =  a(x-a)(x^P) 
holds  in  those  caaes  alluded  to  in  Art.  333,  where  the  roots  of 
a^  +  bx  +  e  =  0  are  hnpomhle ;  we  shall  return  to  this  point  in 
Chapter  xxv. 

338.  The  student;  must  be  cai-eful  to  distinguish  between  a 
quadratic  equation  and  a  piadratic  expressum.  In  the  quadratic 
eq%iation  aa?  +  fia:  +  e  =  0  wo  must  suppose  x  to  have  one  of  two 
definite  values,  but  when  we  speak  of  the  quadratic  expression 
03^  +  bx  +  c,  without  saying  that  it  is  to  be  equal  to  zero,  we  may 
suppose  X  to  have  any  value  we  please. 

339.  We  have 

.     ,  f_.      Ja:     cl 

-»{(-*a)'*5-c-}-''{('+a)"-'-^T, 
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Now  first  suppose  that  b'-iae  is  negative;  then  — ^n —  "■ 
also  negaUve;   hence  (x+  ^-l j-,-- -  is  necessarily  positive 

for  all  real  values  of  tc  In  this  case,  aa^  +bx  +  e  being  equal  to 
the  product  of  a  into  some  positive  quantity  must  have  the  same 
sign  as  a.  Thus  if  b'—iae  be  negative,  aa^  +  bx  +  c  has  the 
same  sign  as  a  for  all  real  values  of  x. 

Next  suppose  that  6'  -  iac  is  tero  /  then 

=«'+fe+.— (;.+iy. 

Here,  as  before,  aa?  +  bx  +  e  has  the  same  sign  as  a ;  in  this 
case  the  expression  ox*  +  bx  +  e  is  a  perfect  eguare  with  respect 
to  X,  and  its  square  root  is 

Last,  suppose  that  6'  -  iae  is  positive ;  then 

—  (;.—)(«-«, 
where  a  and  j3  are  both  real  quantities,  namely, 
^  and 


2a 


The  expression  a{x  —  a)(x  —  f[)  must  have  the  same  sign  as 
a  except  when  one  of  the  fiictors  x-a  and  a;  -  ^  is  positive,  and 
the  other  is  n^ative ;  and  we  shall  now  shew  that  this  can  tmly 
be  the  case  when  x  lies  in  value  between  a  and  yS.  Of  the  two 
qiiantities  a-- {1  and  ^  —  a  one  must  be  positive ;  suppose  the 
foi-mer,  so  that  a  is  algebraieally  greater  than  /3.  Now  if  aj  is 
tUgf))ravxiUy  greater  ihxa  a,  then  d;— a  is  positive,  and  therefore 
also  x~p  i&  positive,  and  if  a;  is  algebraically  less  than  ft  then 
a;  -  ^  is  negative,  and  therefore  also  x  —  a  is  negative.  But  if  x 
lies  between  a  and  j8,  then  a:  -  a  is  n^ative,  and  a;  -  j3  is  positivei 

r..„ ^,Gt)t)gle 
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For  Back  a  value  of  x  the  siga  of  tlie  expression  aa?+hx  +  e  in 
the  coDtraiy  to  the  sign  of  a. 

The  conclusion  of  the  investigation  of  Hts  three  cases  is  this : 
whatever  real  value  x  may  have  oa^  +  bx*c  and  a  never  diETer  in 
sign,  except  when  the  roots  o{  oaf  *■  bx  +  c=0  are  possible  and 
difierent,  and  x  is  taken  so  as  to  lie  between  them. 

340.  The  roots  of 

as^  +  bx  +  c  =  0  are      -■  ^^ ', 

and  the  roots  of 

2a 
It  is  obvious  that  the  latter  roots  are  the  same  as  the  former  with 
their  Bigns  changed.     Hence  if  two  quadratic  equations  difier  only 
in  the  sign  of  the  second  term,  the  roots  of  one  may  be  obtained 
by  changing  the  signs  of  the  roota  of  the  otlier, 

341.  Suppose  we  want  to  divide  ax'  +  bx  +  c  by  a;  -  A.  The 
first  term  of  the  quotient  is  ax,  and  the  next  term  ah  +  b,  and 
tiiere  is  a  remainder  oA*  +  bh  +  e.  If  this  remainder  vanish,  bo  that 
oA'  +  SA  +  c  =  0,  then  A  is  a  root  of  the  equation  oaj*  +  bx  -i-c  —  O. 
Thus  the  expression  aa^  +  fi*  +  c  is  divisible  by  a:  —  A  only  when 
A  is  a  root  of  the  equaiion  oar  +  oa;  +  c  =  0. 

342.  Some  particular  cases  of  the  equation  aa?  +  lx  +  e  =  0 
may  now  be  investigated.     The  roots  of  the  equation  are 

~b  +  ^(b'-4ac)        ,   -b-J(h'-iac) 

2S  '^'^  Ta ' 

we  will  firat  examine  the  resulto  of  supposing  a  =  0. 

The  numerator  of  the  first  root  becomes  —6  +  6,  that  ia,  0 ; 
thus  this  root  takes  the  form  ^ .  The  numerator  of  the  second 
root  becomes  -  26 ;  thus  this  root  takes  the  form  ~^.     If  in  the 

~0,  80  tin 
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fc  =  —  r  i   "^^  ^e  ^'^7  turive  at  thiB  result  from  the  expresdon 
Vhict  takes  the  form  v  hy  &  suitable  tranBformatioii.     For  mul- 
tiply both   numerator  and  dMiominatot  of  — — ^ '-    by 

b  +  J(b'  -  ia<^  ;    thua  we  obtain  , jm — ; — : ,  and  if  we  now 

put  a  =  0,  we  obtain  -^r- ,  that  ia,  ^- .    If  the  root ^ 

be  transformed  by  multiplying  its  numerator  and  denominator  by 

6  -  ^(6'  —  iac)  it  becomes  ; jjj^ — — — ^ ,  and  the  smaller  a  is 

the  smaller  is  the  denominator  of  this  fraction,  and  the  greater  the 
fraction  itself;  an  equivalent  result  may  obviously  be  obtained 
without  effecting  any  transfomiation  of  the  root.  Thus  we  may 
enunciate  our  results  as  follows  :  in  the  equation  aa^  +hx  +  c=0, 
if  a  be  veiy  small  compared  with  b  and  c,  one  root  is  very  lat^ 

and  the  other  root  is  nearly  equal  to  -  i  j  tmd  the  smaller  a  JB, 
the  lai^er  one  root  bocowes,  and  the  nearer  the  other  root  ap- 
proaches t*  -.■ 

3i3.  Next  suppose  both  a  and  6  to  be  zero ;  then  tie  ordi- 
iiaiy  expressions  for  both  roota  take  the  form  ^.  By  trans- 
forming  the  roots  as  in  the  preceding  Article,  we  shall  see  that 
when  a  and  &  are  both  small  compared  with  e,  both  roots  are  veiy 
Ui^e,  and  become  greater  the  smaller  a  and  b  are. 

Zii.  Last,  suppose  a,  b  and  c  to  be  zero;  then  the  roots 
take  the  form  ^.     In  this  case,  if  we  transform  the  roots  as  in 

4^rt.  312',  w,e  shall  still  obtain  the  form  ^;  we  may  say  here  that 
^0  value  of  x  is  really  indetertnimite. 
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345.     'We  will  give   an  example  of  the  application  of  the 
resnlta  of  Art  339. 

Let  it  be  required  to  ascertain  if  the  fraction  — ^ — -v-r —  can 
^  6as-li 

assume  any  value  we  pleaBC  by  suitably  choosing  the  value  of  xC 

6a!— li         "  ' 
therefore  af-  2x  +  21  =  y  (6a:-  14) ; 

therefore  !b'-2(1  +  3y)a!  +  21  +  14;/  =  0. 

By  solving  the  qtuulratio  we  obtain  .  '         ^ 

a:=l  +  3y±^(9y'-8y-20). 
Hence  if  a;  is  to  be  real  the  quantity  9y'-8y  — 20  must  be 
positive;  that  is,  9{y— 2)ly  +  -^l  must  be  positiTe.     Therefore 

y  cannot  lie  between  2  and  —-5-,  but  may  have  any  other  value. 

We  conclude  then  that  by  suiUbly  choosing  the  value  of  x,  the 
»'-2a!  + 


values  between  2  and 


10 


OH  THE  THEOBT  OF  <tI7ADUTIC  EQOATIOITS  AND 
QUADRATIO  EXPRESSIONS. 

B^iolve  the  following  four  qoadratio  eipreedons  into  the  pro- 
due^  of  simple  factors ; 

\/l.     3«'-10a:-25.  }/^.     «^  +  7Zx+'J80._ 
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.  V5.  Form  the  quadratic  equation  Those  roots  are  6  and  8. 

\/  6.  Form  the  quadratic  equation  whose  roots  are  4  and  5. 

V  7,  Form  the  quadratic  equation  whose  i-oots  are  1  and  -  2. 

'J  8.  Form  the  quadratic  equation  whose  roots  are  1  *  ^5. 

^9.  Find  the  sum,  difference,  and  product  of  the  roots  of 
x'-42a:  +  117  =  0. 

10,  For  what  value  of  m  will  the  equation  2ie'  +  8a:  +  m  =  0 

have  equal  roots ! 

11,  If  a  and  ^  be  the  roots  of  a;' -pa; +  2  =  0,  find  the  value 

of  ^+-and  ofa'  +  B". 
P     " 

^12.     If  a  and  /3  be  the  roots  of  aa:'  +  &e  +  c  =  0,  construct  the 

equation  whose  roots  are  -  and  -^ . 
a         jS 

13.  Shew  that  the  roots  of  a^-i- px'^q  =  ()  will  be  rational  if 

p  =  A  +  ^ ,  where  p,  q,  k  axe  any  ration^  quantities, 

14.  Shew  that  if  aa?  +  ba  +  e  =  0  and  a'x' +  b'x -t- </ =  0  have 

a  common  root,  then  (a'c  —  ac')'  =  {a'b  —  ab')  (b'c  —  c'b). 

15.  If  a;  be  real,  prove   that  - 


2*"- 2a!- 5 
value  between  yy  and  1. 


16.     If  p  be  greater  than  unity,  then  for  all  real  values  of  x 

the    expression    —: — r —.    lies    between    - — =     and 

^  a^  +  Sx+p*  p  +  l 

,£±i 
P-V 
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XXIII     SIMULTANEOUS   EQUATIONS  INVOLVING 
QUADRATICS. 

3JG.  We  will  now  give  some  examples  of  simultaneous  equa- 
tions ■where  one  or  more  of  the  equations  may  be  of  a  degree 
h^Ler  than  the  ilrat ;  Tarious  artifices  are  employed,  the  proper 
application  of  which  must  be  learned  by  experience. 

(1)  Suppoae       ^-%/  =  1l,     a!  +  y  =  20. 

Prom  the  second  equation  y  =  30  —  x ;  substitute  in  the 
first,  thus 

a^-2(30-a!)'=71; 
therefore  -3?  +  &{)x-  800  =  71, 

therefore  a:'- 80a!  =  - 871. 

From  this  quadi-atic  we  shall  obtain  a;  =  13  or  67;  then  fit>m 
the  equation  y  =  20  —  a;  wa  obtain  the  corresponding  values  of  y, 
namely,  y  =  7  or  — 47. 

(2)  Suppose         K* +  2^=25,      ay  =  12, 
llere  a:' ,+  )/*  =  25, 

2a;2/  =  24 ; 
therefore,  by  addition, 

ic"  +  2a:j(  +  /  =  25  +  24  =  49  ; 
that  is,  .  (a;  +  y)'  =  49  ; 

therefore  a:  +  y  =  ±  7, 

Similarly,  by  subtraction, 

,      .    (a! -y)*  =  25 -24  =  1; 
tJierefore  ■     ■      a;  —  y  =  *  1. 

We  have  now  four  cases  to  consider ;  namely, 

a;  +  y  =  7,     x~y=     1;         B!  +  y  =  -7,     a:-y=i     1; 

.  +  !,.7,    x-y  — 1;        x  +  y—J,    ^-s-^X^^^^^^ 
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By  solving  these  simple  equations  we  obtain  finally 
3:  =  *  3,  y  =  A4;  or  x  =  J=i,  y  =  >>=3. 

(3)  Suppose     V-*ay  +  3a:'  =  17,   S(*-jr"=16. 
Let  y = vto,  and  substitute  in  both  equations ;  thus 

iB'(2u'-4tt  +  3)  =  17,  ar'(t>'-l)  =  16; 

tlierefore,  by  division, 

2«*-4m-3      17 
t^-1       ~16' 
th»efera  3V-  64u  +  48  =  ITo*- 17  j 

therefore  15u'-64v  +  65  =  0. 

From  this  qtiadratic  we  shall  obttun  *t  =  ^  or  -=- .  Take  the 
former  value  of  v ;  then  se*  =  -^ — =■  =  9  j  therefore  x  =  *3;  and 
yav3;  =  ik5.  Again,  taking  the  second  value  of  v  we  have 
tf=-^;  therefore,  a!  =  *^j  and  y  =  *-s-. 

The  artifice  here  used  may  be  adopted  conveniently  when  the 
terms  involving  the  unknown  quantities  in  each  equation  consti- 
tute an  expression  which  is  homogeneous  and  of  the  second  degree; 
see  Art  24. 

(4)  Suppose  ss"  +  3^ -  Gy"  =  2i,  aj'  +  Say- I0/=  32. 
Let  ff  =  vx;  substitute  in  both  equations,  and  divide ;  thus 

l  +  3y-l(V     32     4. 
1+v-Qv*    ^34^3' 
therefore  6i>*-6tt-i-l  =0. 

From  this  quadratic  we  shall  obtain  v  =  a  or  ^,  The  value 
v  =  ^  we  shall  find  to  be  inapplicable  j  for  it  leads  to  the  inad- 
missible result  a;*  X  0  =  24.  In  fitct  the  equations  &om  which  the 
values  of  v  were  obtained  may  be  written  thus, 

iB'tl-2«)(l  +  3D)  =  24,     «•  (1  -  2r)  (1  +  5»)  =_  32  ; 
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and  lieoce  we  boo  ihat  iko  value  of  v  found  from  1  —  2v  »  0  is 
inaf^Hcoible^   and   that  -we  can  only  hare    ^ — =-  =  gq  >   which 


+  5v     33' 


givea  v  = 


3" 


Thm  a:'(l-|)(l  +  l)  =  34; 

therefore  x*=336;  therefore  x=^  6;  andy  =  *3. 

(5)     Suppose         x  +  y^a,af  +  ^^l>'- 

se^  +  V*     b* 
By  diTiaion,  —  =  — ; 

that  is,  x'-ai't/  +  a^y'~a^  +  j/'  =  -  ; 

or  i«!'4-y'-«y(a:'  +  lO  +  '«V--- 

Now  mnce  x  +  y  =  a, 

c^  +  y'  =  a'-2xy; 
therefore  K*  +  ^*  +  ^3^y'  =  (a'-2ay)'==a*-ia'xy  +  i!t^y'} 
therefore  a:*  +  y*  =  a' -  4o'a;y  +  2*!'j/'. 

By  Bubstituting  the  values  of  sc*  +  y*  and  3;:'  +  y'  we  obtain 
o*  -  ia'xy  +  2a!*y'  -xy{a'-  Zxy)  +  sc'y'  =  ~  , 
that  ia,  Sa:*/  -  5a'xy  = a*. 

We  may  obtain  this  result  also  in  another  w(ty.     It  may  be 
shewn  that 

a' =  ar*  +  y*  +  Say  (fl^  + /)  +  lOa;"/ («  +  y)  ; 
thus  a'  -  6'  =  fixy  («*  +  y")  +  lOojc'y* ; 

and  a'  =  a^  +  y'+3a!y(a!+y) 

=  SB*  +  y"  +  Soay : 
therefore  »'  — 6'  =  5xy{a*—  Zaxi/)+  lOitt'y', 

or  SiKc'y'  -  fio'ajy  =  J'  —  a'. 
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From  this  quadratic  we   can  £nd  two  valuee  of  a:j/ ;   let  a 
denote  one  of  these  values,  then  we  have 

x  +  !/  =  a,  xy  =  c; 

thus  (a:  +  y)*  -  isei/  -a'—  4c, 

that  is,  (aj  —  j/)'  =  a'  —  ie; 

therefore  x  —  y  =  ■fc^{o*~4c). 


Thus  since 

xA-y  aoA  x 

~y&K 

known,  we  ca 

nfind 

imn 

mediately 

the  values  of  a 

andy. 

Or  we   may  proceed 

thus. 

Assume    x- 

y  =  «. 

then    since 

(C  +  y  =  o,  we 

obtain 

^Z), 

.^J(.-., 

Substitute 

in  the  second  of  the  given  equati 

Dns;  tiuB 

(»  +  «) 

+{«- 

ef  =  326', 

therefore 

5cu 

*+10a 

V=16fc'^a'. 

From   this   quadratic  we   may  find  a*,   and   hence  x,   that  is, 
X  ~y ;  and  hence  finally  x  and  j/. 

More  examples  will  be  found  in  Chapt«r  liv. 
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v'l. 

4«'  +  7!/'-148,        Si^-j/' 

■/2. 

a;+y  =  100,        3^/  =  2400. 

V3. 

'--.        l^i  =  >. 

V4. 

a  +  y  =  7,        ^  +  2/=  34. 

V5. 

.-y^l!,        >:■  +  ,■. 74. 

^. 

•        2    -*■        "     1  +  2 

V7. 

ic'+i/'  =  65,       a!y=28. 

V8. 

iry  =  l,     33j-5y  =  2. 

V». 

14.1.2,        «  +  j,.2. 
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/lo. 

•■  +  jy4.2/.74,        2!t'*2ij  +  y'.73. 

•Al. 

2..3,  =  3:,       Ui  =  » 

^2. 

a^  +  3ay  =  54,        a^  +  4y*  =  115. 

Ai. 

a^  +  a!y  =  15,         ay-y'  =  2. 

JU. 

.•  +  «j,  +  4j'.6,        Sj^tS/.U. 

^i. 

^■  +  iy.l2,         ^aj-an-.l. 

06. 

;j-_i,*]/'=2I,         y'-2:i5,  +  16.0. 

/ll. 

»;'-4j'  =  9,        «3,  +  2j'  =  3. 

M 

7ic'-8a^  =  159,         6a!  +  2y  =  r. 

^^. 

j!'-2ij,-jr'=l,         «+!,.2. 

■im. 

le-j,     «  +  >      3' 

V21. 

■  ill^'.lJ..l        ;.■  +  !,•. 20. 
•  -y     ai  +  j     S' 

V22. 

•ly+'125a:  =  y-a;.         y -  "Sa;  -  ■75jy -  3iB. 

V23. 

•3a!  +  -125y  =  3aj-y,         3*  - -Sy  =  2-25ay  +  3y. 

V24. 

y*^    4^+20*'+    3y-    264aT  =  0,\ 
5y'-3&ey+      a:*- 12y  +  1056a:  =  0.] 

•25. 

«  +  y  =  «',         3y-a:  =  y'. 

A 

.       .     5                             1 

v/27. 

,  +  2y4.^.I8,        3«4.y  +  ^.23. 

V^S. 

4(«*j).3i„,        j!  +  y  +  i'  +  j.'.2(i. 

v-29. 

,-,.2,        «--,-.8. 

730. 

a:+y  =  5,         iB'  +  y'=65. 

V31- 

!i;  +  y=ll,        a!'  +  /  =  1001. 

^32. 

a^{^  +  y)  =  30,    ■     «'  +  y*  =  35. 

i.7.-,M,Gt)ogle 
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yss. 

|.^.18,        ..,.12. 

/34. 

ai  +  S-lS,        «?  +  j/"=49U. 

/a.. 

y      »      '        >!     y     4 

yse. 

a^(x  +  y)  =  80,         a;*  (3iC  -  3y)  =  80. 

•sr. 

V38. 

•,V  +  »-«-20,       ifi-j- 

>;•  +  ,■. 7  +  ity.       jC+j-. 61,-1 

V^9. 

^  +  j/.8,        i,*i-^. 

v4o.  a!  +  y  =  4,         a!*  +  y*  =  82. 

/l5.  a:'  +  a^  +  y"  =  49,         a:*  +  !c'/  +  y'=  931. 

V'46.  x*-x'  +  j/*-!/'  =  8i,         a!'  +  !c'y'  +  y'  =  49. 

^47.  a:(12-a!y)  =  y(iry-3),        »^{y +  4a;-«y)  =  12(r  +  y-3). 

^48.  x  +  y  +  J{x!/)  =  U,        a^  +  y'  +  xi/=&i. 

\A9.  x  +  y-J{xy)  =  1,  a^  +  y*  +  a;y  =  133. 

/so.  K  +  y  =  72,         2/«  +  i/y  =  6. 

^^I.  i>!  +  V(a:"-y')=8,         a;-y=l. 

V53.  ..,.10,   yi+yi-5. 

r..„., ^,Gt)t)^lc 


EXAUPLEa       XXIU. 

vt*. 

V«-Vy-V(«y).      «  +  y='20. 

4^. 

,,.„.v<.-..^f5lj,     ^ 

VCS  +  i'j  +  Zy.S,        2a^  +  ^(V  +  4»').9 

sIm. 

l^f=^'    ^r^ 

^S8. 

«•-/  =  *■,         X3^b\ 

l/69. 

x  +  y  =  a,         x'  +  y'=b\ 

/60. 

v^.. 

+T =  1,         x  +  y  =  a*b. 

o  +  aj     b+y                      ' 

/s. 

be        Off      a  +  h          X     y     - 
^T?*;^T^-"~2"'         a*b-^- 

V63.    x-y  =  a,        a^-^  =  b\  -"- Y  ^ 

\/66.     2^(af-i^  +  xy=.l,         5-?  =  a. 

67.    «  +  y  =  aV{aT/),        '^-V^'' >J\- 

^68.    V(a=  +  y)  +  V(*-y)  =  >,        V{«'  +  y0  +  N/(^-S'')  =  6- 

V70.     !!!•+/- (a!  +  y)=a,         a!'  +  y*  +  a;+y-2(a!'  +  y^=  5. 

^71.    y^-Jfi,        -+?  =  !,        -+-  =  1. 
,         '  '         a     b  a     c 

V73.     -  +  i+i  =  9,         ?  +  -  =  13,         8a!  +  3y  =  5. 
X    p    »      '        X     y 
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v73.     y  +  8=-,         3r  +  a;=-,         a;  +  y=-. 
74.    ay«  =  a'(y  +  «)-6'(*  +  a!)  =  c'(a!  +  y). 

»•,  1117  , 

78.  «?+y*+«'  =  a!'  +  y'  +  «'  =  K  +  y  +  «=l, 

79.  e(a!  +  y  +  «)  =  »*,        y{x  +  y  +  a)  =  6',        8{a;  +  y  +  j)  =  c'. 

80.  a:y  +  a»  +  ys  =  26, 
iry(iB  +  y)+jMr(y  +  z)  +  sa!  («  +  «)=  162, 
ary  (*•  +  y*)  +  y«  (j)' +  «*)  +  aw  (ii:*.+ «^  =  538. 


XXIV.     PROBLEMS  WHICH  LEAD  TO  QUADRATIC 
EQUATIONS 

347.  We  shall  now  solve  and  discuaa  soma  problems  whicli 
lead  to  quadratic  equations. 

A  man  buys  a  Iiorse  which  he  sells  again  for  £34;  he  finds 
that  he  thus  loses  as  much  per  cent,  a^i  the  horse  cost ;  required 
the  price  of  the  horse. 

Let  as  denote  the  price  in  pounds ;  then  the  man  loses  x  per 
cent,  and  thus  his  total  loss  is  y^k  ^  ^  that  is,  -jj— ;  but  this 
loss  is  also  a; -24;  thus 

c.c„i.7?<iT,Google 
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.therefore  se"  -  lOOaj  =  -  2400, 

aad  »•  -  lOOa;  +  (50)'  =  2500  -  2400  =  100  ; 

lience  «-50  =  *10, 

and  « irr  60  OF  40. 

Thus  tkll  we  can  infer  is,  that  the  price  was  either  £Q0  or  £iQ, 
for  each  of  these  values  satisfies  aJl  the  cotiditions  of  the  problem. 

348.     Divide  the  number  10  into  two  parts,  such  that  their 
product  shall  be  24. 

Let  X  denote  one  part,  and  therefore  10  — «  the  other  part; 


«!(10->!).2*; 

thenfors 

»'-10^  — 24, 

•sd 

«'-10:c4-5'=25-24  =  l; 

heDce 

fl!-6=*l, 

Here  although  x  may  have  either  of  two  values,  jet  there 
ia  only  one  mode  of  dividing  10,  so  that  the  product  of  the  two 
parts  shall  be  24 ;  one  part  must  be  4  and  the  other  6. 

349.  A  person  bought  a  certain  number  of  oxen  for  £80 ; 
if  he  had  bought  4  more  for  the  same  sum  each  ox  would  have 
cost  £1  less ;  fiud  the  number  of  oxen  and  the  price  of  each, 

Iiet  X  denote  the  nuniBer  of  oxen,  then  —  ia  the  price  of  each 
in  pounds;  if  the  person  had  bought  4  more,  the  price  of  each  In 
pounds  would  have  been  —r  '•  thus,  by  supposition, 

80       80 
therefore  SOa;  ==  80  (a:  +  4)  -  «!•  -  4a!, 
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therefore  iC*  +  4a:  =  320, 

ind  as*  +  4a!  +  2'  =  320  +  4  =  324 ; 

tence  a:+2=*l8, 

and  a!  =  16or-20. 

Only  thepositiveTalne  of  a;  is  admissible,  and  thus  the  nuniber 
of  oxen  k  1 6,  and  the  price  of  each  ox  is  £5. 

Itt  solving  problems,  as  in  the  proposed  example,  results  will 
sometimes  be  obtained  which  do  not  apply  to  the  question  actually 
proposed.  The  reason  appears  to  be  that  the  algebraioal  mode  of 
expression  is  more  general  than  ordinary  language,  and  thus  the 
equation,  vhich  is  a  proper  representation  of  the  conditions  of  the 
problem,  will  also  apply  to  other  conditions.  Experience  will 
convince  the  student  that  be  will  always  be  able  to  select  the 
result  which  belongs  to  the  problem  he  is  solving,  and  that  it  will 
be  sometimes  possible,  by  suitable  changes  in  the  enunciation  cJ 
the  original  problem,  to  form  a  new  problem,  corresponding  to  any 
result  which  was  inapplicable  to  the  original  problem.  Thus  in 
the  present  case  we  may  propose  the  following  modification  of  the 
original  problem :  a  person  sold  a  certiun  number  of  oxen  for 
£80 ;  if  be  had  8old  4  /eurer  for  the  same  sum,  the  price  of  each 
ox  would  have  been  £1  mare ;  find  the  number  of  oxen  and  the 
price  of  each. 

Liet  X  represent  the  number;  then  by  the  question  we  shall 
have 


The  roots  of  this  quadratic  will  be  found  to  be  20  and  -  16 ; 
thus  the  number  20  which  appeared  witli  a  negative  sign  as  a 
result  in  th(i  former  case,  and  was  then  inapplicable,  is  here  tho 
admissible  result. 

350.  Find  a  number  such  that  twice  its  square  increased  by 
tiiree  times  the  number  itself  may  amount  to  65. 
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Let  at. denote  the  number ;  then,  b7  the  question, 

2a/ +  3a!  =  65. 
The  roots  of  this  qutukatic  wiU  be  found  to  be  fi  and  —  -=- ; 

the  first  value  satisfies  the  conditions  of  tlie  question.  In  order  to 
interpret  the  second  value,  we  observe,  that  if  we  write  —x  for  a; 
in  the  equation,  it  becomes 

2a;'-3a:=65; 

and  the  roots  of  the  latter  equation  are  -^  and  —5,  as  will  be 
found  on  trial,  or  may  be  known  from  Ai-t.  3i0.     Hence  -^  is  the 

answer  to  a  new  question,  namely  :  find  a  number  such  that  twice 
its  .square  diminished  by  three  times  the  number  itself  may 
amount  to  65. 

351.  Divide  a  given  line  into  two  parts,  such  that  twice 
the  square  on  one  part  may  be  equal  to  the  rectangle  contained 
by  the  whole  line  and  the  other  part. 

Let  a  draiote  the  length  of  the  line,  and  x  the  length  of  one 
part,  then  a  —  xiR  the  length  of  the  other  part ;   thus,  by  the 


therefore  2iC*  +ax  =  a*, 

and  k'+tt  =  ill 


KD' 


Here  ^  is  the  required  length.  The  negative  answer  sug- 
gests the  following  problem :  produce  a  given  line,  so  that  twice 
the  square  on  the  part  produced  may  be  equal  to  the  rectangle 
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contained  bf  the  given  line,  and  the  line  m&de  tip  of  .tlie  given 
line  and  the  part  produced ;  th.e  result  iSj  €bat  the  part  produced 
must  be  equal  to  the  given  line, 

352.  In  the  examples  hitherto  given,  both  roots  of  the  quad- 
ratic equation  have  applied  to  the  actual  problem,  or  to  an  allied 
problem  which  -was  easily  formed.  EVequently,  however,  it  will 
be  found  that  only  one  root  applies  to  the  problem  proposed,  and 
that  no  obvious  interpretation  occurs  for  the  other. 

353.  Froblems  may  be  proposed  which  iuvolve  more  than 
one  unknown  quantity,  and  thus  lead  to  ttmidtaneoua  equationt; 
we  will  give  an  example. 

Two  men  A  and  B  sell  a  quantity  of  wheat  for  j£28.  8«. 
S  sells  four  quarters  more  than  A,  and  if  he  had  sold  the  quan- 
tity A  sold,  would  have  received  £10  for  it;  wlule  A  would  have 
received  16  guineas  for  what  B  sold.  Find  the  quantity  sold  by 
each,  and  the  rates  at  which  they  sold  it. 

Let  X  denote  the  number  of  quarters  which  A  sold,  and  there- 
fore a;  4-  4  the  number  which  B  sold ;  and  suppose  that  A  sold  his 
wheat  at  y  shillings  per  quarter,  and  that  S  sold  his  at  «  shillingB 
per  quarter.  Then  siuce  the  value  of  the  wheat  sold  is  568  shil- 
lings, we  have 

33^  + (a: +  4)  a  =568 (1). 

If  B  had  sold  the  quantity  A  sold,  he  would  have  received 
200  shillings ;  thus 

[Ea  =  200 (2). 

Similarly,  (a;  +  4jy  =  336 (3). 

From  (3)  we  have  iC3/  =  336-4y;  by  substitution  in  (1)  we 

836-4y  +  200  +  4a  =  668; 
therefore                          4  («  -  y)  =  32, 
•^  «-y  =  8 .^ (4). 
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From  (2)  we  have 


and  from  (3)  we  have 


200      336 


50     84     ,  .„ 

and  —  =  —  -1  (5). 

We  may  now  find  y  and  z  from  (4)  and  (5).     Substitute  in 
(5)  the  value  of  s  from  (4) ;  thus 

_60_^84_j, 
y  +  S      y         ' 
therefore  50y  =  84  (y  +  8)  -  {y'  +  8j/), 

hence  j/'-26y- 672  =  0. 

From  this  quadratic  we  shall  find  y  =  i2  or  —  16.     The  formoi' 
is  ihe  only  admissible  result ;  thus  «  =  aO  j  and  :e  -  4. 


EXAUPLES   OF  PGOBLEMS. 

1.     Find  two  numbers  such  that  their  sum  may  be  39,  and 
the  sum  of  their  cubes  17199. 

*  2.  A  certain  number  is  formed  by  the  product  of  three  con- 
secutive numbers,  and  if  it  be  divided  by  each  of  them  in  turn, 
the  sum  of  the  quotients  is  i7.     Find  the  number. 

V  3.  The  length  of  a  rectangular  field  exceeds  the  breadth  by 
one  yard,  and  the  area  is  three  acres :  find  the  length  of  the  sides. 

*  4,  A  boat's  crew  row  3J  miles  down  a  tiver  and  back  again 
in  1  hour  and  40  minutes :  supposing  the  river  to  have  a  current 
of  2  miles  per  hour,  find  the  rate  at  which  the  crew  would  row  in 
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V  6.  A  farmer  wishes  to  enclose  a  rectangular  piece  of  land  to 
contiun  1  acre  32  perches  with  176  hardies,  each  two  yards  long; 
how  many  hurdles  must  he  place  in  each  side  of  the  rectangle  1 

V  6.  A  person  rents  a  certain  number  of  acres  of  land  for  £84; 
he  coltlvates  1  acres  himself,  and  letting  the  rest  for  10a.  an  acre 
more  than  he  pays  for  it,  receives  for  this  portion  tiie  whole  reat, 
£84.     Find  the  number  of  acres. 

V  7.  A  person  purchased  a  certain  number  of  sheep  for  £35 : 
after  loung  two  of  them  he  sold  the  rest  at  10  shillings  a  head 
more  than  he  gave  for  them,  and  by  so  doing  gained  £1  by  the 
transaction.     Find  the  number  of  sheep  he  purchased. 

V  8.  A  line  of  given  length  is  bisected  and  produced :  find  the 
length  of  the  produced  part  so  that  the  rectangle  contained  by 
half  Hie  line  and  the  line  made  up  of  the  half  and  the  produced 
part  may  be  equal  to  the  square  on  the  produced  part, 

V  9.  The  product  of  two  numbera  is  750,  and  the  quotient 
when  one  is  divided  by  the  other  is  3^  :  find  the  numbers. 

^  10.  A  gentleman  sends  a  lad  into  the  market  to  buy  a  shil- 
ling's worth  of  oranges.  The  lad  having  eaten  a  couple,  the 
gentleman  pays  at  the  rate  of  a  penny  for  fifteen  more  than  the 
market-price ;  how  many  did  the  gentleman  get  for  his  shilling  t 

^11,  What  are  eggs  a  dozen  when  two  more  in  a  shilling's 
worth  lowers  the  price  one  penny  per  dozenT 

VI 3.  A  shilling's  worth  of  Bavarian  kreuzers  is  more  nume- 
rous by  6  than  a  shilling's  worth  of  Austrian  kreuzers;  and  15 
Austi-ian  kre\izers  ai-e  worth  Id.  more  than  15  Bavarian  kreuzers. 
How  many  Aostrian  and  Bavarian'  kreuzers  respectively  make  a 
shilhngl 

\|  13.  Find  two  numbers  whose  sum  is  nine  times  their  differ- 
ence, and  whose  product  diminished  by  the  greater  number  is 
eqiul  to  twelve  times  the  greater  number  divided  by  the  less. 

Vl4.     Two  workmen  were   employed  at  different  wages,  and 
ptud  at  the  end  of  a  certain  time.    The  first  received  £4.  IGi., 
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and  tho  BecoD<],  who  had  worked  for  6  days  less,  recei\-ed  £2.  lis. 
If  the  second  had  worked  all  the  time  and  the  first  had  omitted 
6  dajB,  thej  would  hare  received  tlie  same  som.  How  man^  dajm 
did  each  work,  and  what  were  the  wages  of  each  t 

V  15,  A  party  at  a  tavern  spent  a  certain  sum  of  money.  If 
there  had  been  five  more  in  the  .party,  and  each  person  had  spent 
a  shilling  more,  the  bill  would  have  been  X6.  If  there  had  been 
three  leas  in  tihe  party,  and  each  person  had  spent  eightpeuce  less, 
the  bill  would  have  heen  £2.  12«.  Of  how  many  did  the  party 
consist,  and  what  did  each  person  spend  ] 

16.  A  person  bought  a  number  of  £20  railway  shares  when 
they  were  at  a  certain  rate  pec  cent,  discount  for  £1500;  and 
afterwards  when  they  were  at  the  same  rate  per  cent,  premiiun 
sold  tliem  all  but  60  for  £1000.  'Sow  niafly  did  he  buy,  and  what 
did  he  give  for  each  of  ^em ! 

\/l7.  Find  that  number  whose  square  ^dad  to  its  cube  is  nine 
times  the  next  higher  number, 

18.  A  person  has  £1300,  which  he  dirides  into  two  portions 
and  lends  at  diffei-ent  ra'es  of  intei-est,  so  that  the  two  portions 
produce  equal  I'etums.  If  the  first  portion  had  been  lent  at  the 
second  rate  of  interest  it  would  have  produced  £36 ;  and  if  the 
second  portion  had  been  lent  at  the  first  rate  of  interest  it  would 
have  produced  £49.     Find  the  rates  of  intei-est 

19.  A  person  having  travelled  56  miles  on  a  railroad  and  the 
rest  of  his  journey  by  a  coach,  observed  that  in  the  train  he  had 
performed  a  quarter  of  his  whole  journey  in  the  time  the  coach 
took  to  go  5  miles,  and  that  at  the  instant  he  arrives  at  home 
the  train  must  have  reached  a  point  35  miles  further  than  he  was 
from  the  station  at  which  it  left  him.  Compare  the  rates  of  the 
coach  and  the  train,  and  find  the  number  of  miles  in  the  rest  of 
the  journey. 

20.  A  sets  off  from  London  to  York,  and  D  at  the  same  time 
from  York  to  London,  and  they  travel  uniformly;  A  reaches 
York  16  houi-s,  and  £  reaches  London  36  hours,  after  they  hav« 
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met  on  the  road.     Hud  in  vhttt  time  each  has  performed  tlie 
journey. 

21,  A.  courier  proceeds  from  one  place  P  to  tuiother  place  Q 
iu  14  hours ;  a  second  courier  starts  at  the  same  time  as  the  first 
from  a  place  10  miles  behind  P,  aud  amvea  at  §  at  the  same  time 
as  the  first  courier.  The  second  courier  finds  that  he  takes  half 
an  hour  less  than  the  first  to  accomplish  SO  miles.  Find  the  dis- 
tance of  Q  from  F. 

22,  Ivro  travellers  A  and  B  set  out  at  the  same  time  frvim 
two  places  P  and  Q  respectively,  and  travel  so  as  to  meet,  "Wten 
they  meet  it  is  found  that  A  has  travelled  30  miles  more  than  P, 
and  that  A  will  reach  §  in  4  days,  and  S  will  reach  Pm9  days, 
after  they  meet.     Find  the  distance  between  P  and  Q. 

23,  A  vessel  can  be  filled  with  water  by  two  pipes  ;  by  one 
of  these  pipes  alone  the  vessel  would  be  filled  2  hours  sooner 
than  by  the  other;  also  the  vessel  can  be  filled  by  both  pipes 
together  in  1 J  hours.  Find  the  time  which  each  pipe  alone  would 
take  to  fill  the  vessel. 

24,  A  vessel  is  to  be  filled  with  water  by  two  pipes.  The 
first  pipe  is  kept  open  during  three-fifths  of  the  time  which  the 
second  would  take  to  fill  the  vessel ;  then  the  first  pipe  is  closed 
and  the  second  is  opened.  If  the  two  pipes  had  both  been  kept 
open  together  the  vessel  would  have  been  filled  6  hours  sooner, 
and  the  first  pipe  would  have  brought  in  two- thirds  of  the  quantity 
of  water  which  the  second  pipe  really  brought  in.  How  long  would 
each  pipe  alone  take  to  fill  the  vessel  t 

25,  A  certain  number  of  workmen  can  move  a  heap  of 
stones  in  8  hours  fr«m  one  place  to  another.  If  there  had  been 
8  more  workmen,  and  each  workman  had  carried  5  lbs.  less  at  a 
time,  the  whole  work  would  have  occupied  /  honra.  If  howevei- 
there  had  been  6  fewer  workmen,  and  each  workman  had  carried 
11  lbs.  more  at  a  time,  the  work  would  have  occupied  9  hours. 
Find  the  number  of  workmen  and  the  weight  which  each  carried 
at  a  tim& 
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354.  Although  the  square  root  of  a  negative  quantity  is  the 
symbol  of  an  impossible  operation,  yet  these  square  roote  are  fi^ 
qaently  of  use  in  Mathematical  investigations  in  consequence  <^  a 
few  conventions  which  we  shaJl  now  explain. 

355.  Let  a  denote  any  real  quantity;  then  the  square  roots 
of  the  negative  quantity  —a'  are  expressed  in  ordinary  notation 
by  i^(-o').  Kow  —a'  may  be  considered  aa  the  product  of 
a'  and  —  1  j  so  if  we  suppose  that  the  square  roote  of  this  product 
can  be  formed,  in  the  same  manner  aa  if  both  &ctors  were  poai- 
tive,  by  multiplying  together  the  square  roots  of  the  factors,  the 
square  roots  of  —  o'  will  be  expressed  by  •fca^(— 1).  We  may 
therefore  agree  that  the  ezpreesions  <k  J{—a')  and  >i=a^(—  1)  shall 
be  considered  equivalent.  Thus  we  Bhall  only  have  to  use  one 
imaginary  espression  in  our  investigations,  namely,  ^{—  1). 

356.  Suppose  we  have  such  aji  expression  as  o  +  yS»/(— 1), 
where  a  and  p  are  real  quantities.  This  expression  may  be  said 
to  couaifit  of  a  real  part  a  and  an  imaginary  part  PJ{-- 1) ;  or  on 
account  of  the  presence  of  the  latter  term  we  may  apeak  of  the 
whole  expresuAn  aa  imaginary.  When  p  is  zero,  the  term 
p  y(—  1)  is  coneidered  to  va/tiiek ;  this  may  be  n^arded  then  as 
anotlier  convention.  If  a  and  j8  are  both  zero,  the  whole  expres-  _ 
sion  vaoishes,  and  not  otherwise. 

3£>7.  By  means  of  the  conventions  already  made,  and  tlie 
additioital  convention  that  such  terms  as  pj(^  1)  shall  be  subject 
to  tiie  ordinaiy  rules  which  hold  in  Algebraical  transformations, 
we  may  establish  some  propositiotui,  as  will  now  be  seen. 

358.  In  order  that  two  iTnaginary  expreesiont  may  he  eqtud, 
it  it  necestan/  and  sti^icient  that  the  real  porta  should  he  equal, 
amd  that  the  eo^^imtt  o/t/(—  1)  should  be  eqwU. 
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For  suppose         a  +^s/{- 1)  =  y  +  S  ^(- 1) ; 
then,  by  tranapoBition,  a-y  +  (fi-S)  J{—  1)  =  0 ; 
thus,  by  Art.  356,  a-y  =  0,    aiid^-8  =  0j 

that  is,  *  =  yi  and  P  =  S. 

Thus  the  equation 

may  be  considered  aa  a  symbolical  mode  of  asserting  the   two 
equalities  a  =  y  and  y3  =  S  in  OTte  statement 

359.  Take  now  two  imaginary  expressions  a  +  ^^(— 1)  and 
7  +  8^(-l),  ftiid  form  their  sum,  difference,  product,  and  quotient. 

Their  sum  is 

a  +  T  +  03  +  S)^(-l). 
If  the  second  espressicot  be  taken   from   the  first,  the  re- 
mainder is 

Their  product  is 

for  ^{-  1)  X  ^(- 1)  is,  by  supposition,  -  1. 

The  quotient  obtained  by  dividing  the  first  expression  by  the 
second  is 

This  may  be  put  in  another  form  by  multiplying  both  numerator 
and  denominator  by  y  -  S  J(~  1).     The  new  numerator  ia  thus 

and  the  new  denominator  ia  y"  +  S" ;  therefore 

a+^V(-l)_ay+^^y-aS     .,_j. 
y^BJ(~l)-y'  +  &-*yTW^^      ^- 

360.  We  wfll  now  give  an  example  of  the  way  in  which 
imaginary  expressions  occur  in  Algebra.  Suppose  we  tave  to 
solve  the  equation  a^  =  1.     We  may  write  the  equation  thus, 

x'-l  =  0; 
or  in  factors,  (a;  -  1)  (a;*  +  «  +  I)  =  0.  ,-.  , 
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ThuB  we  satisfy  the  proposed  equation  mther  by  putting 
a;  —  1  =  0,  or  by  putting  as"  +  a:  +  1  =  0.  The  first  gives  a;  =  1 ; 
the  second  may  be  written 

ci^  +  x  =  -l, 

therefore  uj'  +  x+fs)  =i~^=~I' 

therefore  a;  +  |^±     A-|)  =^^-^(-1)  ; 


Thus  we  conclude  that  if  either  of  the  imaginary  expreasiona 
last  written  be  cubed,  the  result  will  be  unity.  This  we  may 
verify;  take  the  upper  sign  for  example,  then 

{-^4'vM>f^(-J)"-(-0'^-'<-" 
K-5){f^<-»}'=(-l)(-M' 

{fs/(-l)}'-{^V(-l)}'=fV(-l) 


Thus  the  result  ia  unity. 

If  «■  — 1,  we  have  a:  =  {!)';    it  appears  then  that  thei-e  are 
three  cube  roots  of  unity,  namely,  1  and  -  5  *  a"  '^^~  ^^' 

I...,.-. ^,Gt)t)^lc 


S16  niAomAitY  expREssioNa 

361.  We  have  Been  in  Art  337,  that  the  quadratic  expregnon 
aa^+Jos  +  cis  always  identical  with  a{x—p)(x-q),  -where  y  and  q 
are  the  roots  of  the  equation  aa^  +  bx+e=0.  If  the  roots  are 
imaginary,  p  and  q  will  be  of  the  forma  'i-^fi >J{—l)i  thus  ,w« 
have  then 

ait?-i-bx+c  =  a{x~<i~p^{-l)}[x-<i+pj{-l)). 
This  will  present  do  difficulty  when  we  remember  the  conveu' 
tion  that  the  usual  algebraical  operations  are  to  be  applicable  to 
the  term  /3  t/(-  1),     For  the  second  side  of  the  asserted   iden- 
tity is 

a{{x~ay  +  fi'],  that  is,  a{3^-2ax*-a*  +  ^'], 

and  from  the  values  of  a  and  j3  we  have 

2a  =  --,  and  o'+^  =  -; 

tLua  the  second  ude  coincides  with  the  first. 

362.  Two  imaginary  expressions  are  said  to  be  coiyugaie  when 
they  differ  only  in  the  sign  of  the  coefficient  of  ^(—  1).  Thus 
a  +  /3  J{—  1)  and  a  -  PJ{—  1)  are  conju^gala. 

Hence  the  gum  of  two  conjugate  imaginary  expressions  is  real, 
and  so  also  is  -Uieir  product.  In  the  above  ezamjde  the  sum  is 
2a,  and  the  product  is  a'  +  ^. 

363.  The  positive  value  of  the  square  root  of  a'  -t-  ^  is  called 
the  Toodvliu  of  each  of  the  expressions 

a  +  j8V{-l)  anda~j8^(-l). 

From  this  definition  it  follows  that  the  modulus  of  a  real 
quantity  is  the  numerical  value  of  that  quantity  taken  positively. 

In  order  that  the  modulus  ^(a'-y^  may  vanish,  it  is  neces- 
sary that  a  '  0  and  /?  =  0 ;  in  this  case  the  expressions 

a  +  /3V(-l)  "Id  »-^V(-l) 
vanish.     And  conversely,  if  these  expressions  vanish,  then  a  =  0 
and  J3  =  0,  and  thus  the  modulus  vanishes. 
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364.  If  two  imiiginaiy  expressions  are  equal,  tlieii'  modtiii 
are  equal.  It  U  not  however  necessarily  true,  that  tlie  expressiona 
are  equal  if  ths  moduli  are  equal. 

3G5.     The    niodulus    of    the    product   of    a-t-^  J{—  1)    and 
J{{ay  -  /38)'  +  <fiy  +  aS)'} ;   (see  Art.  359). 

thus  the  modulus  is 

Hence  the  modtUug  0/  the  product  of  two  imaginary  Kcpres- 
giong  is  equal  to  the  product  of  their  moduli. 

Therefore  the  product  of  two  imaginary  expressions  cannot 
Tauish  if  neither  iactor  vanishes. 

It  will  follow  from  this  that  the  modulus  of  the  quotient  of 
two  imaginary  expressions  is  the  quotient  of  their  moduli.  This 
can  also  be  shewn  by  forming  the  modulus  of  the  expression  for 
the  quotient  given  in  Art.  359. 

366.  It  is  often  necessary  to  consider  the  powers  of  ^/{—  1). 
"We  may  foi-m  them  by  successive  multiplication  ;  tiins, 

W- 1)1'- >/(-!).      WC-i)!"— 1. 
iv'(-l)|■-M-l)l•«^/(-l)— y(-i),      IV(-i)!'-i- 

If  we  proceed  to  obtain  higher  powers  we  shall  have  a  re- 
currence of  the  results  ^{-'i),  —1,  — -Ji-^),  1-  ^e  may  then 
express  all  the  powers  by  four  formuke.  For  every  whole  numher 
must  be  of  one  of  the  four  forma  in,  in  +  1,  in  +  2,  4n  -I-  3, 
according  as  it  is  exactly  divisible  by  4,  or  leaves,  when  divided 
by  4,  a  remainder  1,  3,  3,  respectively.     And 

w-i)r=i.      w-in-'-v^i), 
w- 1))'- — I,     w(-i)r" = -  v(- 1); 
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367,  The  iquare  root  of  an  imaginary  expression  o/the/orm 
a  +  jfl  ^{—  1)  may  be  expressed  in  a  similar  Jorm, 

For  suppose      ^{<^+fiJ{-l)]^!C  +  fjJ{-l); 
then       a  +  p  ^{-l)  =  {x  +  y  J(-l)Y  =  <if-y'+2xy  J(-l), 
Hence,  by  Art.  358, 

*■-/  =  » (1). 

2ay  =  i8 (2); 

thevefoi-e  from  (1)  and  (2) 

{«'  +  yV  =  a'  +  ^, 

thus  a^  +  3/'=^/{a'  +  ^) (3).    , 

From  (1)  and  (3)  we  obtain 

Since  the  valuee  of  x  and  y  are  supposed  real,  x'  A-j^  ia  posi- 
tive, and  thus  the  positive  sign  must  be  ascribed  to  the  quantity 
^{tt'  +  j8^.  And  since  the  voJuea  of  x  and  y  must  satisfy  the 
equation  2xy  -  ft  they  must  have  the  same  sign  if  j8  be  positive, 
and  different  signs  if  j3  be  negative.  On  account  of  the  double 
sign  in  the  values  of  a  and  y,  we  see  that  a  +  jS^(-l)  has  two 
square  roots  which  differ  only  in  sign. 

368,  We  may  obtain  the  square  roots  of  -fc  ^{- 1)  by  snp- 
poaing  that  a  =  0  and  ;3  =  -fa  1  in  the  resulte  of  the  preceding 
Article.     Thus  we  shall  obtain 


tJf-ll    ^,_v(_,„..lr^. 


^l+y(-i)I  =  '-^4-^     ^(-V(-i)l- 


If  we  suppose  that  s*«— 1,  we  deduce  8*=>ii,y(- l)j  thus 
e-j,^{^J{-l)].  And  since  a*  =  -I,  we  have  z-(-l)K  Thus 
there  are  four  fourth  roots  of  —  1,  namely,  the  four  expressions 
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contained  in  J- ^ — '-.     There  ate  also  fovu- fourth  roots  of  I, 

since  if  we  put  a*  =  1,  we  find  8*  =  *!,  and  s  =  ^Jl  or 
e  =  ±  V(-  I)-  Similarly  there  are  eight  eighth  roots  of  1  or  -  1, 
and  so  on. 

UISCELLANEOUS   EXAMPI.E3. 


/-S.     If  ?^  +  .^^  =  0,  shew  that 

V  1  +  aJ      1  +  cd       ' 

a— (I       b  —  e        ,a-*-c        6+(i 
y   3.     Shew  that 

■/       o'+6'  +  c'  +  24o5<;  = 

(a*b  +  cr-S{a{b-c)'*b{c~ay  +  c(a-b)'}, 
s/       (»  +  6  +  c)'-27a6c  = 
J  {{<»  + 6  +  7«)  («- 6)' +  (&  +  «+ 7'»)  (**-")'  +  (■'  +  «*  76)  ("- a)'l, 

■/     9(a'  +  b'  +  i^-(a  +  b  +  ey  = 
Ua+  ib  +  e)(a'-by  -h  (ib  +  ic  +  a)  {b-cy+  {ie  +  ia  +  b){c~ay. 

V  4.  Shew  that  if  o  -t-  6  +  c  is  aero  the  following  expression  is 
also  zero, 

2»*  +  bo     '^b'  +  ca     2<^  +  (d> 

'  B.  If  the  square  root  of  the  product  of  two  quantities  is 
rational,  shew  that  the  square  root  of  the  quotient  obtained  by 
dividii^  one  by  the  other  is  also  rational. 

r..„ ^,Gt)tH^lc 
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V     6.     Extract  theequarerootof  {l  +  a![{l  +  a!'+2(l-a:^^!B}. 

^   7,     Express  in  the  form  of  tlie  sum  of  two  simple  surds  ths 
roota  of  the  equation  x*  -  So*'  +  6'  =  0. 

8,     Express  in  tlie  form  of  the  sum.  of  two  simple  surds  tite 
of  the  equation  4a;*  -4(1  +  n')  oV  +  nV  =  0. 


VS.     By 


ing  the  operation  for  extracting  the  sqnare 
root,  find  a  value  of  a:  which  will  make  9:*  + &b'  + lla^+ 3a!  + 31 
a  perfect  square. 

10.     Shew  that  ifa:*  +  aa^  +  &c'  +  ca:  +  d  be  a  perfect  square, 
the  coefficients  satisfy  the  relations 

8c  =  a(46-a')  and  («-a')*  =  64d: 
V  11.     If  the  values  of  se,  y,  x',  y' be  all  possible,  and 
l+aa!'  +  yy=V(l +«*  +  /)  Va  +  '«"  +  »'^. 
shew  that  w  =  x'  and  y  =  y'. 

\     12.     Shew  that  the  equation 

o'6' {«  -  aO' +  o*^' (y  -  jO' +  (*'a^  +  »y  -  »'6')  (*'«^  +  •» V- w'**)  =  0 
is  equivalent  to  the  two  a'b*~a'yy'—i'x3^~  0  and  xy'—x'j/=0. 

/     13.     A  man  sells  a  horse  for  £24.  12>.,  and  loses  18  per  cent. 
a  what  the  horse  cost  him  :  find  the  original  cost. 


/. 


14.  Divide  the  number  16  into  three  such  parts  that  the  dif- 
ference of  the  two  less  shall  be  the  square  root  of  the  greatest,  and 
the  difference  of  the  two  greater  shall  be  the  square  of  the  least. 


Shew  that 

{zll.^}-.(d 

U^V 

is  equal  to  3  if  n  be  a  multiple  of  3,  and  equal  to  —  1  if  n  be  any 
other  int^r. 

r..„ ^,Gt)t)gle 


EXAUPLES.      XXT.  221 

Solve  tho  following  equations : 

/16.   £±i+!±|.2!±|. 

os-l      x-2        a!-3 

^«-  (-i)(-3(-?)=(-i)(-^)(«-3). 

/l9.  a:'-8a!"+12a:'+I6iB-16  =  0. 

y  20.  J(2x-l)+^l,3x-2)-J(^x-3)^-J(5ll-l), 

21.  26{^(«+«)-6)  +  2«(v'(«-o)  +  »|-«. 

22.  {>  +  =,)-»  y(.-«)  +  »-~. 
/23.  !B  +  y  =  a  +  6,         ?  +  -  =  2. 

/    2*.      .^  + i!!_.(i±?)i,       ,+  „.,. 
»  a  +  as     o  +  jf     a+b+o'  " 

y25.   e5-|)===6g.^). 

26.    xi^-xy)  =  y{xy-ae),  x!/(ay  +  bz-xy)  =  abc(x+ff~e). 

28.  (fl  +  a!)(y  +  8)-6  +  <;-a, 

(.+?)(«+.)■«  +  »- S, 

»■  +  «■+!■  +  »■. 3(0  +  6  +  4 

D,g,l,7?d-,G00(^|C 


XXVL     RATIO. 

369.  Eatio  is  the  relation  v/hich  ono  quantity  bears  to 
another  with  respect  to  magnitude,  the  comparison  being  maiie 
by  considering  what  multiple,  part,  or  partiS,  the  first  quantity  is 
of  the  second. 

Thus  in  comparing  6  with  3,  wc  observe  that  6  has  a  certain 
magnitude  with  i-espect  to  3,  which  it  contains  twice ;  again,  in 
comparing  6  with  2,  we  see  that  6  has  now  a  different  relative 
magnitude,  for  it  contains  2  three  times ;  or  6  is  greater  when 
compared  with  2  than  it  is  when  compared  with  3. 

370.  The  ratio  of  o  to  5  ia  usually  expressed  by  two  points 
placed  between  them,  thus,  a  :  b ;  and  a  is  called  the  antecedent 
of  the  ratio,  and  b  the  eomequent  of  the  ratio. 

371.  A  ratio  is  measured  by  the  fraction  which  has  for  its 
numerator  tbe  antecedent  of  the  ratio,  and  for  its  denominator 
the  consequent  of  the  ratio.     Thus  the  ratio  of  a  to  6  is  measured 

by  vj  then  for  shortness  we  may  say  that  the  ratio  cif  a  to  h  ia 

372.  Hence  we  vo^j  say  that  the  ratio  of  a  to  (  is  equal  to 
the  ratio  of  e  to  (^  when  t  =  j  • 

373.  If  the  terms  of  a  ratio  be 
same  quantity  the  ratio  i^  not  altered. 


.^,  (Art.  1C5). 

%tios  b 
x)mmoi 


374.     "We  may  compare  two  or  more  ratios  by  reducing  the 
fractions  which  measure  these  ratios  to  a  common  denominator. 


KATIO.  S23 

Thus  suppose  one  ratio  to  be  that  of  a  to  i,  and  another  ratio  to 
be  that  of  c  to  d;  then  the  first  ratio  r  =rj>  '"'^  ^^  second 

e      he 
ratio  -j  —  j-j-     Hence  the  first  ratio  is  greater  than,  equal  to,  or 

less  than,  tlie  second  ratio,  according  as  o^  is  greater  than,  equal 
to,  or  less  than  be, 

375.  A  ratio  is  called  a  ratio  of  greater  inequality,  of  leu 
inequality,  or  of  equality,  according  as  the  antecedent  is  greater 
than,  lees  than,  or  equal  to,  the  consequent. 

376.  A  ratio  of  greater  ijiequality  it  dtminiehed,  and  a  rado 
of  teas  ineqitality  is  tnavaaed,  by  adding  any  quantity  to  boik 
term»  if  (Ae  raiio. 

Let  the  ratio  be  r  >  c^d  let  a  new  ratio  be  formed  by  adding 
X  to  both  terms  of  the  original  ratio  :  then  t is  greater  or  less 

^,       a  ,.  lla  +  x)  .  ,  ,       ^,       a(b  +  x)     ,,    , 

than  7- ,  according  as  -rjr-. — r  is  greater  or  less  tiian  ~ ■;  :  that 

t>  0(1)  +  at)  0(0 -t-x) 

ia,  according  as  h{a  +  x)  is  greater  or  less  than  a  (6  •<■  a:) ;  that  is, 

according  as  o^  is  greater  or  less  than  xa ;  that  is,  according  as  ft 

is  greater  or  less  than  a. 

377.  A  ratio  of  greater  inequality  ts  increased,  and  a  ratio  of 
lees  inequality  is  diminished,  by  taking  from  both  terms  of  the  ratio 
any  quantity  which  ie  Use  than  each  of  those  tenns. 

w  ratio  be  formed  by  tt^Ing 

X  from  both  terms  of  the  original  ratio  :  then  f is  greater  or 

less  than  r  >  accordinz  as  -j-z ;  is  great«r  or  less  than  rr; , ; 

b  ^        b{fi~x)      °  b(b  —  x) 

that  is,  according  as  &  (a  —  x)  is  greater  or  less  than  a(b  —  x);  tiiat 

is,  according  asbxis  less  or  greater  than  ax  j  that  is,  according  tji 

b  is  less  or  greater  than  a. 
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224  BATIO. 

378.  If  the  anbecedcDts  of  anj  ratios  be  multiplied  together 
and  olao  the  consequents,  a  new  ratio  is  obt^ned,  'which  is  said  to 
be  compounded  of  the  former  ratios.  Thus  the  ratio  ao  i  bd  a 
said  to  be  compounded  of  the  two  ratios  a  :  b  and  c  :  d. 

379.  The  ratio  compoimdod  of  two  ratios  has  sometimes  been 
called  the  sum,  of  those  two  I'atios.  When  the  ratio  a  :  b  IB  com- 
pounded with  itself,  the  resulting  ratio  o'  :  6'  is  aometimeB  called 
the  double  of  the  ratio  a  :  b.  Also  the  ratio  a'  :  6'  is  called  the 
triple  of  the  ratio  a  :  b.     Similarly,  the  ratio  a  :  b  is  sometimes 

said  to  be  half  of  the  ratio  a'  :  b*,  and  the  ratio  o"  :  6'  is  some- 
times said  to  be  -  {A  of  the  ratio  a  :  b. 

This  language,  however,  is  now  not  vsed  ;  the  following  terms 
are  in  conformity  with  it,  and  some  of  them  are  still  retained. 
The  ratio  a*  :  &'  is  said  to  be  the  duplicate  i-atio  of  a  :  6,  and 
the  ratio  a"  :  b'  the  triplicate  ratio  of  a  :  fi.  Similarly,  the  ratio 
Ja  :  ^b  is  called  the  gubduplicale  ratio  of  a  :  b,  and  the  ratio 
^a  :  i/b  the  mhtripHaaie  ratio  of  a  :  6.  And  the  ratio  a'  :  6' 
is  called  the  sesquiplieate  ratio  of  a  :b. 

380.  I/lhe  consequent  oj  the  preceding  ratio  he  the  antecedent 
of  the  succeeding  ratio,  and  any  numbsr  of  mick  ratios  be  tdlcen,  the 
ratio  which  arises  from  their  composition  is  that  of  the  first  antece- 
dent to  the  last  consilient. 

Let  there  b^  three  ratios,  namely  a  -.byb  :  c,  c  :  d;  then  the 
compound  ratio  is  ax&xe  :  by.ey.d  (Ai-t.  378),  that  is,  a  :  d 
Similarly,  the  proposition  may  be  established  whatever  be  the 
number  of  ratios. 

381.  A  ratio  <>f  greater  inequalily  compownded  toith  aTiother 
inereatea  it,  and  a  ratio  of  less  ineqiuUitg  comjtounded  loith  ano&er 
diminishes  it. 

Let  the  ratio  ib  :  ^  be  compounded  with  the  ratio  a  :  b;  the 
compound  ratio  is  xa  :  yb,  and  this  is  greater  or  less  than  the 
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1-atto  a  :  6,    according  as  -^  is  greater  or  less  than  ri  that  is, 
according  as  ic  is  greater  or  less  than  y. 

382.  If  the  difference  heUoeen  the  o/nCecedenl  and  the  eotisequent 
of  a  ratio  be  tmall  compared  taith  eititer  of  Hiem,,  the  ratio  of  their 
squares  is  nearly  obtained  by  dovUiTig  this  difference. 

Let  the  proposed  ratio  be  a  +  x :  a,  'vrhei-e  x  is  small  compai'od 
with  a;  then  a'  +  2ax  +  3?  :  a'  ia  the  ratio  of  the  squares  of  the 
antecedent  and  consequent.  But  x  is  small  compared  vith  a,  and 
therefore  x'  or  ^  x  x  is  small  compu^d  with  2a  x  x,  and  much 
smaller  than  a  x  a.  Hence  a'  -1-  StKc  t  «',  that  is,  a  +  2x:  a,  will 
nearly  express  the  ratio  (o  +  x)' :  a'. 

Thus  the  ratio  of  the  square  of  1001  to  the  square  of  1000  ia 
nearly  1002  :  1000.  The  real  ratio  ia  1002001  :  1000;  in  which 
the  antecedent  differa  item  its  approximate  value  1002  only  by 
one- thousandth  part  of  unity. 

383.  Hence  we  may  infer  that  the  ratio  of  the  square  root  of 
o  +  2a;  to  the  square  root  of  a  is  the  ratio  a  +  x  ta  nearly,  when 
X  is  small  compared  with  a.  That  is ;  if  the  difference  of  two 
quaniiiies  be  STtwll  compared  inilh  either  of  them,  tJie  ratio  of  their 
square  roots  is  nearly  obtained  by  halving  this  difference. 

In  the  same  manner  as  in  Art.  382  it  may  be  shewn  when  x  is 
small  compared  with  a,  that  a  +  Sx:a  is  nearly  equal  to  the  ratio 
(a  +  x)' :  a',  and  a^■ix:a  is  nearly  equal  to  the  ratio  (a  -t-x)*  :  a*. 

These  results  may  be  generalised  by  the  student  when  he  is 
acquainted  with  the  Binomial  Theorem. 

384.  We  will  place  here  a  theorem  respecting  ratios  wliich 
is  often  of  use. 

Suppose  that  T=-i-  5,  then  each  of  these  ratios  ia  equal  to 
f  -Ti — J, — yij",  where  p,  q,  r,  n  are  any  quantities  whatever. 

T.  A.  ..  I Ci.Jia'-^Jc 


Z2C  RiLTia 

For  let  i  =  r  =^  =  ^;  then 
oaf 

lA  =  a,   kd  =  e,   hf=e; 
therefore      p  (i6)'  +  j  (it^)'  +  r  (A/)"  =^"  +  jc"  +  w" ; 

pb'+qd'+T/"  ^pb'  +  qtf  +  rf/ 

Tiko  same  mode  of  demonstration  ma^  be  applied,  and  a  ""'la'' 

result  obtiuned,  when  there  are  more  than  three  ratios  ^   -     ^ 

oaf 
given  equal.  It  may  be  obaerred  that  p,  g,  r,  n  are  not  neces- 
BKiiljpoaUiM  quantities. 

Aa  a  particular  example  ire  may  suppose  n  —  1,  then  we  see 

that  if  T  =  J  =  5  each   of  these  ratios  is  equal  to  ?^ — i^ ■,-, 

o     a     J  j)o  +  qa  +  rf 

and  then  as  a  special  case  we  may  suppose  p  =  7  =  r,  so  that  each 
of  the  given  equal  ratioB  is  equal  to  ,—-, — >. 

385.     Suppose  that  we  have  f^rM  unknown  quantities  x,  y,  z 
connected  by  the  (100  equations 

oa!  +  6y  +  ca  =  0,    as'*  +  J'y  +  c**  =  0  ; 
these  equations  are  not  suffioiont  to  determine  the  unknown  quan- 
tities, but  they  will  determine  the  ratios  Bubsiating  between  them. 
For  multiply  the  first  equatioa  by  1/,  and  the  second  by  e,  and 
subtract;  thus 

(ac'-«'e)a!  +  (6c'-6'<!)y  =  0; 

therefore  t-i — tt  =  —, — r- . 

60  —  bo     ca  —  da. 

Agtun,  multiply  the  first  equation  by  V,  and  the  second  by  h, 

imd  subtract:  thus  we  shall  obtain 

g  g 

Hence  we  may  write  the  results  in  this  form  : 


^,Gt)t)^lc 
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These  results  are  veiy  important,  and  nhould  be  carefully  re- 
membered; tbe  second  denominator  may  be  derived  from  tlie  first, 
and  the  third  from  the  second,  in  the  maimer  explained  in 
Art.  211. 

Denote  the  common  value  of  these  fotctions  by  k;  then 
x  =  k{b<f~b'e},    y=k{ca'-(fa),    z  =  k{a^ - a'b). 

Kow  suppose  lliat  vre  have  also  a  third  equation  connecting 
Uie  unknown  quantities  x,  y,  z;  then  by  substituting  in  it  for 
as,  f/,  e  the  expressions  just  given,  Tve  shall  obtain  an  equation 
Tbich  'will  determine  k :  thus  the  vi^ues  oi  x,  y,  e  become 
known. 

Suppose,  for  example,  the  third  equation  is 
h?  +  my'  +  na*  —  1, 
tiien  k  is  d4ermined  by 

i?\l{l^-VeY-i-m{ca'-<fay  +  n{ah'-a'b)']  =  \. 


EXAUPLES  or  KATIO. 

'/l.  Write  dovn  the  duplicate  ratio  of  2  :  3,  and  the  sub- 
duplicate  ratio  of  100  :  144. 

V  2.  Write  down  the  ratio  which  is  compounded  of  the  ratios 
3  :  5  and  7  :  9. 

3.     Two  numbera  are  in  the  ratio  of  2  to  3,  and  if  9  be  added 
to  each  they  are  in  the  ratio  of  3  to  4.     Find  the  numbers. 

V  4,  Shew  that  the  ratio  a :  6  is  the  duplicate  of  the  ratio 
a  +  e  ih  +  e  \£  t?  =  db. 

V  6.  T^ere  are  two  roads  from  A  %o  B,  one  of  them  14  miles 
l<Higer  than  the  other,  and  two  roads  from  S  to  C,  one  of  them 
8  miles  longer  than  the  other.  The  distances  from  A  to  B  and 
from  B  to  C  along  the  shorter  roads  are  in  the  ratio  of  1  to  2, 
and  ^e  distances  along  the  longer  roads  are  in  the  ratio  of  2  to  3 
Determine  the  distances. 


28  EXAMPLES.      XXVI. 

6,     Solve  the  equations 

ax  +  by  ^cz  +  as:  ^b'j* 
ez  by  ax 


X-t-Jf-t-X. 


7.  Frovethat  if '*''^'''*^"**"''^^°'"^°''^,  each  of  these 

a,  +  a^     a,  +  a,y      a,  +  a^ 

ratios  is  equal  to  r ,  supposing  a^-^-a^-v  a^  not  to  be  zero. 

8.  ■  If  -^^  =  }^^  =  ^^^ — ■  _£±i±^    then  each  of 

ay  ^bx     bz  +  ex     ey  +  aa     ax  +  by  -i-cz 

these  ratios  = ,  auppoains  a  ■t-b  +  e  not  to  be  zero, 

x  +  y  +  z'      ^^       =• 

..ay  —  hx  ^cx—  az     bz  —  cy 


9.     Shewthatif  ^-^=:^^'  =  ^^^-^,  then 


a     b" 


a'- a"     b'-b"     c^-c"' 
_  ab'-a'b   _  bc'-b'c  _  ca'-c'a       a  +  6  f  e- (a'+fr'  +  c') 
~ a'b"-a"b' ~  b'a"- b"c  "  e'a"- c"a' '^  »'+6'  +  c'-{a"+6"  +  c") ' 

1 1,     Solve  the  equations 

2x  +  y--2e  =  Q,    7x  +  Gy-Qz=Q,    aj'  +  y" +  «"=  1728.- 
13.     Solve  the  equations 
)+by  +  cz=0,    bcx  +  cay  +  abz  -  0,   xyz  ^  abc  {a'x  +  b'y  +  <?z)  =  0. 


SXVIL     PROPORTION. 

385.  Foot  quantities  are  s^d  to  be  proportionals  when  the 
first  is  the  same  multiple,  part,  or  parts,  of  the  second,  as  the 
third  is  of  the  fourth;  that  is,  when  r-  ■/,  the  four  quantities 
a,  b,c,d,sx6  called  proportionals.  This  is  usually  expressed  by 
saying,  oistoiascistoefj  and  is  represented  thua,  a  ;  6  ::  c  :  rf, 
or  thus,  a:b~o:d. 
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The  terms  a  and  d  are  called  &a  extretnea,  and  tlie  (enus 
b  and  e  ore  called  the  tneafU. 

387.  What  /our  qaanlitiei  are  proportionals,  tke  product  of 
the  extrejnes  U  equal  to  the  product  of  the  means. 

Let  a,  b,  c,  d  he  the  four  quantities;  then  since  they  are  pro- 
portion&la  r  =  j  (Art,  386);  and  by  moltii^Tlng  both  sides  of 
the  equation  by  bd,  we  hare  ad  =  bc. 

Hence  if  the  first  be  to  the  second  as  the  second  ia  to  tlte  third, 
the  product  of  the  extremes  is  equal  to  the  square  of  the  mean. 

388.  If  any  three  terms  in  a  proportion  are  given,  the  fourth 
may  be  determined  &om  the  equation  ad  =  bc. 

389.  If  the  product  oj  two  quantities  be  equal  to  the  product 
of  (too  others,  the  four  are  proportionals;  the  terms  of  either 
product  betTig  taken  for  the  means,  and  the  terms  of  the  oOier 
prodw^for  the  exiremee. 

Let  xy  ■  ah;  divide  by  ay,  llkus,  -  =  - ; 
or  «:»  ::  6  :  y(Arl.  386). 

390.  Ti  a  :  b  ::  e  :  d,  emd  e  :  d  i:  e  :f,  thea 

a:bx:e:f. 

a:b::e:f. 

391.  If  four  quantities  be  proportionaie,  thet/  are  proportiOnale 
v^ien  taken  inversely.    . 

If        aib  ■.-.G'.d,  ;     then   b  :  a  ::  d  :  c 
For  r  =  ;3 ;   divide   unity  by  each  of  these  equal  qnsntitiea, 
utm  -=-;  cte  b  •.a.::d:e. 
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230  PROPORTION. 

392.    If/ow  guantitiea  ie  proportioned,  ihei/  are  proportwnnU 
when  taken  alternately. 

If        a  :b  -..c  -.d,        then  a  :e  ::b  id. 


For 


b  ~d' 

a:c::b:d. 


Unless  thu  four  quantities  are  of  tLe  game  kind  the  alter- 
nation cannot  take  place ;  because  this  operation  supposes  the 
first  to  be  some  multiple,  part,  or  parts,  of  the  third.  One  line 
maj  have  to  another  line  die  same  ratio  as  one  weight  has  to 
another  freight,  but  there  is  no  relation,  vith  respect  to  magni- 
tude between  a  line  and  a  weight.  In  such  cases,  however,  if  the 
four  quantities  1>e  represented  by  nMmhera,  or  by  other  quantities 
which  are  all  of  the  same  kind,  the  alternation  may  take  place. 

393.  Wlienfour  quantxlUa  are  pnportionah,  the  first  together 
with  Aa  second  is  to  the  second  as  the  third  together  with  the  fourth 
is  to  the/oitrth. 

If        a  lb  ::e  id,         then  a*b  :b  ::  c  +  d  -.d. 

For  i=2>  ^^  unity  to  both  sides ;  thus 

«     1     e     ,     ,,..     a  +  b     c  +  d 


This  operation  is  called  eomponendo. 

39i.     Alto  the  exeeee  of  the  first  tAove  the  second  is  to  tha 
sseond  at  the  excess  cf  ihe  third  above  the  fourth  is  to  the  fourth. 

For  T  =  J  i  Bohtraot  unity  from  both  sides ;  thus 

or  a  —  b  :  b  ;:  e—d  :  d. 

lliis  operation  is  called  dividendo. 
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395.     Also  the  first  is  to  the  exeesa  of  the  first  ab<yve  the  ueond 
a  the  third  it  to  the  excess  of  the  third  above  ihe/ourlh. 

By  the  Lust  Article,  =  — -j-  ; 


h      d 


and  mversely,  a  :  a  —  b  ■.:  e  :  e- d. 

This  operation  is  called  eonvertendo. 

396.  Wh^n  /our  quantiiies  are  proporlumale,  the  ittm  of  the 
first  and  second  is  to  their  difference  at  the  swm  of  the  third  and 
/ov/rlh  is  to  their  difference. 


IS        o  :  6  :: . 

c:d. 

then  a  +  ft  : 

By  Art.  393, 

»  +  6     »  +  <( 

-b-—r- 

and  by  Art.  394, 

tlierefore 

a  +  b 

-r 

that  is, 

•+S_»+J 

397.  When  any  mumber  of  quantities  are  proportiotials,  as  one 
antecedent  it  to  its  consequent,  so  it  the  gam  of  ail  the  antecedents  to 
the  swm  of  tdi  the  consequents. 

Let  a  :  b  ::  e  :  d  :■.«:/ ; 

then  a  :  b  v.  a-t-c  +  a  :  b*d  +  /. 
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For         ad^he,         and    a/=&e,  (Art.  386), 

also         ab  =  l>a;     benca  d(>*tid-¥  af=  ha-¥hc-\-he;    ' 

tliftt  ia,  o  (6  +  d +/)  =  J  (a  +  e  +  4 

Hence,  by  Art  339,     a  :  6  :':  a  +  c  +  e  :  b  +  d+f. 

Similarly  the  proposition  may  be  established  vhen  more  quan- 
tities are  taken. 

398.  When  four  quantities  are  proportionala,  if  the  Jirft  and 
second  be  mviUplieil,  t»;  divided,  by  any  quanHty,  at  alto  the  third 

and/mtrth,  the  remdting  guantitUs  will  be  proportumala. 

I-et         n  :  6  t:  c  :  c^         then    ma  :  mb  ::  nc  ;  nd. 

Fov  i  =  -,  I    therefore  — ;  =  — , : 

6      a  mo     nd 

or  ma  imb  ::  nc  :  nd. 

399.  1/  t/ie  first  and  third  be  midtiplted,  or  divided,  by  any 
quan^ty,  and  also  t/te  second  and  fourth,  ths  resulting  quantities 
will  he  proportionals. 

Let         a  ;  h  ::  0  :  d,         then  ma  :  nb  ::  mc  :  nd. 

For         r  =  -ii  tiei-efoi-e -=-=-=- ,  Emd  -,  = — ■; 
0      a  b        a  no      nU 

or  ma  :  nb  ::  mo  :  nd. 

400.  Jn  ttoo  ranks  of  proportionals,  if  the  eorreeponding  terms 
be  multiplied  togeUier,  the  products  wiU  be  proportionals. 

Let  a  :  b  ::  e  :  d, 

ajid  t  :  f  ::  g  :  h, 

llien  ae  :  bf  •.;  eg  :  dh. 

For         "  =  -,  and  *  =  ?  ;  therefore  ?^  -  ^  ; 
b      d  f     h  bf     dh 

or  06  %  bf  '.:  eg  :  dh. 
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This  is  called  eompounduu/  the  proportions.     The  propoeitioa 
is  trae  if  applied  to  auj  number  of  jnvportions. 

401.     If  four  quantities  he  proportionals,  the  like  powers,  or 
roots,  of  these  qvantities  will  be  proportionals. 

Let         a  :  b  ::  c  :  d,         then   a'  :  6"  ::  c'  :  d'. 

J'or  r  =  J I  therefore  ji  =  r, ,  "where  n  may  be  whole  or  frao- 


tional ;  thus 

a-  :  4"  ::  »'  : 

403.     It  a 

■.i::b:c,        Ihen 

multiply  by  j-,  ttua 

The  three  quantities  a,  (,  c  are  in  this  case  said  to  be  in 
continued  proportion ;  and  b  ia  said  to  he  a  mean  proportional 
between  a  and  c. 

403,  Similarly  we  may  shew  that  j£  a  :  b  ::  b  :  e  ::  e  :  d,  then 
a  :  d  ::  c^  :  5*.  Here  the  fotir  quantities  a,h,  e,  d  axe  aoid  to  be 
in  contimted  proportion. 

404,  It  is  obvious  from  the  preceding  Articles,  that  if  four 
qiiontitiea  are  proportionals,  we  may  derive  from  them  many 
other  proportions.     We  will  give  another  example. 

IS  a  :  b  ::  c  :  d,  then 

mo  +  n6  :  pa  +  qh  ;:  me  +  nd  :  pc  +  qd. 

For  ,  =  -.,  therefore  —    =  -,-  : 

b      a  b        d  ' 
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add  n  to  both  Bides ;  tlitia 

wia  +  «6     me  +  nd 

i     "    d    • 

pa  +  gi     pe  +  qd 


Similarly 

,„  nwt  +  lift      pa+  tA     mo  +  nd      pCi-qd 

ll,.ti,,  5~_+_a^my.W 

J)a  +  qb       pc  +  gd 

ov  ma  +  tA  :  pa  +  qb  ::  ina  +  nd:  pc  +  qd. 

405.  la  the  defiiution  of  Proportion  it  ia  supposed  that  one 
quantity  ia  some  determinate  multiple,  part,  or  parts,  of  anotlier  ; 
or  that  the  fraction  formed  by  taking  one  of  the  quantities  as  a 
numerator,  and  the  other  as  a  denominator,  b  a  determinate 
fraction.  This  will  be  the  case  whenever  the  two  quantities  have 
any  common  measure  whatever.  For  let  x  b 
of  a  and  b,  and  let  a  =  mx  and  b  =  nx;  then 


■where  m  and  n  are  whole  numbers. 

406.  But  it  sometimes  happens  that  quantities  are  incom- 
menswrabU,  that  ia,  admit  of  no  common  measure  whatever.  If, 
for  example,  one  line  is  the  side  of  a  square,  and  another  line  is 
the  diagonal  of  the  same  square,  these  lines  are  ineonwwnsurable. 

In  such  cases  the  value  of  t-  cannot  be  expressed  by  any  fraction 
—  where  m  and  n  are  whole  numbers  ;  yet  a  fraction  of  this  kind 
may  be  found  which  will  express  the  value  of  t  to  any  required 
degree  o/ aeeu/raey. 
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For   let   b  =  nx,  where   n   is   an    latter ;    also  let  a  be 

greater    than    tna  but  leea  than  (m  +  l)xi    then  -r   is  greater 

than.  — ,  but  less  than  .     ThuB  the  difference  between  -r 

n  n  b 

and  —  is  less  than  - .     And  since  7tx  =  b,  when  x  is  diminished 
■  n  n 

n  is  increased  and  ~   is  diminished.     Hence  k}r  taking  x  small 

enough,   --    can  be  made  less  than  any  assigned  fraotion,  and 

therefore  the  difference  between  ~  sjid  j-  can  be  made  leea  than 
any  asugned  fraction. 

407.     If  e  and  d  as  well  as  a  and  b  are   incommensurable 

and  if  when  j  lies  between  —  and ,  then  -.  also  lies  be- 

0  n  n  d 

tween  —  and however  the  numbers  m  and  n  are  increased, 

T  IS  equal  to  -^. 

for  if  r  and  ->  are  not  equal,  they  must  hafve  some  assignable 

difference,  and  because  each  of  them  lies  between  —  and , 

this  difference  must  be  leea  than  -,  But  tince  n  may,  by  sup- 
position, be  increased  without  limit,  -  may  be  diminished  without 
limit ;  tliat  is,  it  may  be  made  less  than  any  assigned  magnitude ; 
therefore  -r  and  -:  have  no  assignable  difference,  so  that  we  may 

•ay  that  r  =  j-  Hence  all  the  propositions  respecting  propor- 
tionals  are  true  of  the  four  qnantities  a,  i,  e,  cL  . 
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408,  It  will  be  useful  to  compare  the  definition  of  proportion 
which  has  been  given  in  this  Chapter  with  that  which  is  given  in 
the  fiilh .  book  of  Euclid.  The  latter  definition  may  be  stated 
thus ;  four  quantities  are  proportionals  when  if  any  equimultiples 
be  taken  of  the  first  and  third,  aiid  also  any  equimultiples  of  the 
second  and  fourth,  the  multiple  of  the  third  is  greater  than, 
equal  to,  or  less  than,  the  multiple  of  the  fourth,  according,  aa  the 
multiple  of  the  first  is  greater  than,  equal  to,  or  less  than,  ^o 
midtiple  of  the  second. 

"We  will  first  shew  that  the  property  involved  in  Euclid's 
definition  follows  from  the  algebraical  definition. 

For  suppose  a  :  h  ::  e  :  d ;    then  r  =  -, ,   therefore  ^  =  — , . 
"^  '  b     a'  qb     qd 

Hence  po  is  greater  than,  equal  to,  or  less  than  qd,  according  as 

•pa  is  greater  than,  equal  to,  or  less  than  qb. 

409.  Next  wo  will  shew  that  the  property  involved  in  the 
algebraical  definition  follows  fi^m  Euclid's.  Let  a,  b,  e,  dhe  four 
quantities  which  are  proportional  according  to  Euclid's  definition  ; 

then  shall  t  =  .  ■     For  if  r  he  not  equal  to   -,,  one  must  be 
b      d  b  ^  d 

greater  than  the  other,  and  it  will  be  possible  to  find  some  fraction 
which  lies  between  them.     Suppose  t  greater  than  -j ;  and  let  - 


lie  between  them.     Then  r  is  greater  than  ' 

greater  than  pb  :  and  -,  is  less  than  -  ;  therefore  qc  is  l«ta  than  pd. 
Thus  a,  h,  c,  d  are  not  proportionals  according  to  Euclid's  defini- 
tion; which  is  contrary  to  the  supposition.  Therefore  t  and  ^ 
cannot  be  unequal ;  that  is  they  are  equal 

410.  It  is  nsuaUy  stated  that  Uie  comimat  algehnucal  defini- 
tion of  proportion  cannot  be  used  in  Geometry,  because  there  is  no 
method  of  representing  geomebically  the  result  of  the  opwation 
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of  diviBion.  Stnught  lines  can  be  represented  geometrically,  but 
not  the  abstract  number  which  espresses  how  often  one  Btralght 
line  is  contained  in  another.  But  it  should  also  be  noticed  that 
Euclid's  deSnition  is  rigorotis  and  can  be  applied  to  tncommen- 
■tinrable  as  well  as  to  coTnmettivrable  quantities,  while  the  alge- 
braical definition  is,  strictly  speaking,  confined  to  the  latter  quan- 
tities. Hence  this  comsideratioD  alone  would  furnish  a  sufficient 
reason  for  the  definition  adopted  by  Euclid. 


EXAUPLES  OF   FROPORTIOIT. 

1.  The  last  three  terms  of  a  proportion  being  4,  6,  8,  what  is 
the  first  term  t 

2.  Find  a  third  proportional  to  25  and  400. 

3.  If  3,  z,  1083  are  in  continued  proportion,  find  x. 

i.  If  2  men  working  8  hours  a  day  can  copy  a  manuBcript  in 
32  days,  in  how  many  days  can  x  men  working  y  hours  a  day 
copy  it ) 

5.  If  a;  and  y.be  unequal  and  x,  have  to  y  the  duplicate  ratio 
ofa:  +  «toj/  +  a^  prove  that  s  is  a  mean  proportional  between  x 
andy. 

7.  If  four  quantities  ai'e  proportionals,  and  the  second  is  a 
neui  proportional  between  the  third  and  fourth,  the  third  will  be 
a  mean  proportional  between  the  first  and  second. 

8.  If 

{a  +  b-^c  +  d){a~h-e  +  d)  =  (a-h-t-e-d){a-i-h-c-d}, 
prove  that  a,  i,  e,  d  are  proportionals. 

9.  Shew  that  when  four  quantities  of  the  same  kind  are  pro- 
portional, the  sum  of  the  greatei^t  and  least  is  greater  than  tlie  sunt 
of  the  other  two. 
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10.  Encli  of  two  Teasels  contains  a  mixture  of  viue  aiul 
water ;  a  mixture  consisting  of  equal  measoree  irom  the  two 
Tessels  contains  as  much  wine  as  water,  and  another  mixture 
confdsting  of  fi>ur  measures  irom  tlie  first  vessel  and  one  from 

.  the  second  is  composed  of  wine  and  vat«r  in  the  ratio  of  2  :  3. 
Find  the  proportion  of  wine  and  water  in  each  of  the  vessels. 

11.  A  and  £  liave  made  a  bet ;  the  monej'  vhich  A  stakes 
hears  the  same  proportion  to  all  the  money  A  has  aa  the  money 
which  B  stakes  bears  to  all  the  money  B  has.  If  A  wins  he  will 
have  double  what  £  will  have,  but  if  he  loses,  £  wiU  have  three 
times  what  A  will  have.  All  the  money  between  them  being 
£1G8,  determine  the  circumstances. 

13.  If  the  iacrease  in  the  number  of  male  and  female  crimi- 
nab  be  1-8  per  cent,  while  the  decrease  in  the  number  of  males 
alone  is  4-6  per  cent,  and  the  increase  in  the  number  of  females 
is  9-8;  compare  the  number  of  male  and  female  criminals  re- 
spectivijly. 


XXVIII.    VARIATION. 

411.  The  present  Chapter  consists  of  a  series  of  propositions 
connected  with  the  definitions  of  ratio  and  proportion  stated  in  ft 
new  phraseology,  which  is  convenient  for  some  purposes. 

412.  One  quantity  is  said  to  vtay  directly  as  another  irhen 
the  two  quantities  depend  upon  each  other,  and  in  such  a  man- 
ner tliat  if  one  be  changed  the  other  is  changed  in  the  same 
proportion. 

Sometimes  for  shortness  we  omit  the  word  direeUj/,  and  say 
dmply  that  one  quantity  varies  as  auotlier. 

413.  Thus,  for  example,  if  the  altitude  of  a  triangle  be  in- 
variable, the  area  varies  as  the  base;  for  if  the  base  be  increased 
or  diminished,  we  know  from  EucM  that  the  area  is  increased  or 
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dimiuistied  in  the  same  proportion.  We  may  express  thiB  result 
>)y  Algebraical  aymbola  thus:  let  A  and  a  be  numbers  vhich 
represent  the  areas  of  two  triangles  having  a  conunon  altitude,  and 
let  B  aad  b  be  numbers  which  represent  the  bases  of  these  tri- 
angles reapoctiyely  j  then  —  =  t  ■  -^^  from  this  we  deduce 
—  =  J,  (Art.  392),     If  there  be  a  third  triangle  haTing  the  same 

altitude  as  the  two  already  considered,  then  the  ratio  of  the  num- 
ber which  represents  its  area  to  the  number  which  represents  its 

base  will  also  be  equal  to  t.      Put  r-  =  »»j  then  -n  =  "*  ^^  -^  =  '"^■ 

Here  A  may  represent  the  area  of  amy  one  of  a  series  of  triangles 
which  have  a  common  altitude,  and  B  the  corresponding  base, 
and  m  remains  constant.  Hence  the  statement  that  the  area 
varies  as  the  base  may  also  be  expressed  thus ;  the  area  has  a 
constant  ratio  to  the  base;  by  which  we  mean,  in  accordance  with 
Article  392,  that  the  nv/mber  which  represents  the  area  bears  a 
constant  ratio  to  the  numher  which  represents  the  base. 

We  have  made  these  rcmaika  for  the  purpose  of  expliuning 
the  notation  and  language  which  will  be  used  in  the  present 
Chapter.  When  we  Bay  that  A  varies  as  B,  we  mean  that  A 
represents  the  mimerioat  yalue  of  ajiy  one  of  a  certain  series  of 
quantities,  and  B  the  numerical  value  of  -the  corresponding  quan- 
tity in  a  certain  other  series,  and  that  A »  m£,  where  m  is  some 
number  which  i-emains  constant  for  eveiy  corresponding  pair  of 
quajitities. 

We  will  give  a-  formal  proof  of  the  equation  A  =  mB  deduced 
fi-om  the  definition  of  Art.  41 2. 

414.  I/A.  vary  as  B,  then  A  is  eq^lal  to  B  multiplied  by  some 
■eomtmU  ^uantitj/. 

Let  a  and  h  denote  one  i)air  of  corresponding  values  of  the  two 
quantities,  and  let  A  and  B  denote  any  othw  pair;  then    -  =  -r- 
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by  definition.     Hence  A  =  -S  =  mB,    where   m  is  equal  to  the 
eonatant  ^ . 

415.  The  symbol  =  ia  used  to  express  variation;  thus  A<sB 
stands  for  A  varies  as  B, 

416.  One  quantity  is  said  to  vary  invertdy  as  another  when 
the  first  varies  as  the  redproeal  of  the  second;  see  Art.  263. 

Or  if  j1  =  -^  ,  where  m  is  constant,  A  is  said  to  vary  inversely 


417.  One  quantity  is  said  to  vary  as  two  others  jointly  when, 
if  the  former  is  changed  in  any  manner,  the  product  of  the  other 
two  b  changed  in  the  same  proportion. 

Or  if  j4  =  mBC,  where  m  is  constant,  A  is  said  to  vary  jointly 
as  ^  and  <7. 

418.  One  quantity  is  said  to  vary  directly  as  a  second  and 
inversely  as  a  third,  when  it  varies  jointly  as  the  second  and  the 
reciprocal  of  the  third. 

Or  if  ^  =  -j=f- ,  where  m  is  constant,  A  ie  said  to  vary  directly 

as  B  and  inversely  as  C. 

419.  ^A«B,  onrfBccO,  (A«nA«C. 

For  let  A  —  mB,  and  £  =  nC,  where  m  and  n  are  constants  j 
thenJ  =  fnnCj  and,  as  mn  is  constant, -i  cc  C 

420.  T/ A  ccC,  and  Tic=C,  ihen  A  *  B  =  C,  awrf  ./(AB)  o=  C. 
For  let  A  =  mC^  and  B  =  nC,  where  m  and  n  are  constants  ; 

thenJ  + J  =  (m  +  n)C,  ami  A-£  =  {m~n)G;  therefore ./(*£« C. 
Also  ^{AB)=^{mnC')^CJ{mn);  therefore  J(AB)ooC.      , 


421.    ^AeeBC,  iA«nB«fi-,  and  Co 


B" 
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For  let  A  =  mBC,  then  5  =  ——;  therefore  ^cep;.  Simi- 
larly C«^. 

422.  J/A'^B,  and  C«D,  then  ACwBD, 

For  let  A^mB,  and  O^nD,  then  AC=mtiSD;  therofbre 
ACocBD. 

423.  I/Ac^B,  *A«n  A'ffiB-. 

For  let  ^  =mfl,  then  ^■=m"J';  therefore  j4* tc  J*. 

424.  1/  A<kB,  l/fm  AP°=BF,  wAer^  P  ts  any  ^ttotUtty 
variable  or  invariaide. 

For  let  ^  =  mB,  then  J^  =  m^i';  therefore  AP  «  ^i". 

425.  7/"  A  ™  B  w/kw  C  m  (»»«iri(iSfe,  ajtd  A  «  C  tM«n  B  w 
invariabk,  then  uiill  A  «  BC  uAen  bolfi  B  and  C  are  variable. 

The  variation  of  J  depends  upon  the  variations  of  the  two 
quantities  B  and  C;  let  the  variations  of  the  latter  quantities 
take   place  Separately,  and  when  B  is  changed  to  (,  let  A  be 

changed   to   a' ;    then,   by  Biipposition,   -7  =  t  •     Now  let  C  be 

changed  to  e,  and  in  consequence  let  a'  be  changed  to  a ;  then,  by 


that  is,  -  =  -,     ; 

^  a       be  ' 

therefore  A  =  BG. 

A  very  good  example  of  this  proposition  is  furnished  in 
Geometry.  It  can  be  proved  that  the  area  of  a  triangle  varies 
as  tlie  base  when  the  height  is  invariable,  and  that  the  area  varies 
as  the  height  when  the  base  is  invariable.     Hence  when  both  the 
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base  and  the  teighb  vary,  the  area  vaneH  aa  tlie  product  of  the 
numbers  which  express  the  base  and  the  heights 

426.  In  the  same  manner  if  there  be  any  number  of  quan- 
tities B,  G,  J),  &c.  each  of  'vhich  varies  as  another  A  when  the 
I'est  are  constant ;  ivhen  th&y  are  all  variable,  A  varies  aa  their 
products 

Take  for  example  three  quantities  S,  0,  D.  When  B  alona 
varies  A  varies  as  B ;  when  C  alone  varies  A  varies  as  C :  thus, 
by  Art.  425,  when  B  and  C  both  vary  A  varies  as  BG.  Again 
when  D  alone  varies  A  varies  as  D,  and  when  BG  varies  A  varies 
as  BG :  thus,  by  Art.  425,  when  D  and  BG  both  vary  A  varies 
as  BCD. 

EXAMPLES  OS  VARIATION. 

■     1,     Given  that  y  varies  as  x,  and  that  y  =  3  when  a  =  1,  find 
the  value  of  y  when  x  =  Z. 

2.  If  a  varies  as  b  and  a  =  15  when  6  =  3,  find  the  equation 
between  a  and  b. 

3.  Given  that  z  vaiies  jointly  as  x  and  y,  and  that  «  =  1 
when  x~\  and  3/  =  1,  find  the  value  of  a  when  a;  =  3  and  y  =  2. 

4.  If  a  vaiies  a&  px  +  y,  and  if  a  =  3  when  a;  =  1  and  y  =  2, 
and  a  =  5  when  a;  =  2  and  y  =  3,  find  p. 

5.  If  a;  varies  directly  as  y  when  s  is  constant,  and  inversely 
as  a  when  y  is  constant,  then  if  y  and  «  both  vary,  x  will  vary 


6.  If  3,  2,  1,  be  simultaneous  values  of  a^  y,  2  in  the  pre- 
ceding Example,  determine  the  value  of  x  when  y  =  2  and  s  =  4, 

7.  The  wages  of  5  men  for  6  weeks  being  £14.  Ss.,  how  many 
weeks  will  4  men  work  for  £19  )     (Apply  Example  5.) 

8.  If  the  sqnare  of  x  vary  as  the  cvibe  of  y,  and  a:  =  2  when 
J/  c  3,  find  the  equation  between  x  and  y. 

r..„ ^,Gtk)^le 


.  EXAKPLES.      XXVIIL  213 

9.  Gives  that  y  Taries  aa  the  sum  of  two  quantitica,  one  <^ 
-which  variee  as  x  directly,  tiie  other  aa  x  invenelj,  and  tliat 
y  =  4  vhen  a;  =  1,  and  y  =  !i  Then  x  =  3,  find  the  equation  be- 
tween X  and  y, 

10.  If  one  quantity  vasj  directly  as  another,  and  the  former 
be  ^  when  the  latter  is  |,  find  what  the  tatter  will  bs  when  the 
former  is  9. 

11.  If  one  q\iantity  vary  ob  the  sum  of  two  others  when 
tlieir  difference  is  constant,  and  ako  vary  aa  their  difference  wlien 
their  sum  is  constant,  shew  that  when  these  two  quantities  vary 
independently,  the  first  quantity  will  vary  as  the  difference  of 
their  squares. 

12.  Given  that  the  volume  of  a  sphere  varies  as  l^e  cube  of 
its  radius,  prove  that  the  volume  of  a  sphere  whose  radius  is 
6  inches  is  equal  to  the  Bum  of  the  volumes  of  three  spheres 
whose  radii  are  3,  4,  5  inches. 

13.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  ainj^e  circular  plate  one  inch  thick.  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  the 
square  of  its  diameter. 

14.  There  are  two  globes  of  gold  whose  radii  are  r  and  r"; 
they  are  melted  and  formed  into  a  single  globe.     Find  its  radius. 

15.  If  X,  y,  z  \»  variable  quantities  such  that  y  +  z  —  x  is 
constant,  and  that  (x  +  y-ie^^  +  z-y)  variee  as  yx,  prove  that 
x*-y  +  z  varies  aa  ys. 

16.  A.  point  moves  with  a  speed  which  is. different  in  different 
miles,  but  invariable  in  the  same  mile,  and  its  speed  in  any  mile 
varies  inversely  as  the  number  of  miles  travelled  before  it  com- 
mences this  mile.  If  the  second  mile  be  described  in  2  bonis, 
find  the  time  occupied  in  describing  the  n*^  mile. 

17.  Suppose  that  y  varies  as  a  quantity  which  is  the  sum  of 
three  quantities,  the  first  of  which  is  constant,  the  second  varies 
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as  K,  and  the  third  as  a^.  And  Erappoee  tiiat  when  x  =  a,  y  =  0, 
-when  x-2a,  y-a,  and  when  x  =  Za,  y  =  ia.  Shew  that  when 
x  =  na,  y=(«-l)'a. 

18.  Assuming  that  the  quantity  of  work  done  varies  oa  the 
cube  root  of  the  number  of  ^ents  when  the  time  is  the  same,  and 
varies  as  the  square  root  of  the  time  when  the  number  of  agents  ia 
the  same ;  find  how  long  3  men  would  take  to  do  one-fifth  of  the 
work  which  24  men  can  do  in  25  houiB.     (See  Art.  425.) 

XXIX.     SCALES   OF  NOTATION. 

437.  The  student  will  of  course  hare  learned  from  Arith- 
metic that  ia  the  ordinary  method  of  expressing  whole  niuuberB 
by  figures,  the  number  reprenented  by  each  particular  figure  is 
always  eome  multiple  of  eome  power  of  ten.  Thus  in  347  the  3 
represents  3  hundreds,  that  is,  3  times  10*;  the  4  represents  4 
tens,  that  ia,  4  times  10';  and  the  7  which  represents  7  noits, 
niay  he  said  to  represent  7  times  10*. 

This  mode  of  representing  numbeiB  is  called  the  common  aeide 
o/notation,  and  10  is  said  to  be  the  base  or  nuOx  of  the  common 
scale. 

'  428.  We  shall  now  prove  that  any  positive  integer  greater 
than  unity  may  be  used  instead  of  10  for  the  radix,  and  shall  shew 
how  to  express  a  number  in  any  proposed  scale.  We  shall  then 
add  some  miscellaneous  propositions  connected  with  this  subject. 

The  figures  by  means  of  which  a  number  is  expressed  are 
called  digitg. 

When  we  speak  in  future  of  any  radix  we  shall  always  mean 
that  this  radix  is  some  positive  int^er  greater  than  unity. 

429.  To  sA«to  that  any  whole  number  may  be  eospreseed  in 
terms  oj'any  radix. 

Let  JC  denote  the  wh<^e  number,  r  the  radix.  Suppos?  that 
r"  is  the  hi^cst  power  of  r  which  is  not  greater  than  N;  divide 
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N  by  )^,  and  let  p,  be  the  quotient  and  Jf^  the  remainder  ;  thus 

Here,  by  supposition,  p^  is  less  than  r ;  ahio  N^  is  lees  than  r^. 
Next  divide  N^  by  i'~',  and  let  p_,,  be  the  quotient  and  if,  the 
remainder:  thus 

Proceed  in  this  way  nntil  the  remainder  is  leas  than  r ;  thus 
we  find  N  expressed  in  the  manner  indicated  by  the  equation 

JV=p,r'+y,_jr""'  + +P^+?>i''  +  Po- 

lEoch  of  the  digits  p_^  p^_^, p„  Pt  ^  '^^  ^^^'^  ^t  "^^  ^^7 

one  or  more  of  them  after  the  first  may  be  zero. 

The  best  practical  mode  of  determining  the  digits  is  given  la 
the  next  Article. 

430.     To  express  a  given  tohole  nnmier  in  any  proposed  scale. 

By  a  given  whole  number  we  mean  a  whole  number  expressed 
in  words  or  else  expressed  by  digits  in  some  assigned  scale.  If 
no  scale  is  meotioiied,  we  understand  the  common  scale  to  be 
intended. 

Let  JV  be  the  given  number,  r  the  radix  of  the  scale  in  wMch 

it  is  to  be  expreeaed.     Suppose  p^  p,, p^  to  be  the  required 

digits  by  which  N  is  expressed  in  tiie  new  scaley  be^:inning  with 
that  on  the  right  hand  j  then 

JV=j)__t'  +  ;j__jr"~'+ +  Pt"* + Pi' + P,i 

we  have  now  to  find  the  value  of  each  digit. 

Divide  N  hj  r,  and  let  0,  denote  the  quotient;  then  it  is 
obvious  that 

^,  =p,r""'+jj,_,r"~'  + +P/'*P,> 

and  that  the  remainder  is  p^  Hence  p,  is  found  by  this  role ; 
divide  the  given  number  by  the  proposed  radix,  and  the  Ternainder 
M  ihe^U  o/the  required  digits, 
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Again,  divide  Q^  hj  r,  and  let  Q^  denote  the  quotient;  then 
it  IB  obriinis  that 

"     Q,=P,''~*  *  Pt-i'^''  * *Pt' 

and  that  the  remainder  ia  p^.     Hence  the  second  of  the  requirod 
digits  is  fotind. 

By  proceeding  in  this  vay  we  shall  find  in  aucceeaion  all  the 
required  digits. 

431.  For  example,  transform  43751  into  the  scale  of  irhich 
6  is  the  radix.  The  divisioa  may  be  performed  and  the  remaindera 
noted  thus : 

6;43751 

6;739  1 5 

6;i2  1fi I 

6^202 3 

6J33 4 

5". 3 

Thus  43751  =  5. 6' +  3. 6* +  4. 6'  + 3. 6'  + 1.6 +  5. 

BO  that  the  number  is  expressed  in  the  new  scale  thug,  534315. 

433.  Again,  transform  43751  into  the  scale  of  which  12  is 
the  radix. 

12>4  37  5  1 

12;3645 11 

.12;3  0  3 9 

12^25 3 


Thus  43751  =  2. 12*  + 1.12'  + 3. 12'  + 9. 12 +  11. 

In  expresaing  the  number  in  the  new  scale  we  shall  require 
a  sii^e  ^mbol  for  eUoen ;  let  it  be  a ;  then  the  number  is  ex- 
pressed in  the  new  scale  ^us,  2139a. 
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We  cannot  of  coui-ae  use  11  to  express  e^ven  ia  the  new  scale, 
because  11  now  represents  1. 12  +  1,  that  is,  thirteen. 

433.  We  will  now  conmder  an  example  in  which  a  nnmber  is 
given,  not  in  the  common  scale. 

A  number  is  denoted  bj  tZi7e  in  the  scale  of  which  twelve  is 
the  radix,  it  is  required  to  express  it  in  the  scale  of  which  eleven 
is  the  radix. 

Here  t  stands  for  ten,  and  e  for  eleven. 
eJtSiTt 

<27  3 2 

The  process  of  division  by  eleven  is  performed  thus.  Fii-st 
e  is  not  contained  in  (,  for  eleven  is  not  coutained  in  ten,  so  we 
ask  how  often  b  e  contained  in  <3t  heret  stands  for  ten  times 
twelve,  that  is  one  hundred  and  twenty,  so  that  the  question  is, 
how  often  is  eleven  contained  in  one  hundred  and  twenty-three  t 
the  answer  is  eleven  times,  with  two  over.  Next  we  ask  how 
often  is  e  contmned  in  34  ;  that  is,  how  often  is  eleven  contained 
in  twentj-eig^t  t  the  answer  is  twice,  wit^  six  over.  Then  how 
often  is  e  contained  in  67  ;  .that  is,  how  often  is  eleven  contained 
in  seventy-nine  t  the  answer  is  seven  times,  with  two  over. 
X.aat,  how  often  is  «  contained  in  2e;  that  is,  how  often  is 
eleven  contained  in  thirty-five  t  the  answer  is  three  times,  with 
two  over.  ' 

Hence  2  is  Uie  first  of  the  required  digits. 
The  remainder  of  the  process  we  will  indicate ;   the  student 
should  carefully  work  it  for  himself  and  then  compare  his  reeult 
with  that  here  given. 

«js273 

eJloTt. 1 

7jm 2 

ajl  2 6 

1 3 
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Hence  the  given  iinmber  u  equal  to 

l.e'+3.e'  +  6.fl'  +  2.fl*  +  l.e  +  2; 
that  is,  it  is  expressed  in  the  scale  with  radix  eleven  thus,  136312. 

'  434.  The  prooeaa  of  transforming  from  one  scale  to  another 
may  he  effected  also  in  another  manner.  Suppose  for  example 
iJiat  've  have  to  transform  to  the  common  scale  34613  which  is  in 
tiie  scale  of  seven.     We  have  in  f&ct  to  calculate  tJie  vtdue  of 

2aT'  +  4a:'  +  63:'  +  !B  +  3, 
when  x  =  7.     We  may   adopt  the  method  which  is  explained  in 
the  Tlieory  o/£quatwm,  Art.  11. 

2+  4+     6+     1+       3 
14  + 126  +  924  +  6475 


18  -1- 132  +  925  +  6478 
The  result  is  6478.     This  method  is  advantageous  vhen  we 
have  to  transform  from  any  oi^er  scale  into  the  common  scale. 

435.  It  will  be  easy  to  form  an  unlimited  number  of  self- 
verifying  examples.  Thus,  take  two  numbers  expressed  in  the 
common  suale  and  obtain  their  product,  tlien  transform  this  pri>- 
duct  into  any  proposed  scale ;  next  transform  the  two  muubers 
into  the  proposed  scale,  and  obt^  their  product  in  this  scale ; 
the  remit  should  of  course  agree  with  that  already  obtained.  Or, 
take  any  number,  square  it,  transform  this  square  into  any  pro- 
posed  scale,  and  extract  the  square  root  in  this  scale ;  then  trans- 
form the  laat  result  back  to  the  original  scale. 

436.  Next  let  it  be  reqiiired  to  transform  a  ^\ea  Jraction' 
from  one  scale  to  another.  This  may  be  effected  by  transforming 
separately  the  numerator  and  denominator  of  the  given  fraction 
by  the  method  of  Art.  430.  Thtis  we  obtain  a  fraction  identical 
with  the  proposed  fruction,  having  its  numerator  and  denominator 
expressed  in  the  new  scale. 

437.  We  stated  in  Art.  437,  that  in  the  common  scale  of 
notation,  each  digit  which  occurs  in  the  expression  of  any  wnUger 
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by  figures  I'epreseats  some  multiple  of  some  potoer  of  ten.  This 
statement  may  be  extended,  and  'we  may  assert  that  if  a  number 
be  expressed  in  the  common  Ecale,  and  the  number  be  an  integer, 
or  a,  decimal  Jraction,  or  partly  an  integer  and  partly  a  decimal 
fiaction,  then  each  digit  represente  some  multiple  of  some  power 
of  ten.     Thus  in  347-958  the  S,  the  i,  and  the  7,  hare  the  values 

assigned  to  them  in  Art  427 ;  the  9  represents  jr; ,  that  is, 
9  times  10"' j  the  5  represents  irr^,  that  is,  5  times  10~';  and 

the  8  represents  -„      ;  that  is,  8  times  10"*. 

It  may  therefore  natumlly  occur  to  us  to  consider  the  follow- 
ing  problem :  required  to  express  a  given  fi-actioa  by  a  series  of 
fractions  in  any  proposed  scale  analogous  to  decimal  fraelioni  in 
the  common  scale.  We  wiU  Bpet^  of  such  fractions  as  radix- 
Jraetions, 

438.  Required  to  easpress  a  given  fraction  by  a  Kriea  of  radix- 
fraetUm*  in  any  proposed  scale. 

By  a  given  fraction  we  mean  a  fraction  expressed  in  words 
or  expressed  by  figure  in  any  given  scale. 

Let  F  denote  the  given  fraction,  r  the  radix  of  the  pro- 
posed scale.  Suppose  t^,  (,, ...  the  numei-ators  of  the  required 
radixfractions  beginning  from  the  left  Jiamd ;  time 


where  (,,  (^  t^, are  to  bo  found. 

Multiply  both  members  of  the  equation  by  r ;  thus 
^  =  (  +^  +  ^  + 

The  right-hand  member  consists  of  an  integer  t,  and  an 
additional  fiHctional  part.  Let  /,  denote  the  integral  part  ot  IV, 
and  F,  the  fractional  remainder ;  then  we  must  have 


-'1  =  *.. 
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Thus,  to  obtain  the  first  numerator,  <],  of  the  aeries  of  radix- 
fractions,  we  have  this  rule ;  multiply  the  given  fraction  by  the 
proposed  radix  ;  then  the  greateet  integer  in  Ihe  product  ia  tfte  first 
of  the  required  numerators. 

Again,  multiply  Fi  by  r;  let  I,  be  the  integral  part  of  Uia 
product,  and  F,  the  fractional  remainder ;  then 


=  '.'      ^." 


Hence  t,,  the  second  of  the  required  numerators,  is  aBcertoined, 
By  proceeding  in  this  way  we  shall  determine  the  required  nu- 
meratora  in  Bucceaaion,  If  one  of  the  products  which  occur  on 
the  left-hand  side  of  the  equations  be  an  exact  integer,  the  process 
tiien  terminates,  and  the  proposed  fraction  b  expressed  by  a  finite 
series  of  radix-fractions.  If  no  integral  product  occur,  the  process 
never  terminates,  and  the  proposed  fraction  can  only  be  expressed 
by  an  infinite  series  of  the  required  radix-fractions;  the  numera- 
tors of  the  radix-fractions  will  recur  like  a  recurrii^  decimal. 

123 
439.     For  ezample,  express  y^.  by  a  seriea  of  radix-fractions 

in  the  scale  8. 

123  1''3  1 1 

Multiply  rpn-  by  8  ;  thus  we  obtain  -^ ,  that  is  7  -n     . . 


Multiply  V  by  8;  thus  we  obtain  4. 

„         123     7      5      4 

=^"*^128=8^8-'"8'- 

440.  We  may  remark  that  the  radix  ten  ia  not  only  the  base 
of  the  comnum  mode  of  expressing  numbers  by  figures,  but  is  in 
£ict  assumed  as  the  base  of  our  language  for  numbers.  This  will 
be  Been  by  observing  at  what  stage  in  counting  upwards  from 
unity  new  worde  are  introduced.  For  example,  all  Dumbers 
between  twenty-one  and  twenty-nine,  both  inclusive,  are  expressed 
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by  means  of  words  that  hare  alrea^ly  occurred  in  ooimtmg  up 
to  twenty;  then  a  new  word  occurs,  namely  thirfy,  and  we  can 
count  on  without  an  addititmal  new  word  as  far  as  thirty-nine ; 
and  BO  on. 

The  number  ten  has  only  two  diviaors  different  from  iteelf 
and  unity,  namely  2  and  6;  the  number  itoelve  has  four  divisors, 
namely  2,  3,  4,  and  6.  On  this  account  twelve  would  have  been 
more  convenient  than  ten  as  a  radix.  This  may  be  iUustrated  by 
reference  to  the  case  of  a  shilling;  aince  a  BtiilHig  is  equivalent  to 
twelve  pence,  the  half,  the  third,  the  fourth,  and  the  sixth  of  a 
Bliilling,  each  contains  an  exact  number  of  pence;  if  the  shilling 
were  equivtdent  to  ten  pence,  the  half  and  fifth  of  a  shilling  would 
be  the  only  submultiples  of  a  shilling  containing  an  exact  number 
of  pence.  Similarly,  the  mode  of  measuring  lengths  by  feet  and 
inches  may  be  noticed. 

441.  We  may  observe  that  if  ttoo  be  adopted  as  the  radix  of 
a  scale,  tlie  operations  of  Arithmetic  are  in  some  respects  much 
simplified.  In  this  scale  the  only  ^ur»  which  occur  are  0  and  1, 
so  that  each  separate  step  of  a  series  of  arithmetical  operations 
would  be  an  addition  of  1,  or  a  subtraction  of  1,  or  a  multiplica- 
tion by  1,  or  a  division  by  1.  The  simplicity  of  each  operation  is 
however  counterbalanced  by  the  disadvantage  arising  from  the 
increased  number  of  such  operations. 

We  give  in  the  following  two  Articles  two  problems  connected 
widi  the  present  subject. 

442.  Determine  which  of  the  series  of  weights  1  lb.,  2  lbs., 

2'lbB.,  2'lbs.,  2'llw,, must  be  used  to  balance  a  given  weight 

of  JVlbs.,  not  more  than  one  weight  of  each  kind  being  used. 

It  is  obvious  that  this  question  is  the  same  as  the  following; 
express  the  number  If  in  the  scale  of  which  the  radix  is  2. 
Hence  it  follows  ftom  Art.  439  that  the  problem  can  always 
be  solved. 

443.  Sup^iOBe  it  required  to  determine  which  of  the  weights 
1  lb,  SlbB,  3' lbs.,  SMba,...  must  bo  selected  to  weigh  IfWm.,  no* 

r..^ ,Gt)tH^lc 


252  SCALES  OF  NUTATION. 

more  than  one  of  each  kind  being  used,  but  tn  eUfier  tcale  that 
may  be  uecessaiy. 

Divide  y  by  3,  then  tlie  remainder  must  be  zero,  or  one,  or 
two.  Let  iT,  denote  the  quotient ;  then  in  the  first  case  we  have 
S^ZN^,  in  the  second  case  N=ZN^  +  \,  and  in  the  third  case 
N=  3JV"|  +  2,  In  the  first  or  second  case  divide  N^  by  3;  in  the 
third  case  we  may  write  N=  3  (if,  + 1)  —  1,  then  we  should 
divide  ^1+1  by  3.  Proceed  thus,  and  we  shall  finally  have  a 
result  of  the  following  form, 

JV"  =  j,3'  +  j,_,3'"'  +  . +7,3  + y„, 

where  eacTi  of  iJie  quantities  q„,  q,, j,  is  eidier  zero,  or  + 1, 

or  —  I.     Thus  the  problem  is  solved. 

444.  In  a  scale  of  Tuttation  of  which  Qu  radix  is  t,  the  mm  qf 
&e  digits  qf  any  whole  numiier  divided  by  t —  \,  or  by  any  factor  of 
r  —  1,  wUi  leave  the  sanie  remainder  respectively  as  the  whole  number 
divided  byx^lor  by  the  factor  of  i-l. 

Let  N  denote  the  whole  number,  p„,  p„ p,  the  digits  be- 
ginning with  that  in  the  units'  place;  then 

y=p^+p^r+ +P,i' 

^Pt+Pi+P,-^ +P« 

+y(r-l)+p.(»'-l)+ +A('--1)J 

JV       P„+Pi+P,+ +P. 


+p,+p^{r+l)  + +p.__— -. 

But 7-  is  an  integer  whatever  positive  int^jer  n  may  b 


tlms  - 


+  P.  +  - 


Next  let  p  be  a  factor  of  r  —  l,  say  that  r  —  l=pq.     Then 
multiplying  the  last  result  by  q  we  have 

—  -        e'  tece       P.+Pi  + +P. 

^  _  Bom    integer  ^ 

This  establishes  the  propowtatHi. 

r..„ ^,Gt)tH^le 


SCALES  OF  NOTATION.  263 

445,  In  a  acaU  of  nolatum  in  whvA  ike  radix  is  t  let  any 
whole  number  be  divided  Jy  r+  1 ;  and  lei  the  difference  betvxen 
the  fum  of  the  digits  in  the  odd  j^aees  attd  the  sum  qfthe  digits  in 
At  even  plaeea  be  divided  by  i+l  i  then  either  the  remomders  will 
be  eqttal  or  their  sum  toiil  6e  r  +  1. 

"With  the  same  notatiou  as  in  the  [n%cediug  proposition  we 
have 

y  =  Pt+Pir+p,r'+ +P,r' 

=F,-P,*Pt-P,* +  (-!)>- 

_  JIT  .  ,  P.  — Pi  +  Pi— +(~1)'P. 

Thna  r  =  Bome  mtawr  +  *-* — — — ^ = ^ '-^ . 

First,  suppose  p,— yi+pi— ■■■  +  (— l)*^,  to  be  poHtive,  and 
d^utte  it  bj  /> ;  then 


Uiua  when.  JTand  D  are  divided  by  r-f  1  the  remainders  are  equal. 

Secondly,    suppcMe  p,-p,  +  p,— ... +  (-l)"p,  to   he   negative, 

and  denote  it  bj  ~  If ;  then 

If                  .  ,               D 
=■  =  some  integer r- , 


thos  when  I^  and  D  are  divided  by  r  +  1  the  sum  of  the  remain- 
dera  miist  be  r  + 1,  tmleas  either  remainder  is  zero,  and  then  the 
other  reminder  also  ia  zero. 

For  example,  suppose  r^lO  and  ir=  363419.     Here 

and  If  and  D  when  divided  by  11  each  leave  the  remainder  2.  , 

Again,  suppose  r  =  10  and  If  =615372.     Here 
2-7 +3-5-1- 1-6=- 12  =  -i); 
and  y  and  D  when  divided  by  11  leave  the  remainders  10  and  1 
rwpectiTely. 
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446.  It  appears  irom  Art.  144  that  a  number  in  divisible  hy 
9  when  the  sum  of  its  digits  is  divisible  b^  9  j  and  that  when  any 
number  is  divided  hy  9,  the  remainder  is  the  same  as  if  the  sum 
of  the  digits  of  that  number  were  divided  hy  9.  And  a£  3  is  a 
iactoi.-  of  9  a  number  Is  divisible  by  3  when  the  sum  of  its  digits 
is  divisible  b j  3  ;  and  when  aay  number  is  divided  by  3  the  re- 
mainder ia  the  same  aa  if  tbe  sum  of  the  digits  of  that  number 
were  divided  by  3. 

It  appears  from  Art.  445  that  a  number  is  divisible  by  11 
when  the  difference  between  tbe  sum  of  the  digits  in  the  odd 
places  and  the  sum  of  the  digits  in  the  even  places  ia  divisible 
by  11. 

447.  From  tbe  property  of  the  number  9,  mentioned  in  the 
preceding  Article,  a  rule  may  be  deduced  which  will  sometimea 
detect  ati  error  in  the  multiplication  of  two  numbers. 

Let  da  +  x  denote  the  multiplicand,  and  9&  -t-y  tbe  multiplier; 
tlien  the  product  is  Slab  +  9bx  +  9ay  4-  xy.  If  then  the  sum  of 
tbe  d^its  in  tbe  multiplicand  be  divided  by  9,  the  remainder  b  a; ; 
if  tbe  sum  of  tbe  digits  in  the  multiplier  be  divided  by  9,  the 
remainder  is  j/;  and  if  tbe  sum  of  the  digits  in  tbe  product  be 
divided  by  9,  the  remainder  ought  to  be  the  same  as  when  xy 
is  divided  by  9,  and  will  be  if  there  be  no  mistake  in  the 
operation. 


Transform  the  following  sixteen  numbers  from  tbe  scales  i 
which  they  are  given  to  the  scales  in  which  they  are  required : 
1.     133456  from  tbe  scale  of  ten  to  tbe  scale  of  seven. 
'         2.     1357531  from  the  scale  of  ten  to  tbe  scale  of  five. 

3.  357234  from  the  scale  of  ten  to  tbe  scale  of  seven. 

4.  333310  from  the  scale  of  ten  to  the  scale  of  eleven. 

5.  545  from  the  scale  of  six  to  the  scale  of  ten. 
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6.  4444  from  the  scale  of  five  to  tiie  scale  of  ten. 

7.  3413  &om  the  scale  of  six  to  tLe  scale  of  seven. 

8.  40234  from  the  scale  of  five  to  the  scale  of  twelve, 

9.  64520  from  the  scale  of  seven  to  tiie  scale  of  eleven. 

10.  15951  from  the  scale  of  eleven  to  the  Bcale  of  ten. 

11.  15-75  from  the  scale  of  ten  to  the  scale  of  eight 

12.  31462-125  fi-om  the  scale  often  to  the  scale  of  eight. 
IS.     221-248  from  tie  scale  often  to  the  scale  of  five. 

14.  444-44  from  the  scale  of  five  t«  the  scale  of  ten. 

15.  1845-3125  from  tlie  Bcale  of  ten  to  the  scale  of  twelva 
IS.     3065-263  from  the  scale  of  eight  to  the  scale  often. 

17.  Express  in  the  scale  of  seven  the  numbers  whidi  are 
expressed  in  the  scale  of  ten  by  231  and  452  ;  multiply  the  nuni' 
bers  tt^thei-  in  the  scale  of  seven,  and  reduce  to  the  scale  of  ten. 

18.  Divide  17932126  by  4685  in  the  scale  of  nine. 

19.  Extract  the  square  root  of  33224  in  the  scale  of  six. 

20.  Extract  the  squai-o  root  of  123454321  in  the  scale  of  six. 

21.  Extract  the  square  root  of  3445-44  in  the  scale  of  six,  and 
reduce  ^e  rrault  to  the  scale  of  three. 

22.  Subtract  20404020  from  103050301  in  the  scale  of  eight, 
and  extract  the  square  root  of  the  result. 

23.  Exti-act  the  squai-e  root  of  11000000100001  in  the  binary 
scale. 

24.  Extract  the  squai-e  root  of  67556f2I  in  the  scale  of 
twelve. 

117 

25.  Express  j^  in  a  seneg  of  radix-fractiona  in  the  acala 

of  twelve. 

26.  rind  in  what  scale  95  is  denoted  by  137. 

27.  Find  in  what  scale  2704  is  denoted  by  20304. 

28.  Find  in  what  scale  1331  is  denoted  by  1000. 
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29.  Find  is  what  scale  16000  is  denoted  by  1003000. 

30.  A  nmnber  is  repi-esented  in  the  denary  scale  by  3S  j  and 
in  anotber  scale  by  65  '5,  find  the  radix  of  the  latter  scale. 

31.  Find  in  what  scale  of  notation  sixteen  hundred  and  sixty- 
four  ten-tbousandtba  of  unity  is  represented  by  '0404. 

32.  Shew  that  12346654321  ia  divisible  by  13321  in  any 
scale ;  the  radix  being  supposed  greater  tban  six. 

33.  Shew  that  144  is  a  perfect  square  in  any  scale;  tiie  radix 
being  supposed  greater  tban  four. 

34.  Shew  that  1331  Is  »  perfect  cube  in  any  scale ;  the  radix 
being  supposed  greater  than  three. 

35.  Find  wbicb  of  the  weights  1,  2,  4,  8, 2"  pounds  must 

be  selected  to  weigh  1719  pounds. 

36.  Find  which  of  the  weights  lib.,  31bs.,  3Mbs., must 

be  selected  to  weigh  1027  lbs.,  not  more  than  one  of  each  kind 
being  used,  but  in  either  scale  that  is  necessary. 

37.  Find  which  of  the  same  weights  must  be  selected  to 
weigh  716  Iba. 

38.  Find  which  of  the  same  weights  must  be  selected  to 
weigh  475  lbs. 

39.  Find  by  operation  in  the  scale  of  twelve  what  is  the 
height  of  a  parallelepiped  which  contains  94  cubic  feet  235  cubic 
inches,  and  whose  base  is  2i  square  feet  5  square  inches. 

40.  Express  2  feet  10^  inches  linear  measure,  and  5  feet 
73^  inches  square  measure,  in  the  scale  of  twelve  as  feet  and 
duodecimala  of  a  foot ;  and  the  latter  quantity  being  the  area 
of  a  rectangle,  one  of  whose  sides  is  the  former,  find  its  other 
side  by  dividing  in  the  scale  of  twelve. 

41.  If  p„,  y,,  p,, be  the  digits  of  a  number  beginning 

with  the  units,  prove  that  the  number  its3]f  ia  divisible  by  eight 
if  p^  +  2p,  +  Ap,  is  divisible  by  eight 
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i2.  Prove  that  the  difference  of  tvo  numbers  consiBtiiig  of 
the  same  %ures  is  divisible  by  nine, 

43.  Find  the  greatest  and  leaat  nmnbera  "with  a  given  namber 
of  digits  in  any  proposed  Bcala 

44.  Prove  that  if  in  any  scale  of  notation  the  sum  of  tvo 
numbers  is  a  multiple  of  the  radix,  then  (1)  the  digits  in  which 
the  squares  of  the  numbers  terminate  are  the  same,  and  (2)  the 
sum  of  this  digit  and  of  the  digit  in  vhicli  the  product  of  the 
muabera  terminates  is  equal  to  the  radix. 

45.  A  certain  number  when  represented  in  the  scale  two  has 
each  of  its  last  three  digite  (coimting  from  left  to  right)  zero,  and 
the  next  digit  different  from  zero ;  when  represented  in  either  of 
the  scales  three,  five,  the  last  digit  is  zero,  and  the  last  but  oae 
different  from  zeroj  and  in  every  other  scdo  (twelve  scaJes  ex- 
cepted) the  last  digit  is  different  from  zero.  What  are  these 
twelve  scales,  and  what  is  the  number ) 


XXX.    ARITHMETICAL  PROGRESSION. 

448,  Quantities  are  said  to  be  in  Arithmetical  Progression 
when  tihej  increase  or  decrease  by  a  common  difference. 

Thus  the  following  series  are  in  Arithmetical  Progression  : 

1,  3,  5,  7,  9,  

40,  36,  32,  28,  2i,  

a,  a  +  b,  a  +  26,  (H-36,  

a,  a-b,  a-2S,  a~Zb,  ...... 

In  the  first  example  the  common  difference  is  2,  in  the 
second  -4,  in  the  third  6,  in  the  fourth  —b. 

449.  Let  a  denote  the  firat  term  of  an  Arithmetical  Progres- 
don,  6  the  ccxmmon  difference ;  then  the  second  t«rm  ia  a  +  b, 
tile  tlurd  term  is  a-i-  2b,  tiie  fourth  term  is  a  +  36,  and  so  on. 
Thus  the  n*  term  is  a  +  (w  -  1)6. 
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450.  To  find  the  turn  of  a  given  number  ofqwmlitU»  in  AritA- 
tMtical  Progrettion,  the  Jirtt  tern  a,nd  the  common  difference  being 
tuppoaed  known. 

Let  a  denote  the  first  term,  b  the  common  difference,  n  the 
number  of  terms,  I  the  last  term,  a  the  Bum  of  the  terms. 
Then 

i  =  a  +  {a  +  b)  +  (a  +  U)  + +  1. 

And,  by  ■writing  the  series  in  the  reverse  order,  we  have  also 

»  =  l  +  (l-h)  +  {l-2b)  + +a. 

Therefore,  by  addition, 

28  =  (?  +  o)  +  (i  +  o)  + to  n  terms 

^n{Ua); 

therefore  »  =  ^(l  +  a) (1). 

Also  l  =  a+{n-l)b (2), 

thus  «  =  |{2a  +  (n-l)6i (3). 

The  equation  (3)  gives  the  value  of  «  in  terms  of  the  quan- 
tities which  were  supposed  known.  Equation  (1)  also  gives  a  con- 
venient expression  for  (,  and  &mishes  the  following  rule :  lie  mm 
oj"  any  number  of  terms  in  Arithmetical  Progreanon  w  equfd  to 
the  product  of  the  number  of  the  terms  into  half  tlte  gum  of  the 
first  and  last  terms, 

451.  In.  an  Arithmelical  Progremion  the  turn  of  any  t*oo 
terms  equidistant  from  the  beginning  and  &e  end  te  equal  to  the 
sum  nfthefiirit  and  last  tenns. 

The  truth  of  this  has  already  been  Been  in  the  course  of 
the  preceding  demonstration ;  it  may  be  shewn  formally  thus : 
IiBt  a  be  the  first  term,  b  the  common  difference,  I  the  last  term ; 
tJien  the  r^  term  from  the  beginning  is  a-t~(r-l)b  and  ihe  t'^ 
t«rm  from  the  end  b  l-{r—l)b,  and  the  sum  of  thme  terms 
is  therefore  I  +  a. 
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452.  To  t-ngart  a  given  number  <if  arithmetical  meana  bthoeen 
two  given  tonna. 

Let  a  and  c  be  tlie  two  given  terms,  n  tbs  number  of  terms  to 
be  inserted.  Then  tlie  meaning  of  ^e  problem  is,  that  we  are  to 
find  n  +  2  i&nnB  in  Ari^metical  Frogreesion,  a  being  the  first 
term,  and  c  the  last  term.     Let  b  denote  the  conunou  difference ; 

then  c  =  a  +  (n  + 1)  6 ;  therefore  b  = ^ .     This  finds  6,  and  the 

n  required  terms  are 

a  +  b^        a  +  2b,        a +  35, a  +  ni>. 

453.  In  Art.  150  ve  have  five  quantities  occuning,  namely, 
Of  b,  I,  n,  e,  and  these  are  connected  by  the  equations  (I)  and 
(2),  or  (2)  and  (3)  there  established.  The  student  will  find  that 
if  any  three  of  these  five  quantities  are  given,  the  other  two  oaa 
be  found ;  this  will  famish  some  uBeful  exercises.  We  give  on« 
as  an  example. 

454.  Given  the  eum  of  ati.  AriChmelical  I'rogrenioTt,  ike  first 
term,  and  the  common  difference;  required  the  number  ofUrma, 

Here  »  =  |{2a-t-(n-l)6); 

therefore  2«  =  »'5  +  (2ci-6)n. 

By  solving  this  quadratic  in  n  we  obtain 

J-2a*^/{(2o-6y+8«6} 
"  = 26  • 

455.  It  will  be  seen  that  ttoo  values  are  found  for  n  in  the 
preceding  Article ;  in  some  cases  both  values  are  applicable,  as  will 
appear  from  the  following  example.  Suppose  o  =  ll,  J  =  -2, 
«  =  27 ;  we  obtain  n  =  3  or  9.     The  aritlimetical  progression  is 

11,  9,  7,  5,  3,  1,  -1,-3,-5,  kc, 
and  it  is  obvious  that  tiie  sum  of  the  first  three  terms  Is  tha  sams 
as  the  sum  of  the  finrt  nine  terms. 
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466.     Again,  suppose  a  =  4,  b^2,  «  =  18;  we  obtain  n  =  3  or 
—  6.     The  Bum  of  tJiree  terms  b^iimmg  witli  4is4-h64-8or 
18.     If  we  put  on  terms  b^ore  4  we  obtain  the  aeries 
-2  +  0  +  2  +  4  +  6  +  8, 

and  the  sum  of  these  six  terms  is  also  18.  From  this  example  we 
may  conjecture  that  when  there  is  a  negative  integral  value  for 
the  number  of  terms  as  well  as  a  positive  integral  value,  the 
following  statement  will  be  true :  begin  irom  the  last  tenn  of 
the  series  which  is  famished  by  the  positive  value,  and  count 
backwards  for  as  many  terms  as  the  negative  value  indicates, 
then  the  result  will  be  the  given  sum.  The  trutli  of  this  conjec- 
ture may  be  shewn  in  the  following  manner. 

The  qnadratic  equation  in  n  obtained  in  Art.  454  is 

2e  =  n'b  +  (2a-b)n (1). 

Suppose  a  series  in  which  the  first  term  is  b  —  a,  the  common 
difference  b,  the  number  of  terms  m,  and  the  sum  « ;  then 

2$  =  m'b  +  (2b -2a  -b)m (2). 

The  roota  of  (1)  and  (2)  are  of  equal  values  bnt  of  opposite 
rigns  (Art.  340) ;  so  that  if  the  roots  of  (1)  are  denoted  hy  n,  and 
—n,,  lliose  of  (2)  will  be  »,  and  — »,.  Hence  t),  terms  of  a  series 
which  b^ns  with  6- a  and  has  the  common  difference  6,  will 
amount  to  the  given  sum  s.  The  last  term  of  the  series  which 
begins  with  a  and  extends  to  nj  terms  is  a  +  {M,- 1)6;  we  have 
therefore  to  shew*  that  if  we  begin  with  this  term  and  count 
backwards  for  n,  terms,  we  arrive  at  b  —  a.  This  amounts  to 
shewing  that 

a  +  {n,-\)b-{n,~l)b^b-a; 
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that  is,  that 

»  +  (».-»J»-»-«- 

No» 

«,-».  =  -22j^',  (Art.335); 

thei«fore 

«+(»,-»JS-»-(2.-J).i-. 
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457.  Another  point  Toa-y  be  aottced  in  connexioii  with  a 
negative  integral  value  of  n. 

I^et  —  n,  be  a  negative  infa^p^  value  of  n  which  satisfiea  the 

equation 

then  s  =  ~^{2a~nfi-l}. 

Thereforo  -B=^{2(a- J)  ■(-(«,- 1)(-J)}. 

This  flhewa  that  if  we  count  backmardt  n,  terms  b^pnning 
with  a~b,  the  anin  so  obtained  will  be  —  «. 

For  example,  takii^  the  case  in  Art.  456,  b;  bc^ituung  at  2 
and  counting  backwards  for  six  terms  we  obtain 

2  +  0-2-4-6-8, 
that  is,  - 18. 

458.  In  some  caaes,  however,  only  one  of  the  values  of  n 
found  in  Art  454  is  an  intf^r.  Suppose  a^Il,  &  =  —  3,  1  =  24; 
we  obtain  n=  3  or  5^.  Hie  value  5^  sui^^ta  to  us  that  of  the 
two  numbers  6  and  6,  one  will  correspond  to  a  sum  greater  than 
24,  and  the  other  to  a  sum  less  than  2i.  In  iact  the  sum  of  5  - 
terms  is  25,  and  the  sum  of  6  terms  is  21. 

We  may  notice  the  following  point  in  connexion  with  a  &ao- 
tiooal  value  of  n. 

Suppose  -  a  fractional  value  of  n  which  satisfies  tlie  equation 

..^|2»  +  („-l)s}; 
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This  shews  that  t  is  equal  to  Uie  som  of  p  terms  of  an  Arith- 
b        b  , 

V 

In  die  ezamplo  given  above  -  =  6^^-^;  so  that  p=  16  and 
q  i 

q=Z,     And 

"-i-      A      11     1-^  =  4-    A-_l. 
5     2y'*'2f""  3   ■^'a      6        '    q*~     3" 

Hiiis  24  is  the  anm  of  16  terms  of  an  Arithmetical  Frogresuon  in 

whicli  the  first  tena  is  4  and  Uie  common  difference  is  —  ^ . 

459.  Hie  results  in  the  fbllowing  two  simple  examples  are 
worthy  of  notice. 

Tojmdthe  gum  o/n  tennt  of  the  seriet  1,  2,  3,  4,.., 

Here  the  n"^  term  is  n ;  thus,  by  Art.  450, 

.-5("  +  l). 

To  find  the  sum  qfnlerm$  of  the  leriet  1,  3,  S,  7,... 
Hereo=],  6  =  2;  tboa,  by  Art.  450, 

«  =  ^{2+2(«-l)}  =  ^x2«  =  «'. 

We  add  two  similar  questions  which  lead  to  important  resolte, 
aJthough  not  very  closely  connected  witli  the  present  subject 

460,  To  find  the  mm  of  the  squaret  qf  the  fint  n  nalwal 
tmmberg. 

Iiet  ■  denote  the  required  sum;  then 

s  =  l'+2'+3'+ +  »', 

and  WB  shall  prove  that   g  =  — 1 ^ -. 
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■We  have 

M'-(a-l)'  =  3»'-3n  +  l, 

(n-lf-{n-2)'  =  3{n-iy-S(n-l)  +  l, 

(»-2)*-(m-3)'  =  3(ti-2)'-3(«-2)+], 

3'-2"=3.3'-3.3+l, 

2*"l"  =  3.2'-3.2  +  l, 

l'-0'  =  3.1'-3.1  +  l. 

Hence,  by  addition, 

n'=3{r+2'+ +  »'[-3[l  +  2  + +  n]* 

,     „       3n(ji  +  ]) 
that  18,  «■  =  3« ^ ;  +  n. 

Sn(H  +  \)        _nfra  +  l)(2ft-t-I) 


Therefore     3»  =  »' 


2.3 


and  we  almlL  prove  that  i 


461.     To  Jvad  ths  sum  of  the  cubes  of  the  ^st  n  natural 
numhert. 

Let  9  denote  the  required  sum  ;  then 

«  =  l'+2'  +  3'+ +«*, 

_  (n{n+l)\' 

We  have 

»»_{M_l)'  =  4n'-6n'  +  4»-l, 
(»-l)*^{«-2r=4(«-l)'-6(«-l)'  +  4(n-I)-l, 
(«-2)'-(»-3)'-4(n-2}'-6(rt-2)'+i{n-2)-l, 

3'-2*  =  4.3'-6.3'  +  4.3-l, 
2'-r  =  4.2'-6.2'  +  4.2-l, 
l'_0*  =  4.1'-6.1*  +  4.1-l. 
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Hence,  b;  addition, 

n*  =  i[l'+2'+ +  «'}-6{l'  +  2'+ +»*} 

+  4{l  +  2+ +  n}- 

that  is,         «•  =  48  - 1»  (n  + 1)  (2n  + 1)  +  2n  (n  +  J)  -  n. 
Therefore      i»  =  n'  +  2n'  +  n\ 


and 


I    2    ;• 


Hence,  by  Art.  459,  we  have  the  following  result :  the  sum  qf 
the  cubes  oj  ihs  Jirat  u  naiural  numbers  is  equal  to  the  square  of 
the  sum  o/the  nutaiers. 

EXAUFIiES  OF  ABrTBllZnCAL  PROOBESSIOS. 

V  1.     Sum  to  20  terms  2,  6,  10,  14, ... 

A.     Sum  to  32  tewna  4,  ^,   |,   — ,... 

4       2       4 

l/s.  Sum  to  24  terms  ^  ,  -  j,  -  2,  ... 

J i.  Sum  to  20  tenns  5,  -^ ,   -5-,... 

j  5.  Sum  to  10  terms  If  li,  g  ,  ... 

l/'6.  Sum  to  12  terms  1,  If,  2^, ... 


^,  7.     Sum  to  21  terms  =  ,    5  ,    ^r  1  ■ 
/  8.     Sumto50terms  5,    5,  1,... 


\,'9.     Sum  to  30  terms  116,  108,  100,... 
^10.     Sum  ton  terms  9,  11,  13,  15,... 
\/ll.     Sum  ton  terms  1,  s,    =,-.• 
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>.  such  that  ^e  Emm  ( 
18  <nie-fourth  the  sum  of  the  following  five  terms,  the  first  term 
being  unity. 

i/lS.  The  fint  term  <tf  a  series  being  2,  and  the  fifth  term 
being  7,  find  how  many  terms  must  be  token  that  the  sum  may 
be  63. 

,/l4.     Given  a=  16,  6  =  4,  «  =  88,  find  n. 
ic015.    If  the  Bum  of  m  terms  of  an  a.p.  be  always  to  the  sum 
of  n  terms  in  the  ratio  of  m'  to  n*,  and  the  first  term  be  nni^, 
find  the  n""  term, 

/  16,     The  sum  of  a  certain  number   of  terms  of  the  series 

21 -t- 19 +  17  + is  120:  find  the  last  term  und  the  number  of 

terms. 

/IT.  What  is  the  common  difierence  when  <Jie  first  term  is  I^ 
the  last  50,  and  Uie  sum  204  t 

/  18.     Insert  6  arithmetical  means  between  1  and  29. 

19.     If  2n  +  l  terms  of  the  series  1,  3,  5,  7,  9, betaken. 

then  the  sum  of  the  alternate  terms  1,  5,  9, will  be  to  the 

sum  of  the  remaining  terms  3,  7,  11, as  n  +  I  ton. 

^20.     Find  the  sum  of  the  first  n  numbers  of  the  form  4r  +  1. 

y^  21.     rind  how  many  terms  of  1  +  3  +  5  +  7  + amount  to 

1231321. 

/    22.     Findhowmanytermsof  16  +  24  +  32  +  40-1- amount 

to  1840. 

^^  S3.  Oq  the  ground  are  placed  n  stones ;  the  distance  be- 
tween the  first  and  second  is  one  yard,  between  the  second  and 
third  three  yards,  between  the  tbiid  and  fourth  five  yards,  and 
so  on.  How  far  will  a  person  have  to  travel  who  shall  bring 
them,  one  by  one,  to  a  basket  placed  at  the  first  stone  t 

y  24.  The  14th,  134tli,  and  last  terms  of  an  a.p.  are  66, 
666,  and  6666  respectively:  find  the  first  term  and  the  number 
of  terms. 
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\/25,  Fiad  a  series  irf  arithinetical  means  between  I  and  21, 
sach  that  their  sum  has  to  the  Bum  of  the  two  greatest  of  them 
therauo  of  11  to  4. 

V  26.  The  Bum  of  the  terms  of  an  A.  p.  is  28^,  the  first  term 
is  — 12,  the  common  difference  is  |.     Fiad  the  number  of  terms. 

v27.     Find  how  many  terms  of  the  seriee  3,  4,  5, must  be 

taken  to  make  25. 

V' 28.     Find  how  many  terms  of  the  series  5,  i,  3, must  be 

taken  to  make  14. 

*  29.  Shew  that  a  certain  number  of  terms  of  an  a.p.  may 
be  found  of  which  the  algebralc&l  sum  is  equal  to  zero,  provided 
twice  the  first  term  be  divisible  by  the  common  difference,  and 
the  series  ascending  or  descending  according  as  the  first  term  ia 
negative  or  positive. 

V  30.  If  the  m*  term  of  an  a.  p.  he  n  and  the  «■*  term  m,  of 
how  many  terms  will  the  sum  be  4(m  +  n)  (m  +  N  — 1),  and  what 
will  be  the  last  of  them  ) 

/31.     If  a  =72,  a  =21,  6  =  -4,  find  n. 

32.  If  t=pn  +  gn'  whatever  be  the  value  of  n,   find   the 
*»**■  term. 

33.  If  S^  represent  the  sum  of  n  of  t^  natural  numbers 
b^inning  with  a,  prove  that  S,^,^i  =  35,. 

34.  Prove  that    the    squares    of    as*— 2iB-l,    ic'+l,    and 
«*  +  2a!  —  1  are  in  a,  p. 

V33.  The  common  difference  of  an  a.p.  is  equal  to  the  differ- 
ence of  the  squares  of  the  first  and  last  terms  divided  by  twice  the 
sum  of  all  the  terms  diminished  by  the  first  and  last  term. 

V  3G.  The  sum  of  m  terms  of  an  A.  P.  is  n,  and  the  sum  of 
n  terms  with  the  same  first  term  and  the  same  common  difference 
is  ffi.  Shew  that  the  sum  of  m  +  n  terms  is  ~(m.|-n)  and  the 
sum  of  wi— n  t«rms  is(ni-«)fl  +  — J. 
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V  37.  Find  tlie  number  of  arithmetical  means  between  1  and  19 
when  the  second  mean  is  to  the  last  as  1  to  6. 

^38,     How  manj  terms  of  &a  natural  numbers  commencing 

■with  4  give  a  Bum  of  5360 1 

•  39.  In  a  series  consisting  of  an  odd  number  of  terms,  the  sum 
of  the  odd  terms  (the  first,  third,  &<!.)  is  44,  and  the  sum  of  the 
even  terms  (the  second,  fourth,  Ac.)  ia  33.  Find  the  middle  term 
and  the  number  of  terms. 

/  40.     If  a%  6",  c*.  be  in  a.p.,  then   J—,    —,    —^    are 


41. 

Sum  to  «  terms  the  series  whose  r^  term  is  2r  -  1. 

V42. 

Sum  ton  terms  1-3  +  5-7  + 

^43. 

Sum  ton  terms  1-2  +  3-4  + 

\/H. 

Given  the  y*  term  P,  and  the  ?""  term  $  of  a  series 

in  A.P. 

express  the  sum  of  n  terms  in  terms  of  i*,  Q,p,  q,  n. 

45. 

The  /^  5*^,  and  r"*  terms  of  an  A.P.   are  x,  y,  z,  re- 

spectively ;  prove  that  if  sr,  y,  *  be  pOBitive  integws,  there  is  an 
A, p.  whose  ^,  y*,  s"  terms  are  p,  q,  r,  respectively;  and  that  the 
product  of  the  common  differences  of  the  progressions  is  unity. 

^/  46,  The  interior  angles  of  a  rectUinear  figure  are  in  A.P. ; 
the  least  angle  is  120°  and  the  common  difference  5*.  Bequired 
the  number  of  sides. 

47.     Find  the  sum  to  n  terms  of  1.2  +  2.  3  +  3.  4  +  4.6  +  ... 

V  48.  If  the  second  term  of  an  a.p.  be  a  mean  pxtportionaJ 
l>etween  the  first  and  the  fourth,  shew  that  the  sixth  term  will 
be  a  mean  proportdomd  between  the  fourth  and  the  ninth. 

49.     If  ^  (w)  be  the  sum  of  n  terms  of  an  a.  p.,  6nd  if,  (n)  in 
terms  of  n  and  the  first  two  terms. 

Also  shew  that  ^(n+3)-3^(»  + 2)+ 3^(n+ l)-6(«)  =  0. 
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60.     Sum  to  n  tenna  the  seriea  whose  m"'  term  =5—  -^  . 
\^  51.     Divide  \aatj  into  four  parts  in  a.  p,  of  which  tlie  Bum  of 
tlie  cabes  shall  be  ^^7 . 

52,  A  servant  ^rees  for  certain  wages  the  first  month,  on 
the  understanding  that  they  are  to  be  raised  a  shilHag  every 
subsequent  month  until  thej  reach  £3  a  month.  At  the  end  of 
the  fiist  of  the  months  for  which  he  recetTes  £Z,  he  finds  that  bin 
wages  during  his  time  of  service  have  averaged  48  shilliiiga  a 
month.     How  long  has  he  served  I 

*^53.  A  sets  out  from  a  place  and  travels  5  miles  an  hour. 
B  sets  out  4^  hours  after  A,  and  travels  in  the  same  direction 
3  miles  the  first  hour,  3^  miles  the  second  hour,  4  miles  the  Uiird 
hour,  aod  so  on.     Find  in  how  many  hours  B  will  overtake  A. 

54.  A  number  of  persons  were  engaged  to  do  .a  piece  of  work, 
which  would  have  occupied  them  m  hours  if  they  had  commenced 
at  the  same  time ;  but  instead  of  doing  so  they  commenced  at 
equal  intervals,  aad  then  continued  to  work  till  the  whole  was 
finished:  the  payment  being  proportional  to  the  work  done  by 
each,  the  first  comer  received  r  times  as  much  as  the  last.  Find 
the  time  occupied. 

55.  A  number  of  three  digits  is  equal  to  36  times  the  sum 
of  its  digits ;  the  digits  are  in  arithmetical  progression ;  if  396  be 
added  to  the  number  the  digits  are  reversed ;  find  the  number. 


Vee 


f  66.     Shew  that  the  sum  of  any  2n  +  \  consecutive  integers  is 
divisible  by  2n  +  1. 

XXXI.     GEOMETRICAL  PROGRESSION. 

462.  Quantities  are  said  to  be  in  Geometrical  Frogression 
when  each  is  equal  to  the  product  of  the  preceding  and  some 
constant  factor.  The  constant  factor  is  called  the  eom/nvm  ratio 
of  the  series,  or  more  shortly,  the  roHo.    Thus  the  following  aeries 
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OEOUETBICAL  PfiOaBtSSSION. 
1  Geometiical  ProgresUnn : 

1,     2,     4,      8,      16, 

1111 


I, 


3'    9'    27'    81' 
»r,  or*,  at*,  ar', . 


In  the  first  example  the  common  ratio  ia  2,  in  the  second  ^,  in 
tiie  third  r. 

463.  Let  a  denote  the  firat  term  of  a  Geometrical  Fn^^ression, 
r  the  common  ratio,  then  the  second  term  is  ar,  the  third  tena 
is  ar*,  the  fourth  tcnn  is  at*,  and  so  on.     Thus  the  n""  term 


464.  To  Jmd  the  sum  of  a  given  number  of  quantitMs  in 
Geometrical  FTogression,  thefirat  form  and  the  common  ratio  being 
guppoaed  known. 

Let  a  denote  the  first  term,  r  the  common  ratio,  n  the  number 
of  terms,  a  the  sum  of  the  terme.     Then 

a-a  +  ar+wr*  +  at*-\- +a'i^~^ ; 

therefore       ar  =        ar  +  at* -^^  at*  + +(ir""'  +  a»'. 

HeDce,  by  subtraction, 

<r  -  »  =  or*  -  o ; 

therefore  .^iilllll (I). 

If  I  denote  the  last  term,  ve  have 

?  =  ar-' (2), 

hence  g=    — -  (3). 

Equation  (1)  gives  the  value  of  «  in  terms  of  the  quantities 
which  are  supposed  known.  Equation  (3)  is  sometimes  a  con- 
venient form. 
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465.  We  may  write  the  value  of  g  thus, 

1-r    ' 

Now  suppose  r  less  than  unity ;   then  the  larger  n  is  the 

Bmaller  will  r"  be,  and  by  taHng  n  large  enough  r*  can  be  made 

as  small  as  we  please.     If  then  n  be  taken  so  Urge  that  r*  may 

be  neglected  in  comparison  with  unity,  the  value  of  a  reduces  to 

^ .     We  may  enunciate  the  result  thus :  fiy  toHng  n  largt 

mitmgh,  the  swn  of  a  terms  of  the  Geometrical  FroffresHon  can  ba 

made  to  differ  as  little  at  we  please  /rom  -z .     This  statement  ia 

sometimes  abbreviated  into  the  following :  the  sum  oftm  infinite 

number  of  lerme  of  Ike  GeomelriccU  Progreaaion  m  i ;  but  it 

must  be  remembered  that  it  is  to  be  considered  as  nothing  more 
than  an  abbreviation  of  the  preceding  statement; 

The  preceding  remarks  suppose  that  r  is  less  than  unity.  In 
future,  both  in  the  t«xt  and  in  the  examples,  vhen  we  speak  of 
an  infinite  Geometrical  Progression  we  shall  always  suppose  that  r 
is  less  than  unity. 

We  may  apply  the  preceding  remarks  to  an  example.  Con- 
sider the  aeriea  1,  ^,   \,  \ ;   here  «  =  1,   r  =  ^;    thus  the 

sum  of  n  terms  la  -^ — j  (1  —  51 )  i  fi**  is,   2  —  s^^y  ■     Jf ow  by 

taking  n  large  enough,  2*~'  can  be  made  as  large  as  we  please,  and 

therefore  -x^^i  as  small  aa  we  pleaae.     Hence  ve  may  say  that 

fiy  taking  n  large  enough,  the  sum  of  a  terms  of  the  eerie*  eon  it 
made  to  dt^rfrom  2  by  as  email  a  quantity  aa  toe  please.  This  is 
abbreviated  into  the  following:  the  »um  of  an  infinite  number^ 
terms  of  this  series  is  2. 

466.  In  a  geometries  progrea»u>n  continued  to  infinity  eaeh 
term  hears  a  constant  ratio  to  the  sum  of  all  which  follow  it;  the 
common  ratio  be^ig  supposed  lest  than  unity. 
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Lot  the  series  be  a  +  ar +  ar'  +  ar'+ ... ;  then  tlie  »*  term 
ia  a^~' ;  the  sum  of  all  the  terms  vhich  follow  tlkia 

.<.r(l  +  r  +  )J+...).j^. 

The  ratio  of  the  n*^  tenu  to  the  sum  of  all  which  foUov  it  is 

that  ia ,     This  is  constant  whatever  n  may  be. 

If  we  wish  to  determine  r  so  that  this  ratio  may  hare  a  given 

1  — r  1 

value  p  we  put  — —  -  p  ;  therefore  r  =  -, . 

^         ^         r       ^'  l+p 

467.     Hecurring  decimals  are  cases  of  what  are  called  infi- 
nite Geometrical  Progressiona,     Thus,  for  example,  -2343434 

J       .        2       34       34      34  tj         .,       i  *        2 

denotes   ttj  +  ??ji  +  iTp  +  ttt?  + -Here    the    terms  after  -^ 

constitute  a  Geometrical  Progression,  of  which  &e  first  term  is 

Yprj ,  and  the  con^mon  ratio  is  ^7;;  ■     Hence  we  may  say  that  the 


-wf 


sum.  of  an  infinite  number  of  terms  of  this  series  is 

that  is,  rrrrrr.     Therefore  the  v^ue  of  the  decimal  is  A  +  5^. 
We  will  now  investigate  a  general  rule  for  such  examples. 

468,     To  find  iht  value  of  a  recurring  decimal. 
Ijet  P  denote  the  figures  which   do  not  recur,  and  suppose 
them  p  in  number ;   let  Q   denote   the  figures  which  do  recur, 
and  suppose  them  q  in  number.     Let  a  denote  the  value  of  the 
recurring  decimal ;  then 

i  =  -rQQQ , 

IVs^PQQQ , 

1O'*'«=P0CO© ; 

by  subtraction,  (Ky  -  Iff)*  =  /*$  -  P. 

r..,„i.7?<iT,G00(^lc 


278  GEOUKTAICAL  FBOQItESSIOK. 

Now  10'*'-10'  =  (10'-1)10';  and  lO'-l  when  expreased 
by  figures  in  the  OBual  way  will  consist  of  q  nines.  Henoe  we 
dedvuM  the  usual  rule  for  finding  the  value  of  a  reourring  decimal : 
subtract  the  integral  number  consisting  of  the  non-recurring  figures 
from  the  intend  number  consisting  of  the  non-recurring  and 
recurring  figures,  and  diride  hj  a  number  consisting  of  as  many 
nines  as  there  are  recurring  figures  followed  by  as  many  cyphers 
as  there  are  non-recurring  figures. 

469.  To  insert  a  given  n'umber  of  Geometrical  meant  between 
two  given  termt. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  n  +  2  terms  in  Geometrical  Progression,  a  being  the  fir^t  term 
and  c  ihs  last.    Let  r  denote  the  common  ratio ;  tten  e  =  a*'*' ; 

thus  r=  (-!"'.     This  finds  r,  and  the  required  terms  are  ar,  or', 


470.  In  Art.  464  we  have  five  quantities  occurring,  namely, 
a,r,l,n,  e;  and  these  are  connected  by  the  equations  (1)  and  {2), 
or  (2)  and  (3),  there  given.  We  might  thwefore  propose  to  find 
any  two  of  these  five  quantities  when  the  oilier  three  are  given ; 
it  will  however  be  seen  that  some  of  the  cases  of  this  problem 
ore  too  difficult  to  be  solved.  The  following  four  cases  present  no 
difficulty :  (1)  given  a,  r,  n;  (2)  given  a,  n,  I;  (3)  given  r,  n,  I; 
(4)  given  r,  n,  a. 

471.  Suppose,  however,  that  a,  *,  n  are  given,  and  Ukerefore 
r  and  I  are  to  be  found.  Then  r  would  have  to  be  found  from 
the  equation 

.(r-l)-a(^-I); 

we  may  divide  botli  sides  by  »■  —  1,  and  then  we  shall  have  an 
equation  of  the  (m  —  l)""  degree  in  the  unlmown  quantity  r,  which 
therefore  oannot  be  solved  by  any  method  yet  ^ven,  if  n  be 
greater  than  3.  Similar  remarks  will  hold  in  the  case  where  I,  t,  n 
are  given,  and  ther^n«  a  and  r  are  to  be  found. 
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472.  Four  cases  of  tlie  problem  remain,  namelj,  thoee  four  in 
which  n  ia  one  of  the  qnajititiea  to  be  found.  Suppose  a,  r,  t 
given,  and  'Uierefbre  ■  and  n  are  to  be  found.  Here  n  'would  have 
to  be  found  fiom  the  equation  /  =  ar^~',  where  the  unknovn  quan- 
tity n  occurs  aa  an  exponent;  nothing  has  been  said  bitlierto  as  to 
Uie  solution  of  such  an  equation. 

473.  To  find  the  sum  o/a  terms  of  ihe  foUowing  leriee; 

a,    {a*h\T,    {a  +  26}r*,    [a  +  Zb)**, 

Let  «  denote  the  sum;  then 

»  =  a  +  {a  +  6ir  +  {a  +  26}r'+ +  Ia  +  {n- l)6}r-', 

M^  <M-+{o+  6}.r'+ +  {«+.{»- 2)  t}»—' 

Oj  subtraction 

s{l-j-)  =  a+fo-  +  frr'  + +  frr'--{<»  +  (n-l)J}»' 

\-r  (1-r)' 
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,       o       *      ■    .  8      8      40 

1.     Sum  to  BIX  terms  =  +  ^  +  -^  * 

S.     Sum  to  ten  terms  2-  2' +2' -2*+ 

4 
3.     Sum  ton  terms  3  +  2  + 5+ 

i.     Sum  to  II  terms  5  +  ^ ++ 

2     4      8 

5.  Sum  to  infinity  ^  +  (j  +  .,-j  + 

6.  Sum  to  infinity  s  +  l+,-+ 
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7.  Sum  to  infinily  2  *  I  *  ft  '*'  i  fi  "^  " 

8.  Sum  to  infinity  3  +  2  +  ^+ 

9.  Sum  to  infinity  4+-^  *  2 "i  * 

IfX  Sum  to  infinity  l+j  +  10  + 

11.  Bumtoinfimty5-^  +  l-— 4 

1 2.  Sum  to  infinity  1  - 


13.     Sum  to  infinity  ^ 
U.     Sum  to  infinity 


2^4 


2      3     27 
1       1         1 


Sum  to  infinity  5  -  4  ■*"  ft  ~  16  ' 


IG.     Sum  to  infinity 


V2  +  1  1  1 


17.  Bum  to  infinity  e+r»"'"^  +  K<+ 

18.  Sum  ton  temia  r  +  2r' +- Sr*  +  4r*  + 

19.  Sum  to  n  terms  l  +  =  +^  +  n5+ 

20.  Sum  ton  terms  l  +  n+'T  +  o''' 

21.  Sum  to  n  terms  1,-g  '*"I~'a'^ 

22.  Find  the  sum  of  any  number  of  tonus  in  a.r.  ^rhoae  first 
and  third  terms  are  given. 

r..„ ^,Gt)tH^lc 


££AUFLE3.      XXXI.  275 

33.  If  the  commoa  ratio  of  a  G.  F.  is  —  3,  find  the  common 
ratio  of  the  series  obtained  by  taking  every  fourth  tarm  of  the 
original  Berie& 

24.     The  Bum  of  ^700  wiss  divide!  among  four  persons,  whose 
ahares  were  in  g.p.  ;  and  the  difierence  between  the  greatest  and 
least  was  to  the  difierence  between  ihe  means  as  37  to  13.     Find 
their  respective  shares. 
'*^25,     Sum  to  n  terms  the  series  whose  jm""  term  is  (~  l)"**". 

,_,  26.     If  i*  be  the  sum  of  the  aeries  l+r»+r*+^+ arftV. 

and  Q  be  flie  sum  of  the  aeries    I+-r'  +  r^  +  /*+ ad   inf., 

provethat  I^{Q-\Y  =  (?(P~\y. 

'27.     Shew  that  ^(-444 )  = -066 

**^  28.  A  person  who  saved  every  year  half  as  much  agwn  as  h* 
saved  the  previous  year  had  in  seven  years  saved  £103.  19«.  How 
much  did  he  save  the  first  year  1 

29.  In  a  Q.  p.  shew  that  the  product  of  any  two  tenns  eq^ui- 
distant  from  a  given  term  is  always  the  same. 

30.  In  a  G.p.  shew  that  if  each  term  be  subtracted  fi-om  tlje 
succeeding^  the  successive  difiereaces  are  alyo  in  o.  p. 

^  31.  The  square  of  the  arithmetical  mean  of  two  quantities  is 
equal  to  the  arithmetical  mean  of  tlie  arithmeticaJ  and  geometrical 
means  of  the  squares  of  the  same  two  quantities. 

32.  Find  a  o.p,  continued  to  infinity,  in  which  each  term  is 
ten  times  the  sum  of  all  &e  terms  which  follow  It. 

33.  If  S^  represent  the  sum  of  n  terms  of  a  given  a.  p.,  find 
thesumofS,+^f,  +  5.  + +5'.. 

34.  If  n  geometrical  means  be  found  between  two  quantities 
a  and  c,  their  product  will  be  (ac)'. 

35.  Let  5  denote  the  sum  of  n  terms  of  the  seriea  a,  ar, 
ar", ...;  let  s'  denote  the  sum  of  n  terms  of  the  series  a,  ar"', 
or"', ...;  and  let  I  denote  the  last  term  of  the  first  series;  then 
will  ag-y. 
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36.  If  a,  6,  c,dbeiaa.p., 

{a'+b'  +  e'){b*  +  t^  +  cfj^iah  +  ie  +  ed): 

37.  If  a,  5,  e,  dbeiaO.r., 

{a~d)'=(b-cy*{c-ay+{d-by. 

38.  The  Sum  of  the  first'  three  tenns  of  a  O.  P.  =  21,  and  tho 
im  of  tho  first  four  terms  =  45  :  find  the  aeriea. 


39.     Sum  to  n  terms 

iO.     Sum  to  n  terms  5  +  55  +  555  + 


Hhi-'iy^-'hy- 


41.  Prove  that  the  two  quantities  between  trhich  .i  is  the 
aridunetical  and  0  the  geometrical  mean,  are  given  by  the  formula 

12.  There  are  four  numbers,  the  first  three  of  irhich  are  in 
aP.,  and  the  last  three  in  a.  p. ;  the  sum  of  the  fiist  and  lant  is  11, 
and  the  sum  of  the  second  and  third  is  12 :  find  tlie  numbers. 

13.  Three  numbers  whose  sum  is  15  are  in  i.T. ;  if  1,  1,  and 
19  be  added  to  them  respectively  the  results  are  in  o.  p.  Deter- 
mine tho  numbers. 

41.    If  a,  (,  e  be  in  A.  p.  shew  that 

(T  {a  +  6  +  e)*  =  o*  (6  +  e)  +  6'  (o  +  a)  +  c"  {«  +  J) ; 

if  they  be  in  a.  p.  shew  that 

**'*'•='  V  *  5»  "^  ?)  =  '^  "*■  ^'  *'^- 
15.     Find  the  Bum  of  the  infinite  series 

<w  +  (a  +  ai)  r"  +  (a  +  at  +  ab')  r"  +  . .. 
r  and  br  being  each  less  than  unity. 


EARMONICAL  PBOORESSION. 


XXXII.    HA-RMOKICAL  PKOGKESSION. 

471.  Three  quantities  a,  b,  c,  are  said  to  be  in  Hanuouical 
Progreasion  'when  a  :  a  ■:  a~b  -.b^e. 

Any  number  of  qimotitiea  are  said  to  be  in  Kannonical 
Progreasion  when  every  three  consecative  quaotitiea  are  in,  Har- 
mooical  Pr<^;reg3ion. 

475.  The  reciprocaia  of  quantiliei  in  HarmoniceU  Progreasion 
are  in  Arithmetical  Progresavm. 

Let  a,  (,  c  be  in  Harmonical  Progression ;  then 
a:c::a-b:b-e, 
therefore  a(}i~^  =  c(fl~  h). 

Divide  hy  abc,  thus 

1111 
e      b      b      a' 
TbiB  proves  the  proposition. 

476.  The  definition  in  Art.  474  is  sometimes  expressed  in 
■words  thus  :  three  qiiantitiea  are  in  harmOnieat  pragreision  vthen 
the  first  is  to  the  third  aa  lAe  differehee  of  the  fia-et  avd  aecovd  ia  to 
the  differenct  of  the  aeeottd  and  third.  But  it  must  be  remembered 
then  that  the  differences  are  to  be  formed  tn  the  same  order ;  that 
is  by  subtracting  the  second  fix>m  ibe  first,  and  the  third  &om  the 
second ;  or  by  aubtracting  the  first  from  the  second,  and  the  second 
fiom  the  third.  It  would  not  be  correct  to  subtract  the  first  from 
the  second,  and  the  third  from  the  second.  The  definition  by  the 
aid  of  symbols  has  the  advantage  in  brevity  and  exactness  over 
the  definition  in  worda 

Sometiiaee  the  property  demonstrated  in  Art.  475  is  taken  as 
the  definition  of  harmonical  progression,  'which  is  stated  thus : 
quantities  are  aaid  to  be  in  harmonieai  progression  )oA«»  thfir 
rtdproeals  are  in  arithmetical  progreaaton, 
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The  term  harmonical  is  derived  from  a  &ct  with  r^ard  to 
mtuical  sounds.     Let  there  be  a  series  of  starii^  of  the  same 

substance^  the  lengths  of  which  are  proportioiiai  to  1,  k>  51  7 , 
■z ,  and  -i  ;  and  snppo«e  these  strings  stretched  tight  with  equal 

force.     Then  if  anj  two  of  the  strings  are  sounded  together  tlie 
^ect  is  fotmd  to  be  hannonioiis  to  the  ear. 

Here  is  no  formula  for  the  som  of  an^  nnmber  of  quantities 
in  Humoaicol  Fragresmon ;  the  property  established  in  the  pre- 
ceding Article  will  howerer  enable  us  to  solve  some  questions 
relating  to  Hannonical  Prt^resaion, 

477.  To  insert  a  given  number  of  harmonieai  meant  between 
too  given  termt. 

Let  a  and  c  be  &e  two  given  term^  »  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  n  4-  2  terms  In  Harmonica!  Progression,  a  being  the  first  term 
and  e  the  lost.     Hence  the  problem  is  reducible  to  the  following : 

to  iiuert  a  mrilhTnetieal  tnecmt  hetween  -  and  - .     Let  b  denote 

the  common  diflerence ;  then 

!=!+(»+ 1)6, 


The  Arithmetical  Progression  is 

-,    ~  +  b,    -  +  26, --  +  Mft,   -, 

that  is, 

1     <:i«*\)*a-c     .(«4.1)t2(»-») 


5'        «.(»-i-l)      •  a.(ntl) 
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Therefore  the  Hariuoaical  Progression  is 

"■-.(..^-IJ  +  .-o'    .(»  +  !)♦  2(.-c)" 

»("tl) 


-2(a  +  ,)' 


478.  Let  a  and  c  be  any  two  quantities ;  let  J  be  their 
arithmetical  mean,  G  their  geometrical  mean,  H  their  haimonical 
mean.     Then 

J  -  a  =  0  ~  ^  ;  therefore  ^  =  J  (o  +  c). 
a:G  -.-.G  -.e;  therefore  G  .  J{ac). 

a\e::a~n:H-e;  therefore  2/"  =  — , 

It  follows  that  (?'=  AH;  therefore  A  :  G  ::  G  :  B.  Thua  G 
Ees  in  magnitude  between  A  and  ^ ;  and  A  is  greater  than  ff,  for 

that  IS,  .i  —  if  IB  a  positive  quantity. 

ild.  We  may  observe  that  the  three  quantities  a,  6,  e,  are  in 
Arithmetical,  Geometrical,  or  Harmonical  Progression,  according 

as  i —  =  - ,  or  =  T ,  or  =  - ,  respectively. 

For  in  the  first  case  j —  =  1,  therefore  6  =  J  (o  +  c). 
In  the  second  case  b(a-b)  =  a(b—c);  therefore  i' -  oo. 
The  third  case  is  obTJous  by  definition. 

EXAHTLES  OF  HAKUOinCAt  PBOOREBSIOII. 

1,  Continne  the  b^..»  "  "^  r  ''  a.  " 

2.  Inaert  1 8  harmonical  means  between  1  and  = 
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3.  Knd  the  n*  term  of  an  H.  P.,  of  which  a,  b,  are  reepectively 
the  £t8t  and  second  terma. 

4.  Find  the  fp  +  j)""  term  of  am  h.p,,  of  whioh  P  is  tie  p* 
term,  and  Q  the  ^  term. 

6.  Find  'what  quantity  must  be  subtracted  from  each  of  three 
given  quantities  that  the  thi-ee  results  may  be  in  e.  p. 

6.  Three  quantities  are  in  n.  p. ;  if  half  the  middle  term  ba 
Bubtnicted  from  each,  shew  that  the  three  remainders  are  in  a  P. 

7.  Shew  that  b'  is  greater  than,  equal  to,  or  less  than  ae, 
according  as  a,  (,  e,  are  in  A.  p.,  O.  p.,  or  h.  p. 

8.  The  arithmetical  mean  of  two  numbers  is  3,  and  the  har- 
monical  mean  ia  J :  find  the  numbers. 

9.  The  geometrical  mean  of  two  numbers  is  also  the  geo* 
metric^  mean  between  the  arithmetical  mean  of  the  two  numbers 
and  their  harmonical  mean.  The  arithmetical  mean  tnintu  the 
harmonical  mean  is  equal  to  the  square  of  the  difference  of  the 
two  numbers  divided  by  twice  their  sum. 

10.  If  3  is  the  harraouical  mean  between  a  and  6, 

1111 
^^+^^=-  +  j. 

11.  There  are  three  numbers  in  h.  p.,  sudi  that  the  greateet 
is  the  pXHiuct  of  the  other  two,  and  if  one  be  added  to  each  the' 
greatest  becomes  the  sum  of  the  other  two.     Find  the  numbeis. 

13.     The  sum  of  two  contiguous  terms  in  h.  p.  is  ygj,  and 

their  product  is  ^.     Find  the  seriea. 

13.  If  between  two  numbers  there  be  inserted  two  arith- 
metical means  A^  (md  A,,  and  two  harmonical  means  If^,  S^; 
and  between  A ,  and  A^  there  be  inserted  an  harmonical  mean,  and 
between  H^  and  H^  an  arithmetical  mean ;  then  the  geometrical 
mean  between  these  is  equal  to  the  geometrical  mean  between  the 
original  quantities. 
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14.  The  arithmetical  mean  of  two  quantities  x  and  y  is  A ; 
the  geometrical  mean  is  G;  the  hannonical  mean  ia  ff.  It 
A  —  G  =  aaXidA-H=b,  find  ic  and  y  in  terms  of  a  and  b, 

15.  If  a,  (,  c  be  in  A.  P.;  a,  ^,  y  in  H.  P. ;  aa,  bff,  cy  in  O.r. ; 

then  will 

a     y      a      e 
-  +  !  =  -  +  -. 

16.  li  a,b,e  are  in  U.P.,  shew  that 


17.  If  a,  6,  c  are  in  H.  p.,  shew  that  -r— ,  ,  are 

b+c    c+a    a+b 
also  in  H-  P. 

18.  If  n  arithmetical  and  the  same  number  of  hannonical 
means  be  inserted  between  two  quantities  a  and  b,  and  a  seriee  of 
n  terms  be  found  by  dividing  each  arithmetical  hy  the  correspond- 
ing harmonical  mean,  the  sum  of  the  series 

"|'*n+l      Gab  J- 

19.  Any  whole  number  of  the  furm  Za'  —  b',  where  a  la 
greater  thai  b,  may  be  divided  into  three  others  in  h.  p.,  of  which 
the  sum  of  the  squares  shall  be  3a*  +  6*. 

20.  The  fint  of  a  series  of  n  quantities  in  h.  p.  is  unity,  and 
the  sum  of  the  products  of  every  (n  —  1)  terms  is  to  the  product  of 
all  the  terms  os  2n  is  to  1 :  find  the  progression. 

XXXUL    MATHEMATICAL  INDUCTION. 

480,  "We  shall  in  tha  subsequent  parts  of  this  book  have 
occasion  to  use  a  method  of  proof  which  is  called  mtUJtematical 
indttctwn  or  demorutralivB  indwition,  and  we  shall  now  exemplify 
the  method. 

481.  Suppose  ^e  following  assertion  made  :  the  sum  of  n 
terms  of  the  sories  1,  3,  5,  7, is  n*.    This  assertion  yra  can 
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«M  to  be  true  in  Bom«  caees;  for  ezAmple,  the  sum  of  two  terms  a 
1  +  3  or  4,  that  is,  2';  the  sum  of  three  terms  is  1  4-  3  +  5  or  0, 
that  is,  3';  we  wish  however  to  prove  the  theorem  unireraaUy. 

Suppose  the  theorem  were  known  to  he  true  for  a  certain 
value  of  n ;  tb&t  is,  suppose  for  this  value  of  n  that 

1  +  3  +  6+ +  (2n-l)  =  n'; 

add  2n  +  1  to  both  sides;  then 

1  +  3+5  + +(2»-l)  +  (2n  +  l)=B'  +  2n+l  =  (n  +  l)'. 

Thus,  if  the  sum  of  n  terms  of  the  series  =n',  the  sum  of 
n  + 1  terms  will  =  (n  +  1)*.  In  other  words,  if  the  thecnem  is 
true  when  we  take  a  certain  number  of  termi^  whatever  that 
number  may  be,  it  is  true  when  we  increase  that  number  by  one. 
But  we  see  by  trial  that  the  theorem  u  true  when  3  tenns  are 
taken,  it  ia  therefore  true  when  i  terms  are  taken,  it  is  therefore 
true  when  5  terms  are  taken,  and  so  on.  Hence  the  theorem 
must  be  universally  true. 

482.  "We  will  now  take  another  example ;  we  propose  to 
establish  the  truth  of  the  following  formula  : 


„.     „,                    ,     n(n+l)(2n+l) 
+  2'+ 3'+ +n'  =  -i ^y -. 


We  can  easily  ascertain  by  trial  that  this  formula  holds  in 
simple  cases,  for  example,  when  n  =  1,  or  2,  or  3 ;  we  wish,  how- 
ever, to  establish  it  universally. 

Suppose  the  theorem  were  known  to  be  true  for  a  certain 
valae  of  n;  add  (n  +  l)*  to  both  sides;  then 
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Thus  we  obtain  the  same  formula  for  the  sum  of  n  +  1  terms 

of  the  series  1',  2',  3' as  was  supposed  to  hold  for  n  terms. 

In  other  words,  if  the  formula  holds  when  we  take  a  certain 
number  of  terms,  whatever  that  number  may  1>^  it  holds  when  we 
increase  that  number  by  one.  But  the  formula  does  hold  when 
3  terms  are  taken,  therefore  it  holds  when  4  t«rms  are  taken, 
therefore  it  holds  when  5  terms  are  taken,  and  so  on.  Hence  the 
formula  must  hold  universally. 

483.  The  two  theorems  which  we  have  proved  by  the  method 
of  induction  may  be  established  otherwise.  The  first  theorem  is 
an  example  of  an  Arithmetical  Progression,  and  the  second  has 
been  investigated  in  Art  160.  There  are  many  other  theorems 
which  are  capable  of  easy  proof  by  the  method  of  induction ;  for 
example,  that  in  Art.  461. 

The  theorems  asserted  in  Art.  69,  respecting  the  divisibility  of 
of  *a'  hy  x^ a,  may  be  proved  by  induction.     For 

hence  sc*  — a"  is  divisible  by  a  -  a  when  af~'-~a"~'  is  so.  Now  we 
see  that  a;  -  a  is  divisible  by  a;  —  a,  therefore  ic'  -  a'  is  divisible 
by  x  —  a,  therefore  again  a;*  — »'  ia  divisible  by  x-a,  and  so  on ; 
hence  af  —  a"  is  always  divisible  by  a:  —  o  when  n  is  a  positive  in- 
teger. Similarly  the  other  cases  may  be  established.  As  another 
example  the  student  may  consider  the  theorems  in  Art.  325. 

484.  The  method  of  malhemoHeal  induction  may  be  thus, 
described  :  We  prove  that  if  a  theorem  is  tnie  in  one  case,  what- 
ever that  case  may  be,  it  is  true  in  another  case  which  we  may 
call  the  next  case;  we  prove  by  trial  that  the  theorem  ii  true  in  a 
certain  case ;  hence  it  is  true  in  the  next  case,  and  hence  in  the 
next  to  that,  tmd  so  on;  hence  it  must  be  true  in  every  case  after 
that  with  which  we  b^an. 

485.  It  is  possible  that  t^'"  method  of  proof  may  be  lees 
satisfactory  to  the  student  than  a  more  direct  proceeding;  it  may 
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appear  to  Tiim  that  he  is  rather  compelled  to  believe  propoaitioiia 
BO  proved  than  shewn  why  they  hold.  But  as  m  some  cases  this 
is  the  only  method  of  proof  which  can  be  nsed,  the  student  must 
accustom  himself  to  it,  and  should  not  pass  over  it  when  it  occurs 

until  he  is  satisGod  of  its  validity. 

486.  We  may  remark  that  the  Btudent  of  natural  philosophy 
will  find  the  word  induction  used  in  a  difierent  sense  in  that  sub- 
ject; the  word  is  there  applied  to  the  assumption  or  conjecture 
that  some  law  holds  generally  which  is  found  to  be  true  in  cratain 
cases  that  have  been  examined.  There,  however,  we  cannot  he 
sure  that  the  law  holds  for  any  cases  except  those  which  we  have 
exmnined,  and  can  never  arrive  at  the  conclusion  that  It  is  a 
necessary  truth.  In  iact,  induction,  as  used  in  natural  philosophy, 
is  never  absolutely  demonstrative,  often  Siis  from  it  j  whereas  the 
method  of  mathenialicai  iiiduction  is  as  rigid  as  any  other  process 
in  mathematics. 

HISCELLAKEOUa  EXAUFLES. 

1.  Transform  231 '342  from  the  scale  with  radix  ten  to  the 
scale  with  radix  five. 

2.  If  the  radix  of  a  scale  be  49n  +  2  the  squara  of  any  num- 
ber whose  last  digit  is  2/»  +  1  or  2n*  +  2  will  terminate  with  that 
digit. 

3.  A  digit  is  written  down  once,  twice,  thrice, up  to  n 

times  respectively,  so  as  to  form  n  numbers  consisting  of  on^  two, 

three «,  places  of  figures  respectively.     If  a  be  the  first  and 

b  the  last  of  the  numbera,  and  r  the  radix  of  the  scale,  the  sum  of 

^rb-na 
-1    ■ 


the  numbers  if 


4.  If  Tfi,  n  be  any  two  numbers,  g  their  geometrical  mean, 
a^ ,  k^  the  arithmetical  and  harmonical  means  between  m  and  g,  and 
a,,  A,  the  arithmetical  and  harmonical  means  between  g  and  n, 
prove  that  aji,  =  s'  =  (»^, . 
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5.  If  between  b  and  a  there  be  inserted  n  arithmetical  mean^ 
and  between  a  and  (  there  be  inserted  n  harmonical  means,  the 
anm  of  the  series  ccnnpoeed  of  the  products  of  the  coireaponding 
terms  of  the  two  series  is  (n  +  3)  db. 

6-  If  n  harmonical  means  are  inserted  between  the  two  posi- 
tire  quantities  a  and  (,  shew  that  the  difference  between  tlie  first 
and  the  last  bears  to  the  difference  between  a  and  b  a.  less  ratio 
than  that  of  n  -  1  to  M  + 1. 

7.  A  sets  out  from  a  certain  place  and  trarels  one  mile  the 
first  day,  two  miles  the  second  day,  three  the  third,  four  the  fourth, 
and  BO  on.  £  sets  out  five  days  after  A  and  travels  the  same  road 
at  the  rate  of  1 3  miles  a  day.  How  far  will  A  travel  before  he  is 
overtaken  by  £  1 

8.  From  256  gallons  of  wine  a  certiuti  number  are  drawn  and 
replaced  with  water ;  this  is  done  a  second,  a  third,  and  a  fourth 
time,  and  81  gallons  of  wine  are  then  left.    How  much  was  drawn 

.out  each  time } 

d.  A  and  £  have  made  a  bet,  the  amount  of  the  stakes  b^ng 
£90,  and  the  sum  staked  by  each  beii^  inversely  proportional  to 
all  ibe  money  he  haa.  If  A  wins  he  will  then  have  five  times 
what  £  has  left;  if  £  wins  he  will  then  have  double  what  A  has 
left.     What  sum  of  money  had  each  I 

10.  If  {a  +  b  +  c)(a  +  b  +  d)  =  {e  +  d  +  a)(e-ni  +  b),  prove  that 
each  of  these  quantities  is  equal  to 

(a-c)(a-d){b-c){b-.d) 
(a  +  b-c-d)' 

11.  If  the  roots  of  oaj*  +  2 Ja;  +  c  =  0  be  possible  and  different, 
those  of  (a  ■*€)  (oaf +  2bx-i-c)  =  2  (ae-b')  (3^+ I)  will  be  impossi- 
ble ;  and  vice  versd. 

13.  Ifo  +  J  +  (j  =  0,  «+ !/  +  »  +  «>  =  0,  then  the  two  equations 
V(ox)  +  V(6y)  +  7H  =  0.  ^/(H  -  A«y)  +  ^/M  =  0.  «"  deducible 
the  one  from  the  other. 
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XXXIV.     PERMUTATIONS  AND  COMBINATIONa 

487.  Ths  different  orders  in  'which  any  tlungs  can  be  ar- 
ranged are  called  their  permuiatioiu. 

Thua  the  permutations  of  Uie  letters  a,  b,  c,  taken  two  at  a 
time  are  oi,  ba,  ac,  ca,  be,  cb. 

468.  The  a>minncUwn»  of  thinga  are  the  different  collections 
that  can  be  formed  out  of  them,  without  regarding  l^e  order  in 
which  the  things  are  placed. 

Thus  the  eomMnafiong  of  the  letters  a,  b,  c,  taken  two  at  a 
time  are  ah,  ac,  be;  ab  and  ba  though  different  permutations 
forming  the  same  eombination. 

489,  We  may  observe  that  a  difference  of  language  occurs  in 
books  on  this  subject;  what  we  have  cdXlvA permiUaiioTia  are  called 
variationg  or  arrangements  \>j  some  writers,  and  they  restrict  tbe- 
word  permutations  to  the  case  in  which  all  the  things  are  used 
at  once;  thus  they  speak  of  the  variations  or  arrangsTnents  of  four 
letters  taken  two  at  a  time,  or  three  at  a  time,  but  of  the  permula- 
lions  of  them  taken  all  together, 

490.  To  find  lite  number  o/ perninUUions  of  n  things  taken  r 
at  a  time. 

Suppose  there  to  be  n  letters  a,  b,  e,  d, ;  we  shall  first 

find  tbe  number  of  permutations  of  them  taken  two  at  a  time. 
Put  a  before  each  at  the  other  letters ;  we  thus  obtain  n  —  1 
})ermutationB  in  which  a  stands  first.  Next  put  b  before  each  of 
the  other  letters  ;  we  thus  obtain  n  —  1  permutations  in  which 
b  stands  first.  Similarly  there  ate  n  -  1  permutations  in  which 
e  stands  first ;  and  so  on.  Thus,  on  the  whole,  there  are  ji  (n  —  I) 
permutations  of  n  letters  taken  two  at  a  time. 

We  shall  now  find  tbe  number  of  psrmut^tions  of  the  n  letters 
taken  three  at  a  tima  It  has  just  been  shewn  that  out  of  »  letters 
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-we  can  form  n(n  —  l)  permutations  each  of  two  letters;  hence  out 

of  tlie  »— 1  letters  b,  e,  d, we  can  form  («— !)(»  — 2)  per- 

matations  each  of  two  letters ;  pat  a  before  each  of  tLese  and  we 
have  (n—  1)  (»-  2)  permutations  each  of  three  letters  in  which 
a  stands  first  Similarly  there  are  (n  -  1)  (n  -  2)  permutations 
each  of  three  letters  in  which  b  stands  first.  Similarly  there  are 
as  many  in  which  e  stands  first ;  and  so  on.  Thus  on  the  whole 
there  are  n  (n  —  1}  (n  —  2)  permutations  of  »  letters  taken  three  at 
a  time. 

From  these  cases  it  mif^t  be  conjectured  that  the  niunber  of 
permutations  of  n  letters  taken  r  at  a  time  is 

n(«-l)(«-2) (»-r+l), 

and  we  shall  prOTO  that  this  is  the  case.  For  suppose  it  true  that 
the  number  of  permutations  of  n  letteis  taken  r  —  I  at  a  time  is 

»(»-') i— ('-i)+i). 

we  shall  shew  that  a  similar  formula  will  give  the  number  of  per- 
mutations of  -Uie  letters  taken  r  at  a  time.  For  out  of  the  n  —  1 
letters  b,  e,  d, we  can  form 

(»-l)(»-2) {„-l-(r-l)  +  l| 

permutations  each  of  r  — 1  letters;  put  a  before  each  of  those, 
and  we  obtain  as  many  permutations  each  of  r  letters  in  which  a 
stands  fin*.  Similarly  we  have  as  many  in  which  b  stands  first, 
as  many  in  which  c  stands  fiivt,  and  ho  on.  Thus  on  the  whole 
there  are 

n(»-I)(r.-2) (,.-r+l) 

permutations  of  n  letters  taken  r  at  a  time. 

If  then  the  formula  holds  when  the  letters  are  taken  r  -  1  at 
a  time,  it  will  hold  when  they  are  taken  r  at  a  time ;  but  it  has 
been  proved  to  hold  when  they  are  taken  three  at  a  time,  therefore 
it  holds  when  they  are  taken  four  at  a  tim^  therefore  it  holds 
when  they  are  taken   five  at  a  time,  and  so  on;  thus  it  holds 
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491.  Hence  the  number  of  permutations  of  n  thm^  taken 
all  together  is  »{n-l)(n-2) 1. 

For  the  sake  of  brevity  n(w-l)(w— 2) 1  is  often  denoted 

by  \n ;  thus  [n  denotes  the  product  of  the  natural  numbers  from 
1  to  n  inclusive.     The  symbol  |n  may  be  read,/oc(t>nW  n. 

492.  The  formula  for  the  number  of  permutations  of  n  thin^ 
taken  r  at  a  time  may  also  be  obtained  in  another  manner. 

Let  P  denote  the  number  of  permutations  of  n  letters  taken 
r  —  1  at  a  time. .  To  form  the  permntationa  of  n  letters  taken  r 
at  a  time  we  may  proceed  thus :  take  any  one  of  the  P  permuta- 
tions, and  place  at  the  end  of  it  any  one  of  the  n  —  r+1  letters 
■which  it  does  not  involve.  Thus  the  whole  number  of  the  per- 
mutations of  the  n  letters  taken  r  at  a  time  will  be  (n — r  + 1 )  i*. 

Now  the  number  of  the  permutations  of  n  letters  taken  one  at 
a  time  is  n;  therefore  the  number  taken  two  at  a  time  iBn(n— 1); 
therefore  the  number  taken  three  at  a  time  is  w(»-l)(n  — 2); 
and  BO  on. 

493.  Any  combination  of  r  things  will  produce  |r  permuta-- 
tions.  For,  by  Article  491,  the  r  things  ■which  form  the  given 
combination  can  be  arranged  in  \r  different  ways. 

494.  To  find  the  numher  of  comhinatiom  of  n  things  taken 
r  at  a  thne. 

The  number  of  combinations  of  n  things  taken  r  at  a  time  is 

»(^-l)("-2) {n-r^\)_ 

ir 

For  the  number  of  permutations  of  n  tilings  taken  r  at  a 

time  is   ?i(n-l)(M-2) («-»•+ 1),  by  Art.  490;  and  each 

combination  produces  \r  permutations,  by  Art.  493;  hence  the 
number  of  combinations  must  be 

.(.-1)(.-S> („-r->l) 

E 


FEBUUTATIONS  AHD  COMBINAXIOKS;  289 

If  we  jniiltiply  both,  numerator  and  denominator  of  this  ez- 


pression  by  [) 


495.  The  numher  of  eomianalUmt  of  n  things  taken  t  at  a 
lime  w  l&e  tame  at  the  number  o/  them  taken  n  —  r  at  a  time. 

The  number  of  combinations  of  n  things  taken  n  —  r  at  a 
time  is  , 

-  n(«-i)(„-2) („-(.-,)tn 


that  is, 


»(»-l)(„-a) (rtl) 


Multiply  both  numerator  and  denominator  by  !»•  and  we  ob- 
in  I — j ,  which,  by  Art,  494,  is  the  number  of  combinations 


of  n  things  taken  r  at  a  time. 

The  proposition  which  we  have  thus  demonstrated  will  be 
evident  too  if  we  observe  tibat  for  every  combination  of  r  things 
which  we  take  out  of  n  things,  we  leave  one  combination  of  n  —  r 
things.  Hence  every  combination  of  r  things  corre^>onds  to  a 
combination  of  n—r  things  which  contains  the  remaining  things. 
Such  (»mbinatiotiB  are  called  ehmplemtnlari/. 

496.     To  find  for  wliat  value  of  r  the  nwfAer  of  comhinatioiw 

<^  n  fhingt  taken  r  at  a  time  is  greatest. 

"Let  (n),  denote  the  number  of  combinations  of  ji  things  taken 

r  at  a  time, 

(n),_,  the  number  of  combinations  of  n  things  taken  r  —  I 

at  a  time, 

B-r+l , , 
tJlien  (n),^ j_ («)..,. 

The  factor  —^ may  be  written  — -. 1,  which  shews 

that  it  decreases  as  r  increases.-    By  giving  to  r  in  succeswon  lie 
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values  1,  2,  .3, the  number  of  combmatuiiu  is  oontiiiaallf 

increased  so  long  u —  1  is  greater  than  uiutj. 

First  suppose  n  even  and  =  2m,  then 1  is  greater 

than  1  .until  r  =  m  inclusive,  and  when  r  =  m  + 1  it  is  less  than  I. 
Hence  the  greatest  number  of  combinations  is  obtained  when  Ute 

things  are  taken  m  at  a  time,  that  is,  ^  at  a  time. 

Uext  suppose  n  odd  and  =  2m  +  1,  iiien '■ —  1    is 

equal  to  unity  when  r  =  m-|-l.  Hence  tlie  greatest  number  of 
combinations  is  obtained  when  they  are  taken  m  at  a  time  or 
m  + 1  at  a  time,  tLe  result  being  the  same  in  theee  two  cases, 

that  .is,  when  they  are  taken  — ^—  at  a  time,  or  — g—  at  a  time. 

497,  To  find  the  numbtr  of  perrnutatums  of  a  thingt  taken  all 
lofftther  which  are  not  all  different. 

Let  there  be  n  letters ;  and  suppose  p  of  them  to  be  a,  gi  of 
them  to  be  fi,  r  of  them  to  be  c,  and  the  reet  to  be  unlike;  the 
number  of  permutations  of  them  taken  all  together  will  be 

For  let  JT  represent  the  required  number  of  permutations. 
If  in  any  one  of  the  permutations  the  p  letters  a  were  changed 
into  p  new  letters  different  from  any  of  the  reet,  then  without 
altering  the  situation  of  any  of  the  remaining  letters,  we  could 
firom  the  single  permtitation  produce  [p  different  p^mutations; 
and  so  if  the  p  letters  a  were  changed  into  p  differont  letteia,  the 
■whole  number  of  permutations  would  be  iV  x  [g.  Similarly,  if  the 
g  letters  b  were  also  changed  into  g  new  letters  different  from  any 
of  the  rest,  tte  whole  number  of  permutations  we  could  now  ob- 
tain would  be  iV  x  |£  x  [j ;  and  if  the  r  letters  e  were  also  changed, 
the  whole  number  would  be  yx\^x\qx\r.  But  this  number 
must  be  equal  to  the  number  of  pei:matationa  of  n  di^milar  things 
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-taken  all  together,  that  is,  to  [n. 

Thus  ^^\£^\S.^\^  =  ]^'> 

therefore  X"— :  ■■.  ■■.    . 

And  similarly  any  other  case  may  be  treated. 

498.  There  Is  another  mode  in  which  the  result  of  the  pre- 
ceding Article  may  be  obtained  which  will  be  instructive  for  tbe 
students  We  will  explain  it  for  simplicity  by  the  aid  of  a  par- 
ticular example ;  but  the  reasoning  is  perfectly  general  in  cha- 
racter. Suppose  we  have  10  letters ;  suppose  2  of  them  to  be  a, 
3  of  them  io  be  b,  and  S  of  them  to  be  e  :  rei^uired  the  number  of 
permutations  of  the  10  letters  taken  all  together. 

We  may  consider  that  we  hare  10  places  which  are  to  be 

occupied  by  the  10  lett«rs.     Choose  any  3  of  the  places  and  put  a 

10   9 
in  each ;  this  can  be  done  in  -■  ■  '  ■    ways.     Choose  any  3  of  the 

remaining  8  places,  and  put  6  in   each ;   this  can  be   done  in 

. 'q' n  ways.     Then  put  e  in  each  of  the  remaining  5  places ; 

this  can  be  done  in  1  way;  and  1  =  f~o-o    .    --     ^o^  tbe 

product  of  the  results  thus  obtained  will  obviously  give  the  total 

|10 
number  of  permutations  :  this  number  therefore  is  . 

^[3  [5 

499.  If  there  be  »  things  not  all  different,  and  we  require 
the  number  of  permutations  or  of  combinations  of  them  taken  r  at 
a  time,  the  operation  will  be  more  complex ;  we  will  exemplify 
the  method  in  the  following  case : 

There  are  n  thingB  of  whicli  p  are  aii&e  and  the  rest  unliie  ; 
reared  lAe  number  of  combinations  of  titem  taken  r  ata  time. 

We  Bhall  suppose  r  less  than  n—p,  and  put  n—p  =  q.  Con- 
sider first  the  number  of  combinations  that  can  be  formed  without 
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using  any  of  ilie  p  like  tbinga ;  this  ia  tlie  noiuber  of  combinations 

\q 
of  q  things  taken  r  at  a  time,  that  is,    .  ,  ". —  .     Next  take  tme  of 

the  p  things  and  r  —  1  of  the  q  things ;  the  number  of  ways  in 
which  combinations  can  thus  be  formed  is  the  some  as  the  num- 
ber of  combinations  of  q  things  taken  r  —  1  at  a  time,  that  is, 

i r-ti T .    Next  take  lico  of  the  p  thinirs  and  combine  them 

|r-l|y-r+l 

\q 

with  r— 2  of  the  q  tljingsi  ]im  pan  be  done  in  i -s-, = 

\T  —  ^  \q'  —  r  +  fl 

ways.  Proceed  thus,  and  add  the  number  of  combinations  so 
obtaiaed  together,  which  nil],  ^re  tbe  i^ole  number  of  combi- 
nations. 

If  however  r  h  nol  less  thaji  q  we  sUoyld  consider  firat  the 
case  in  wliich  r  ~  q  things  are  taken  &on}  the  p  tike  things,  and 
q  things  are  taken  from  the  q  unlike  thiijgs  j  this  can  be  done  in 
only  one  way.  Keit  take  r  -  jr  +  1  things  from  the  p  things,  and 
q—\  from  the  q  things ;  this  can  bo  done  in  q  waya    And  so  on. 

If  the  number  of  permutations  be  required,  we  have  only  to 
4>bserTe  that  each  combination  of  r  things  in  whiph  » .are  alike  ai}d. 

tJie  i-est  linlike,  will  produce  p  permutations  (Art  497),  and  thus 

the  whole  number  of  permutations  may  be  found. 

500,  ■  By  the  following  method  the  formula  for  the  number  of 
combinations  of  n  things  taken  r  at  a  time  may  be  found  without 
assuming  the  formula  for  the  number  of  permutations. 

Xjni  (w),  denote  the  number  of  combinations  of  n  things  taken' 
r  at  a  time.     S  ipjx  ^c  n  letters  a  h  c  d  ,  among  the  com-' 

binations  of  these  j  at  a  time,  the  number  of  those  which  contain" 
the  letter  a  is  obviously  cquil  to  the  number  of  combinations  of 
the  remaining  n-\  letters  r -  I  at  a  tmie  that  is  to  (Ji  —  1),_|.  ■ 
The  number  of  combmationa  which  cont-iin  the  letter  h  ia  also 
(n-  1),  „  and  so  fbi  each  of  the  letters.     But  if  we  fprm,  first  all. 
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the  combinationa  w]nah  contain  a,  then  all  the  combinations 
'which  contaai)  b,  and  bo  on,  each  particular  combination  'will  ap- 
pear r  times ;  for  if  r  =  3,  for  example,  the  combination  ale  will 
occur  among  those  containing  a,  among  those  contoinii^  (,  and 
among  those  containing  c.     Hence 

In  this  formtUa  change  n  and  r  fii^  Into  n-  1  and  r-  1 
reepectively,  then  into  n  -  2  and  r  —  2  respectively,  and  so  on  ; 
thiu 

(»-l),..  =  ^(»-2),_., 


(— *)-.-^  <»-')- 


(»-.-  +  2)..=-^(«-r  +  l),. 

Multiply^,  and  caned  like  terms,  and  we  obtain 

n(..-l) (.-rt2)(n-r^l) 

(").--  |,  ■. 

for  {»  -  r  + 1),  =  n  -  r  + 1. 

501.     To  find  the  whole  number  qf  pemiutaiiora  of  n  ihingt 
vihen,  each  may  ocear  once,  Iteiee,  thrice, tip  to  r  times. 

Let  there  be  n  letters  a,  h,  e, First  take  them  one  at  a 

time ;  this  gives  the  number  n.  Next  take  them  two  at  a  time ;' 
here  a  may  stand  before  a,  or  before  any  one  of  Uie  remaining 
letters;  similarly  b  may  stand  before  h,  or  before  any  one  of 
the  remaining  letters ;  and  so  on ;  thus  there  are  n'  different  per- 
mutations of  the  letters  taken  two  at  a  time.  Similarly  by  put- 
ting successively  a,h,c, before  each  of  the  permutations  of 

the  lettere  taken  two  at  a  time,  we  obtain  n'  permutations  of  the 
letters  taken  three  at  a  time.  Thus  the  whole  number  of  permu- 
tations when  the  letters  are  taken  r  at  a  time  will  be  n'. 
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502.     Sutc«  the  number  of  combinatioua  of  »  things  taken  r 

at  a  time  must  be  som.e  irUeger,  the  expression 

"(— 1) (.--ti) 

t 

must  be  an  integer.  Hence  we  see  that  the  product  of  any 
r  sucoeasiTo  integers  must  be  divisible  by  (r.  We  shall  give  a 
more  direct  proof  of  this  proposition  in  the  Chapter  on  the  theory 

EXAItPLES  OF  FEKUUTATIONS  AND  COJfBHrATIONB. 

1.  How  many  different  permutations  may  be  made  of  the 
letters  in  the  word  Caraceaa  taken  all  together  1 

2.  How  many  of  the  letters  in  the  word  Heliopolia  t 

3.  How  msjiy  of  the  letters  in  the  word  Ecelesiattieal  t 
i.     How  many  of  the  lettelB  in  the  word  Miarianppi  t 

5.  If  the  number  of  permutations  of  n  things  taken  i  toge- 
tiler  is  eqnal  td  tWftl^e  times  the  number  of  permutations  of 
n  things  taken  2  together ;  find  n. 

6.  In  how  many  ways  can  2  sixes,  3  fives,  and  5  twos  bo 
tiiTOwn  with  10  dice  t 

7.  If  there  axe  twenty  pears  at  three  a  penny,  how  many 
different  selections  can  be  made  in  buying  six-pennyworth  ]  In 
how  many  of  these  will  »  particutar  p6ar  occur  1 

8.  From  a  company  of  soldiers  mustering  96,  a  picket  of  10 
in  to  be  selected ;  determine  in  how  many  ways  it  can  be  done, 
(1)  so  as  always  to  inclnde  a  particular '  man,  (2)  so  as  always 
to  exclude  the  same  man. 

fl.  How  many  parties  of  12  men  each  can  be  formed  from 
a  company  of  60  men  ? 

10.  If  the  number  of  combinations  of  n  things  r  —  r"  toge> 
titer  be  equal  to  the  nomber  of  oombinations  of  n  things  r  +  r' 
together,  find  n. 
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II.  In  how  many  ways  caa  a  party  of  six  ^e  their  places 
&t  a  rottnd  table ) 

13.     la  how  many  different  vays  may  n  persons  form  a  ring  t 

13.  How  many  different  numbers  can  be  formed  with  the 
digits  I,  2,  3,  4,  6,  6,  7,  8,  9.;  each  of  these  digits  occurring  once 
and  only  once  in  each  number  1  How  many  with  the  di^ta  1,  2,  3, 
4,  5,  6,  7,  8,  9,  0,  on  the  same  supposition  t 

14.  Out  of  12  conservatives  and  16  reformers  how  many 
different  committees  could  be  formed  each  consisting  of  3  con' 
servatives  and  4  reformers  } 

15.  If  there  be  x  things  to  be  given  to  n  persons,  shew  that 
n  will  represent  the  whole  number  of  different  wayu  in  which 
they  may  be  ^ven. 

1 6.  .  Suppose  the  number  of  combinations  of  n  things  taken  r 
together  to  be  equal  to  the  number  taken  r  +  1  together,  and 
that  each  of  these  equal  numbet?  is  to  the  number  of  com- 
binations of  n  things  taken  r—  1  together  as  5  is  to  4,  find  the 
values  of  n  and  r. 

17.  Given  m  thin^  of  one  bind,  and  n  things  of  a  second. 
kind,  find  the  number  of  permutations  that  can  be  formed  con-  . 
tfuning  r  of  the  first  and  s  of  the  second. 

1$.  I>^d  how  many  different  rectangular  parallelepipeds  there 
.  are  satisfying  the  conditions  that  each  edge  shall  be  equal  to  some 
one  of  m  given  straight  lines  all  of  different  lengths ;  and  that  no 
&ce  of  a  parallelepiped  shall  be  a  square. 

19.  The  ratio  of  the  number  of  combinations  of  in  things 
taken  2n  together,  to  that  of  2n  things  taken  n  together  is 

1.3.5 (4»-l) 

{1.3.5 (2«-in'- 

20.  Out  of  17  consonants  and  5  vowels,  how  many  words  ^Mn 
be  formed^  each  containing  two  consonants  and  one  rowel  1 

21.  Out  of  10  conaonanta  and  4  vowels,  how  many  words  can 
be  formed  each  containing  3  consonants  and  2  vowels  I 
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23,  Fmd  the  number  of  vords  which  con  be  formed  out  of 
7  letters  taken  all  together,  each  ward  being  such  tliat  3  given 
letters  are  never  separated. 

23.  With  10  flags  representing  the  10  numerals  how  many 
signals  can  be  made,  each  representing  a  number  and  consisting  of 
not  more  than  4  flogn  ! 

24.  How  many  woi-ds  of  two  consonants  and  one  vowel  can 
be  formed  from  6  consonants  and  3  vowels,  the  vowel  being  the 
middle  letter  of  each  word  1 

26.  How  manj  words  of  6  lettera  may  he  formed  with  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  places  I 

26.  A  boat's  crew  consists  of  8  men,  3  of  whom  can  only  row 
on  one  side  and  2  only  on  the  other.  Find  the  number  of  ways 
in  which  the  crew  can  be  arranged. 

27.  A  tel^raph  has  m  arms,  and  each  aim  is  capable  of  n 
distinct  positions :  find  the  total  number  of  s^;nals  which  can  be 
made  with  the  telegnkph,  supposing  that  all  the  arms  are  to  be 
used  to  form  a  signal. 

28.  A  pack  of  cards  consists  of  52  cards  marked  differently: 
in  how  many  different  ways  can  the  cards  be  arranged  in  four  sets, 
each  set  containing  1 3  cards  ? 

29.  How  many  triangles  can  be  formed  by  joining  the  angidar 
points  of  a  decagon,  that  is,  each  triangle  Laving  three  of  the 
angular  points  of  the  decagon  for  its  angular  points  1 

30.  There  are  n  points  in  a  plane,  no  three  of  which  are  in 
the  same  straight  line  with  the  exception  of  p,  which  are  all  in 
the  same  straight  line:  find  the  number  of  atrai^hl  Unea  which 
result  itata  joining  them. 

31.  Find  the  number  of  tridngle»  which  can  be  formed  by 
joining  the  points  in  the  preceding  Example. 

33.  There  are  n  points  in  space,  of  which  p  are  in  one  plane, 
and  there  is  no  other  plane  which  contains  more  than  three  of 
them :  how  many  planes  are  there,  each  of  which  contains  .three 
of  the  points ) 
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33.  If  n  points  ip  a  plane  he  joined  in  all  possible  ways  by 
indefinite  straight  lines,  and  if  no  two  of  the  straiglit  linw  be 
coincident  or  parallel,  and  no  three  pass  through  the  same  point 
(with  the  exception  of  the  n  original  points),  then  the  number  of 
points  of  intersection,  exclusive  of  the  ii  points,  will  be 

«(>.-l)(«-2)(n-3) 
8 

34.  There  are  fifteen  boat-clubs  ;  two  of  the  clubs  have  each 
three  boats  on  the  river,  five  others  have  two,  and  the  remaining 
eight  have  one :  find  an  expression  for  Uie  number  of  ways  in 
which  a  list  can  be  formed  of  the  order  of  the  24  boats,  obsei-ving 
that  the,  second  boat  of  a  dub  cannot  be  above  the  first, 

35.  A  shelf  contains  20  books,  of  which  4  are  ^ngle  voliunes, 
and  the  others  form  sets  of  8,  5,  and  3  volumes  respectively  ;  find 
in  how  many  ways  the  books  may  be  arranged  on  the  shelf,  the 
Toliunes  of  each  set  being  in  their  duo  order, 

36.  Find  the  numl>er  of  the  permutations  of  the  lettera  in  the 
word  examination  taken  4  at  a  time. 

37.  Knd  the  number  of  the  combinations  of  the  letters  in  the 
word  proportion  taken  6  at  a  time. 

38.  There  are  h~  1  seta  containing  2a,  3a, na  things 

respectively :  shew  that  the  number  of  combimitions  which  can 
he  formed  by  taking  a  out  of  the  first,  2a  out  of  the  second,  and 

1^ 

fcl 

39.  Find  the  sum  of  all  the  numbers  which  can  bo  formed 
with  all  the  digits  1,  2,  3,  4,  5,  in  the  scale  of  10. 

40.  The  sum  of  all  numbers  that  are  expressed  by  the  same 
digits  is  divisible  by  the  sum  of  the  digits. 
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XXXV.  BINOMIAL  THEOREM.    POSITIVE  INTEGRAL 
EXPONENT. 

603.  We  hare  already  seen  that  (x+  a)'  =  !»^  ■*■  2xa  *■  a',  and 
Uiaii  (x  +  a)' =  af  4-  3a^a  -<■  3xa'  4-  a* ;  the  object  of  the  present 
Gliapter  is  to  Bud  an  expreasion  eqoal  to  (x  +  a)'  vhere  n  ia  any 
positive  integer, 

604.  By  ordinary  multiplication  we  obtain 

(:e +«.)(=«'  +  «.){«  + «J  *«*  +  (*,  +  ».  + «X 
(«  +  «0  (« +'(^}  (a:  +  0,)  («  +  oO  =  "i*.-*- ('^  + '^  +  "H  +  «*)  ^ 

+  {(tiO/t^  +  oflfit  +  aflfii  +  <ifi^i)x  +  a,(VV>r 
Now  in  tliese  results  we  see  that  ^  following  Uwa  hold  : 

L,  llie  number  of  terns  on  the  right-hand  side  is  one  more 
than  the  number  of  the  binomial  factors  which  are  multiplied 
together. 

H.  The  exponent  of  ar  in  the  first  t^rm  is  the  same  as  4iie 
number  of  binomial  factors,  and  in  the  succeeding  terms  each 
exponent  is  less  than  that  of  the  preceding  term  by  unity. 

III.  The  coefficient  of  the  first  term  ia  nnity;  the  coefficient' 
of  the  second  term  is  the  sum  of  the  second  t«rms  of  the  binomial 
factors ;  the  coefficient  of  the  third  term  is  the  sum  of  the  pro- 
dncts  of  the  second  terms  of  the  binomial  fiictors  token  two  at 
a  time;  the  coefficient  of  the  fourth  tcnn  ia  the  sum  of  the  pro- 
ducts of  the  second  terms  of  the  binomial  factors  taken  three  at 
a  time ;  and  so  on ;  the  last  tenn  ia  the  product  of  all  the  second 
terms  of  the  binomial  &ctors. 

We  shall  now  prove  that  these  laws  always  hold  whatever 
be  the  number  of  binomial   factors.     Suppose  the  laws  to  htdd 
when  n  —  1  factors  are  multiplied  together;  that  is,  suppose 
(flf4-a,)(a!+o,)...(a!  +  o._,)=ar"'+/>,a?'"'+p^~*+p^"'+...+p,_„ 
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where  Pf  =  the  sum  of  the  terms  a^,  a,, o,_„ 

j>,  =  the  sum  of  the  products  of  these  terms  taken  two  at 

p,  =  the  sum  of  the  products  of  these  terms  taken  three 
at  a  time, 

Pm-i  =  ^^  prodoct  of  all  these  terms. 

Multiply  both  sides  of  this  identity  by  another  fecCor  «+ a, ; 
thua 

(a:  +  flK)(x  +  <h) {«  +  «.)  =a!'+{p.+oJ  a:— +(p,+;..a,)!B»-'' 

+  (p,+;)^,)ie--'+ +f._,«.. 

Now  p,  +  a,"=a,+  (^+  ...... +0,^+ a, 

=  the  sum  of  all  the  terms  a,,  a,, a,; 

?,+?,",= Pt  +  <f.{<h  +  ^+ +  0^) 

=  the  sum  of  the  products  takea  two  at  a  time  of 

all  the  terms  a,,  a,, a,; 

Pt+Pfi,=  Pft-a.{a^a,+  a^  +  a^a,-i-...) 

=  the  sum  of  the  products  taken  three  at  il  tima 
of  all  the  t«DnB  a,,  a,, v.. 


p^iO,  =  the  product  of  all  the  terms  a,,  < 


Hence  if  the  laws  hold  when  n  -  1  fiictors  are  multiplied 
together,  they  hold  when  n  factors  are  multiplied  together;  hnt 
they  have  been  proved  to  hold  when  i  factors  are  multiplied 
t<^ther,  therefore  they  hold  when  6  factors  are  multiplied  toge- 
ther, and  so  on;  thus  they  hold  universally. 

We  shall  write  the  result  for  the  multiplication  of  n  fiictors 
thus  for  abbreviation. 

The  number  of  t«rms  in  91  is  obviously  n;  the  namber  of 
tenus  in  9    is  the  same  as  the  number  of  combinations  of  the 
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the  number  of  terms  in  t^,  is  the  same  aa  the  number  of  combina- 
tions of  then  things  Oi,  a^, a,  taken  three  at  a  time,  that  is 


.(^-l)(„-2). 


and   BO  on.     Now   suppose   0^,  o,,  a, o. 


each  =  a;  thus  5,  becomes  no,  and  j,  becomes  — ^j — 5—0',   and  s 
on  ;  and  we  obtain 


*     1.2      •*' 


*x*+n 


This  formola  is  called  the  BitioiAtal  Tltearem;  the  series  on 
the  right-hand  side  ia  called  the  expansion  of  (x  +  a)',  and  whrai 
we  pnt  this  series  in  the  place  of  (x  +  a)"  we  are  said  to  expand 
(k  +  o)".     The  theorem  was  discovered  by  Newton. 

505,     For  example,  take  (x  +  o)';  here  n  =  5, 
n{n-\)_5.4:  n(»-l)(«-2)      5.4.3 

1.2     "1.2"     '  1.2.3         "1.2.3"      ' 

«(ri-l)(»-2)(«-3)_,5.4.3.2 

1.2.3.4  1.-2.3.4        ' 

thus  (a:  +  a)' =  a.*  +  5a;*a  +  10a!'(»'+  10j:V  +  5ii!a' +  a*. 

Again,  suppose  we  require  the  expansion  of  ifi'  +  y^';  wa 
have  only  to  write  0'  for  x  and  ^  for  a  in  the  preceding  identity; 
thus 

{«'  +  y«)'  =  {cy  +  5  («■)*  y^  +  10  (c-)'  (ys)'  -h  10  (O*  (y*)' 

+  5c'(y3)*  +  (ya)' 
=  c"  +  Sc'ya  +  lOc'y'a'  +  lOe'^s?  +  Sc'y'z*  +  yV. 
Similarly, 
(■>  +  2/)'  =  (O'  +  6  (O'  V  +  10  (cy  {2yr  +  10  (c*)'  (2^^ 

+  5<!'(2y')'  +  (2/)* 
=  c"  +  lOcV  +  40cV  +  SOcy  +  800*3/'  +  32y". 
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506.  The  Binoaiial  Theorem  is  so  very  important  tihat  the 
student  should  paj.  close  attention  to  the  demonstration  of  it. 
Three  laws  are  observed  to  hold  vhen  ve  multiply  together  a 
small  number  of  binomial  Motors ;  and  it  is  shown  stiictly  by 
induction  that  these  laws  will  hold  whatever  be  the  number  of 
binomial  factors  midtiplied  together. 

The  inductive  demonstration  depends  maJnly  on  the  following 
principle :  suppose  that  wo  have  formed  all  the  combinations  of 
» — 1  letters  taken  r  at  a  time,  and  that  a  new  letter  is  introduced ; 
tLe  combinations  of  the  n  letters  taken  r  at  a  time  consist  of  the 
combinations  of  the  n—  1  letters  r  at  a  time,  together  with  the 
combinations  obtained  by  combining  the  new  letter  with  all  the 
combinations  of  tho  old  letters  r  —  1  at  a  time.     This  principle  is 

applied  in  succession  to  the  cases  t-1,  r  =  2,  r  =  3, up  to 

r=n-l. 

But  even  without  the  inductive  process  the  universal  truth  of 
the  laws  'will  be  obvious  on  due  consideration.     Suppose  we  have 

to  multiply  together  n  binomial  factors  x  +  Oj,  sc  +  o,,  ,  xt-a^; 

when  the  multiplication  is  effected  evei;  term  in  the  result  is  a 
product  formed  by  taking  <me  letter  out  ((f  each  binomial  /aOor, 
Thus  if  we  require  the  term  which  invoWes  x""'  we  must  multiply 
together  the  second  letter  in  any  ttoo  binomial  fiictors  and  the  first 
letter  in  the  remaining  n  ~  2  binomial  factors ;  hence  the  coefficient 
of  xT''  must  consist  of  the  sum  of  tho  products  of  every  two  of  the 
lett:T8  a  ,  a  , ...  a  ;  ond  tho  nuEiber  of  these,  products  will  bo  the 
same,  as  the  number  of  combinations  of  n  things  taken  two  at 
a  time.  Similarly  we  may  determine  the  coefficient  of  any  other 
power  of  x,  aS  x"'  for  exampla 

The  Binomial  Theorem  may  also  be  demonstrated  in  the  fol- 
lowing manner :  We  can  verify  by  trial  that  the  Theorem  holds 
tor  small  values  of  n  as  2,  3,  4  ;  assume  then  tliat 

(,«)-=,-.™^-..»(;-i>i.v-.*!i(i^^:^).v--....; 

multiply  both  udes  by  a:  +  a  ;  thus  __    ' 
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+  oa^  +  no V"'  +     J  ~    '  a  V  + , , . 
Hence,  hy  putting  together  like  terms,  we  have 

*  1.2.3  ^'^''^'-^-i 
that  ia,  we  obtain  for  (x  +  a)**'  a  series  of  the  same  form  as  that 
for  (as  +  a)*,  haTing  n  +  1  in  the  place  of  n.  This  shews  that  if  the 
£inoraial  Theorem  is  true  for  any  exponent  it  is  also  true  when 
-that  exponent  is  increased  hy  onity.  But  the  Theorem,  is  true 
when  the  exponent  is  4  ;  ther^ore  it  is  true  when  the  exponent 
is  5 ;  therefore  it  is  true  when  the  exponent  is  6 ;  and  so  on. 
Thus  the  Theorem  is  true  for  any  positive  integral  expoaoit, 

507.     In  the  expansion  of  (x  +  a)'  suppose  x  —  l;  thus 

a.^y.^^^^-^.^'J,^}^... 

since  this  is  true  whatever  a  may  be,  we  may  write  a:  for  a ;  thus 

(i,.)-,i^„,!ifrLzl)..,-c-i|(;-^)^, ^^ 

The  coefficient  of  the  second  term  in  the  expansion  of  (I  +  x)' 

1.2 

the  coefficient  of  the  (r  +  l)**  term,  being  the  number  of  com- 
binations of  n  things  taken  r  at  a  time  is,  by  Art  494,  equal  to 

by  multiplying  both  numeiiator 


„(«-l)(„-8) (n-r<.l). 

t 
and  d^iominator  by  \n-r  this  becomes  .— j — — . 

608.  In  the  expanswn  of  (1  +  x)°  the  coefficient  of  the  "^  term 
from  the  beginning  it  equal  to  the  toeffieient  of  the  r^  term  from 
tlie  end. 
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The  coefficient  of  tha  r*^  term  from  the  beginning  is 

n(n-l){n-2) {n-r  +  2)_ 


by  multJpljing  boti  numerator  and  deDominator  by  |«— r+1  this 

The  r*  term  from  the  end  is  the  (n— r  +  Z)""  from  the  b^ui- 
niag,  and  its  coefficient  is 

»(»-l) (»-(»-r-t2)<.2)_  ^  "(--1) '. 


|» 


509.  It  appears  from  the  preceding  Article  that  tiie  coeffi- 
cient of  the  r*  t«rm  may  be  writteQ  thus,  . ^i i .     If  we 

apply  fliis  to  the  last  term  for  which  f-  =  »  +  l,  this  expression 
takes  the  form  -^ .     The  symbol  |0  has  had  no  meaaing  hitherto 

aaaigned  to  it;  if  we  agree  to  consider  it  equivalent  to  1,  then 
the  general  expression  will  hold  true  for  the  latt  term. 

510.  To  find    tft«    greaftsl   eoegicieni   in  the  taspantum    t^f 

ITiis  has  been  investigated  in  the  Chapter  on  Permutations  and 
Combinations  .(ArL  496) ;  it  is  there  shewn  that  when  n  is  even, 

the  greateat  coefficient  ia  found  by  putting  ^  for  r  in  the  expression 
1— 1~_    ;  when  n  is  odd  the  greatest  coefficient  is  found  by  put- 


tune  in  the  two  cases. 
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511.     Tojindthe  greatest  term  in  the  expansion  o/(x  +  a.)\ 

The  f*  term  cftlie  expansion  ia  — / '"', iaj"-'*'a'-"j 

the  (r  *  1)*  tenn  may  be  obtained  by  multiplying  the  r*  term  by 

.  -  ,  that  is,  by  ( 0  ~  *     '^^^^  multiplier  diminishes 

as  r  incroaaeB,  and  f 1  I  -  is  greater  than  1  only  so  long  aa 

1  is  greater  than  - ,   that  is,  only  so  long  aa is 

greater  than  -  +  1,  that  is,  only  so  long  asria  leas  than  ■  . 

-  +  1 

If  "■        be  ajx  int^er,  then,  denoting  this  integer  by  p,  the 
-  +  1 

p*  temi  of  the   expansion  is   equal  to  the  (p  +  1)""  term,  and 
these  t«rms  are   greater   than   any  other  term ;    but  if  n. 

-  +  1 
be  not  an  integer,  then  the  g»-eatest  term  ia  the  (y+l)*,  where 
q  is  the  integral  part  of         ' ' , 


612.  In  the  theorem  for  expanding  (le  +  a)",  as  a  may  haro 
any  value,  tre  may  suppose  it  negative  if  vre  please  ;  thus  put  —  e 
for  a  and  we  have 


+"(-«r'«+(-«)-- 

TiVe  may  obaerre  that  the  expansion  of  a  binomial  can  always 
be  reduced  to  the  case  in  which  one  of  the  two  qnantities  is 
unity.     For 

{«  +  o)-=  «>(l  +  ^y=a='(] +y)-,  "if  y=?. 
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"We  may  then  expand  (1  +y)"  and  multiply  each  term  by  af ,  and 
tiiva  obtam  the  espansioa  of  {x  +  a)'. 

513.     To  find  the  mm  of  the  cof^entg  of  t/ie  termt  in  tfit 

ion  o/ {l  +  x)\ 
The  theorem 


(1  +  «)'  =  1  +  «a!  +  - 


1.2 


is  true  for  all  values  of  x ;  put  x-l ;  thus 

2'=l+«  +  ^^^+ +  n+l. 

That  is,  the  sum  of  the  coefficients  =  2'. 

51t.     The  sum  o/the  eoe^^cUnls  of  the  odd  temu  in  the  expan' 
tion  o/  {1  +  x}'  w  eqital  to  the  sum  of  tht  eo^ffieienU  <^  the  even 

Put  a;  =  —  1  in  the  expansion  of  (1  +  x)' ;  thus 

*      1.2  1.2.3         * 


=  sum  of  the  odd  coefficients  —  sum  of  the  even  coefficients. 

Since  then  the  sums  are  equal,  by  the  preceding  Article  each 
2" 
miiBt  ="2  ;  that  is,  2*"". 

515.  The  result  in  Art.  5H  gives  a  theorem  relating  to 
Combinations.  For  suppose  there  are  n  things;  tlien  -we  can 
take  them  singly  in  n  ways,  we  can  take  them  two  at  a  time 

in    — ^ — ^— '  ways,    we  can    take    them    three    at    a    time    in 

'   '     — 5-^-5 ■'  ways,  and  so  on.     Hence  by  Art,  513  the  total 

nomber  of  ways  of  taking  n  things  is  2"  —  1.  This  theorem  was 
obtained  by  the  early  writers  on  Algebra  before  the  Bininnial 
Ilieorem  was  known  j  the  proof  is  a  simple  example  of  mathe- 
matical induction  which  b  deserving  of  notice.  We  have  to 
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sliew  tlat  if  unity  be  added  to  the  total  number  of  ways  of 
taking  n  things,  the  result  is.  2",  Suppose  we  have  four  lettere 
a,  h,  c,  d;  form  all  the  possible  selections  and  prefix  unity  to 
them.     Thus  we  have 

1, 

a,  b,  6,  d, 

ah,  ae,  ad,  le,  bd,  ed, 

ahe,  ahd,  aed,  bed, 

abed. 

Here  the  total  number  of  symbols  is  16,  iiat  is,  2".  Now 
take  an  additional  letter  e;  the  corresponding  set  of  symbols  will 
consist  of  tboae  already  given,  and  those  which  can  be  formed 
from  them  by  affixing  e  to  each  of  them.  The  number  will  there- 
fore be  doubled ;  that  is,  it  will  be  2'.  The  mode  of  reasoning  is 
general,  and  shews  that  if  the  theorem  is  true  for  n  things,  it  is 
true  for  n+  I  things. 

EXAUFLES  or  THE  BINOMIAI.  TEEOREU. 

1.  Write  down  the  ^  term  of  (o  +  b)". 

3.  Write  down  the  49'*'  term  of  (a  -  x)". 
S.  Write  down  the  5**  term  of  {o'—  6')". 

4.  Write  down  the  2001"'  term  of  {a»  +  a^')"", 

5.  Write  down  all  the  terms  of  (5  —  ix)*, 

6.  Write  down  the  5"^  term  of  {3**  -  4y*)'. 

7.  Write  down  the  6'"  term  of  (2a*  -  6*)'°. 

8.  Write  down  all  the  terms  of  (s  —s) . 

9.  Write  down  the  middle  term  of  (a  +  a;)'*. 
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10.  Write  down  the  two  middle  terma  of  (a  +  x)\ 

11.  Expand  {a  +  V(a'-l)J'  + {a-^(a'- 1)}'  in  powers  of  a. 

12.  Write  down  the  coefficient  of  y  in  the  expansion  of 


(r^ti- 


13.  It  A  be  the  Hiim  of  the  odd  terms  and  S  the  Bum  of  the 
evea  terms  in  the  expansion  of  (x  +  a)',  prove  that 

^' -£•.(«■ -»•)-. 

14.  Prove  tJmt  the  difference  between  the  coefficients  of 
af*'  and  af  in  the  expansion  of  (1  +a:)"*'  is  equal  to  the  differ- 
ence between  the  coefficients  of  oT*'  and  a!'~'  in  the  expansion  of 
(!  +  ')■■ 

15.  Stew  that  the  middle  t«rm  in  the  expaosiou  of  (1  +  x)" 

1.3.5...(2»-1)„._, 

[S  "'■ 

16.  Find  the  binomial  expansion  of  whicli  four  conaecuttre 
terms  are  2916,  48G0,  4320,  2160. 

17.  Prove  that  if  the  term  af  occnra  in  the  expansion  of 

I? 


{-'^ 


the  coefficient  of  the  term  - 


H(»-r)U(»<-r)- 
18,     Write  down  the  coefficient  of  a;''*'  in  the  expansion  of 


(-r 


19.  Pind  the  r""  term  from  the  b(^;inning,  the  r^  tei-m  from 
the  end,  and  the  middle  term  of  (x — 1  . 

20,  If  („,  (,,  (,,  („ represent  the  terms  of  the  expansion 

of  (a  -i-  xf,  shew  that 

((,-(,-«-(,- )»  +  (i,-(,4(,- y  =  (a'  +  x^: 
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51S.     We  have  seen  tliat  when  n  is  a  poaitive  int^er 


(l+a:)-=l+na!+- 


1.2 


We  now  proceed  to  shew  that  this  relation  holds  when  n  has 
any  valae  positive  or  negative,  integral  or  fractional,  that  is,  we 
shall  prove  the  Binomial  Theorem  for  any  exponent.  We  shall 
make  some  obaerrations  on  the  proof  after  giving  it  in  the  usual 
form. 

517,     Suppose  m  and  niin  positive  integers;  flien  we  have 

a+«)-.i+«.+=fii=i)^+=<!ir|i!i^)^+ m, 

(..,)-l.^.!lip^)^."'-'H..-^)^, (,,. 

But  (1  +  x)'  >l{1+  x)'  =  (1  +  x)'*'i 

hence  the  product  of  the  aeries  which  form  the  right-hand  mem- 

l>eHiof{l)and(2)must  =  (l +«)"*";  that  ia. 


l  +  {m  +  n)x*i '-^—^ '-of 


(3 

f,  m(m-l),    m(jn-l)(w»-2)    .  > 

-{'+'~*-TT2-^''*-lJ -■'* 1 

>(i.„,i(^)^;''('— H.-2)^, } » 

Equation  (3)  has  been  proved  on  the  supposition  that  m  and  n 
Are  positive  integers ;  but  the  product  of  the  two  series  which  occur 
on  the  right-hand  side  of  (3)  must  be  of  the  tamt  fvrm  whatever 
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m  and  n  may  be;  we  therefore  infer  that  (3)  muBt  be  true  what- 
ever m  and  n  may  be.  We  shall  now  use  a  notation  ihat  will 
enable  us  to  expreea  (3)  briefly.    Let  /(m)  denote  the  series 


l  +  mx  +  — \ — E^ai'  + 


1.2 


whatever  m  may  be ;  th^i  /{n)  will  denote  what  the  series 
beoomee  when  n  is  put  for  m;  and  J'{m  ■+  n)  will  denote  what  the 
series  becomes  when  m  +  n  ib  put  for  m.  And  when  m  is  taiy 
positive  integer  /(m)  =  (1  +  a;)";  also  /(O)  =  1.  Thus  (3)  may  bo 
written 

/(m  +  n)-/(m)./W (4> 

SimiLu-ly,      /{m  +  tH-p)=/im +n)  x/{j>) 

Proceeding  in  this  way  we  may  shew  that 

/(m  +  ni-p  +  q+ )=/H  >:/(«)  x/(p)  x/(j)« (5). 

Now  let  m=n=p  =  q  = =-,  where  B  and  r  are  positive 

integers,  and  suppose  the  number  of  tenns  to  be  r;  then  (5) 
becomes 

thensfore  !/<")>'-/(;)• 

But  since  «  is  a  poaitive  integer /{«)  =  (1  +  a)',  and  tlierefore 
!/«)'  =  (l+«)'i 

therefore  0 +*)'=/(;)  =  !  +  ;*■*■  ~T75~  *** 

This  proves  the  Binomial  Theorem  when  the  exponent  is  ony 
poeUive  qiumUty. 
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Again,  in  (i)  put  —  n  for  m;  thua 

tierefore  j^.-/(-n). 

But  if  n  be  any  positiTe  quantity,  y(n)  =  (I  +«)";  hence 

thatia,        (1  ■!-»)-=  H-(~»)a!+<~">^^~"~^^!t'+ 

This  proves  the  Binomial  Theorem  when  the  exponent  is  any 
negative  quantity. 

518.  The  proof  of  the  Binomial  Theorem  for  any  exponent 
contained  in  the  preceding  Ai-ticle  was  first  given  by  Euler; 
although  difBcult  and  not  altogether  aatis&ctory,  it  is  a  valuable 
exercise  for  the  student.  We  shall  now  offer  some  remarks 
upon  it. 

The  first  point  we  have  to  notice  is '  the  mode  of  proving 
that/(m  +  n)=/(m)>;/(ti).  The  student  should  for  an  exercise 
■write  down  three  or  four  terms  of  the  series  for  /(m),  and  also 
of  the  seriw  for  /{n),  and  multiply  them  together;  if  the  pro- 
duct be  airanged  according  to  powers  of  x,  it  will  be  fouud  that' 
BO  far  as  it  has  been  completely  forroed,  it  will  agree  with  the 
series  for  /(m  +  n).  But  from  knowing  what  /(m)  and  /(n) 
represent  when  m  and  n  are  positive  integers,  we  infer  without 
the  trouble  of  actual  multiplication,  that  the  law  which  is  expressed 
by/(m  +  n)=/(m}x/(n)  must  hold.  The  mode  of  establishing 
this  law  in  the  simple  case  in  which  m  and  n  are  positive  integers 
ia  a  valuable  and  important  algebraical  artifice. 

But  the  way  in  which  we  infer  that /(ni  +  n)=/(jn)  x/(n), 
mftalever  m  and  n  may  be,  is  still  more  important.  The  principle 
is  merely  this :  the  form  of  any  algebraical  product  is  the  same 
whether  the  factors  represent  whole  numbers  or  fracticms,  positive 
or  negative  numbers  j  thus,  for  example, 

{a  +  b){a  +  e)  =  a'  +  {b  +  c)a+bc-  . 
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is'  true  irhaitever  a,  (,  and  c  may  be.  Henoe  wa  infer  that 
/{m)  x/(n)  will  have  the  same  form  in  all  cases,  whether  m 
and  n  be  positiTe  integers  or  not. 

The  student  may  also  notice  the  proof  of  this  result  which  is 
given  in  the  Theory  of  Equatima,  Chapter  mv. 

519.    The  most  difficult  point  however  to  be  considered  is  the 
meaning  of  the  sign  =  in  the  assertion 

<l  +  !c)-=l+»a!  +  ^^^a^-i- (1). 

Suppose,  for  example,  that  n  =  —  I,  then  tlie  above  becomes 
(1 +«)-'=  l-(i!  +  ic"-!e'+ (2). 

Now  we  know  that   the  sum    of    r    terms    of   the    series 

I  — ic  +  a^  — a^+ is  ■  ^  j   hence  when  x  is  numerically 

Ut»  than  unity,  by  taking  enough  terms   of  the  series,  we  can 

obtain  a  result  differing  ta  little  aa  we  please  from ,  and  thus 

we  can  in  this  case  understand  the  assertion  in  (2).  But  when 
X  a  numerically  grealtr  than  unity,  there  is  no  such  numerical 

approximation  to  the  value  of  .         obtained  by  taking  a  large 

number  of  terms  of  the  series  1 -a;  + ic"  — ic'+ 

We  shall  see  in  the  Chapter  oa  the  Convergence  of  Series,  that 


when  X  is  numerically  less  than  unity,  we  can  form  a 
conception  of  the  series  on  the  right  of  (1)  whatever  n  may  be. 
In  this  case  there  is  no  difGculty  in  the  assertion 

/(m +  »)./(»,)  «/(,); 
each  of  the  three  series  which  it  involves  is  aritJimetically  intelli- 
gible. Sut  when  x  is  numerically  greater  than  unity,  we  cannot 
give  an  arithmetical  meaning  to  the  series  or  to  the  assertion;  all 
we  ou^t  to  say  is,  that  if  we  form  the  product  of  the  first  r 
terms  of  /(m)  and  the  first  r  terms  of /(n),  the  first  r  terms  of  the 
remit  will  agree  with  the  first  r  terms  of  /(m  +  n) ;  but  thb  will 
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not  juBtifr  n»  in  writing  /(m  +  n)  =/fm)  x  /(«)-  The  caae  in 
whidi  X  is  numerically  equal  to  unitf  would  require  Bpecial  in* 
vestigation  which  would  be  out  of  place  here.    See  Art  777' 

On  the  whole  then  we  may  conclude  tliat  the  Binomial  Theo- 
rem for  the  expansion  of  (1  +  xy  gives  a  result  which  is  arithme- 
tically intelligible  and  true  when  x  is  numericallj  less  than  unity- 
in  what  sense  the  result  is  true  when  x  ia  numerically  greater 
than  unity  has  not  yet  been  expliuned  in  an  elementary  manner. 
The  subject  of  the  expansion  of  expressions  is  however  properly 
a  portion  of  the  Differential  Calculus,  to  which  the  student  must 
be  referred  for  a  fuller  consideration  of  the  difficulties. 

520.     To  find  tlie  numarkally  greatett  term  in  the  exptmawn 

We  consider  x  as  positive. 

I.     Suppose  n  a  positive  integer. 

The  (r  +  1)**  term  may  be  formed  by  multiplying  the  r*  term 
by -X,  that  is,  by  { -  — 1  Ik;  and  this  multipliOT  di- 
minishes as  r  increases.     Put 

( 1  la!  =  l,    therefore  »= i— . 

If  p  he  an  integer,  two  terms  of  tho  expanuon  are  eqnal, 
namely,  the  p"'^  and  the  (p  +  1)'",  and  these  are  greater  than  an^ 
other  term.  If  j)  be  not  an  integer,  suppose  q  the  integral  part  of 
p,  then  the  {q  +  l)*  term  is  the  greatest. 

IL     Suppose  n  positive  but  not  integral 

As  before,  the  (r  +  1)**  term  may  be  formed  by  mnltiplyihg  t^ 
r*  termby  f^-i lJa^ 

If  then  X  be  greater  than  unity,  there  is  no  greatest  term;  for 
the  above  multiplier  can,  by  increasing  r,  be  made  as  near  to  —  ic 
aa  we  please;  that  is,  each  term  from  and  after  some  fixed  term 
can  be  made  as  nearly  as  we  please  nvmerieaUy  x  times  the  pre- 
ceding term,  and  thus  the  terms  increase  without  limit. 
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B«t  if  zbe  not  greater  than  unitf /A«re  uri/f  fie  a  greatest  term; 

for  if  p  — --  ,  then  as  long  as  r  is  less  than  p  the  multiplier 

is  greater  than  unity,  and  the  t«rms  go  on  increasing ;  but  when  r 
is  greater  than  p  the  multiplier  is  less  than  unity,  and  so  long  as 
it  continues  positive  i£  diminishes  as  r  inerea«es;  and  when  the 
multiplier  becomes  negative  it  is  still  numerically  less  than  unity ; 
80  that  each  term  after  r  has  passed  the  value  p  ts  nnmeiically  less 
than  the  preceding  term.  Henee,  as  in  the  fint  case,  if  j>  be  an 
integer,  the  p"^  term  is  equal  to  the  (p-f  l)"*  term,  and  these  are 
greater  than  any  other  term;  if  p  be  not  aji  integer,  suppose  q  the 
integral  part  of  p,  then  the  {q  + 1)*^  term  is  the  greatest 

III.     Suppose  n  negative. 

Let  m  =  -  n,  BO  that  m  is  positive.  The  numerical  value  of  the 
{r  +  l)**  term  may  be  obtained  by  multiplying  that  of  the  »*  term 
by  (VLlZz}y,  th.1  h,  by  (^  +  l)«. 

If  a;  be  greater  than  unity  we  may  shew,  as  in  the  second  case, 
that  there  is  no  greatest  term. 
If  a;  be  less  than  unity,  put 

I +1  ]X=l,    therefore  p  =  ^-^ — '-  . 

\    P  J  *■-" 

If  p  be  a  positive  integer,  the  j^  term  is  equal  to  the  {p  +  1)*^ 
term,  and  these  are  greater  than  any  other  term.  If  p  be  positive 
bat  not  an  integer,  suppose  q  the  integral  part  of  p.  then  the 
{q  + 1)*^  term  is  the  greatest.  If  p  be  negative,  then  m  is  leas  than 
unity;  in  this  case  each  term  is  less  than  the  preceding,  and  the 
first  term,  that  is,  unity,  is  the  greatest. 

If  X  be  equal  to  unity,  then  when  m  is  greater  than  unity  the 
terms  continually  inci-ease  and  there  is  no  greatest  term,  when  ra 
is  equal  to, unity  the  terms  are  all  equal,  and  when  m  is  less  than 
unity  the  terms  continually  decrease  so  that  the  first  is  the  greatest. 

We  have  supposed  throughout  that  x  is  positive;  if  x  be  n^^ 
ttve,  put  ym—x,  BO  that  y  is  positive;  then  find  the  njunerioally 
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greatest  term  of  (1  •>■  j/)",  and  Uus  will  ako  be  the  uumericaUy 
greatest  term  of  (1  +  a;)". 

521,     The  first  term  of  the  expansion  of  (1  +  x)'  is  unity ;  any 
otiiOT  term  is  known  since  the  (r  +  l)""  term  is 
"("-!) {n-r^\)^ 

[r 

This  expi-easion  is  called  the  genered  term,  because  by  putting 

1,  2,  3, successively  for  r,  it  gives  us.  in  succeeaion  the  2°', 

3*^,  4"*, terras;  that  is,  we  cun  obtain  from  it  any  term  after 

tlie  first.  The  expression  for  the  general  term  may  be  modified  in 
particular  cases,  and  sometimes  simplified,  as  will  be  seen  in  the 
following  examples : 

(1  +  «)"".     Here  n  =  -m;  the  general  term  becomes 

(-„)(-..-i) (-„-,.ti) 

vhicJi  may  be  written 

■"'""■>■■■■■■  <""-')(-iK.  ■ 
II 

{l  +  as).     Heren  =  Jj  the  numerator  of  the  coeiEclent  of  »' is 

^G-OG-) (1-0^ 

if  r  is  not  less  than  2,  this  may  be  written  - 
1-3.5.7 (2r-3) 

hence  in  the  expansion  of  (1  +  xy,  the  first  term  is  1,  the  second 
is  i^x,  and  any  mbiequent  term  may  be  found  by  putting  for  the 
(r  + 1)*  term 

'■''■^■'--'"-^)(-i)-v. 

(1 +  «)"',     This  is  a  particular  case  of  {1 +*)'".     The  «►- 
efficient  of  af  is 

i^l^--fi±^'(-l)',th.tU,  (..!,(-.)-. 
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(1  —  x)~'.    By  the  preceding  example  the  (r  + 1)'^  term  is 

(r+l)(- !)'(-«)',  that  i»,  (r+l)ar. 
(1  +  »)"'.     This  is  a  particular  case  of  (1  +  a:)-*.    The  coeflS- 
cient  of  it^  is 
3.4.5 


(1  -  *)"*.    By  Ulo  preceding  example  tiie  (r  *  1)*  term  is 


If  X  and  n  are  positive  it  will  be  found  that  in  the  expansion 
of  (1  +  a;)"'  the  terms  are  alternately  positive  and  n^ptive  ;  and 
in  the  expansion  of  (1  —  a;)'"  the  terms  are  all  positive.  If  x  and 
n  are  positive,  and  n  not  ui  int^er,  it  will  be  found  that  in 
the  expansion  of  (1  -i-  a;)*  the  terms  begin  by  being  positiTe,  and 
eventually  heeama  alternately  positive  and  negative ;  and  in  the 
expaatdon  of  (1  -  x)"  the  terms  begin  by  being  alternately  positive 
and  negative,  and  eventually  become  aU  of  one  sign, 

532.  A  Multinomial  expression  may  be  raised  to  any  power 
by  repeated  use  of  the  Binomial  Theorem;  thus,  for  example, 

{a  +  6  +  c}'  =  {a  +  (6  +  <:)}*  =  a'  +  3o'(6+c)+3a{6  +  c)*+(6  +  c)'; 
if  we  now  expand  (&  +  e)*  and  (b  +  of  and  put  the  resulting  ex- 
paasioQB  in  the  place  of  these  quantities  respectively,  we  Bhall 
obtain  the  expansion  of  [a  +  b  +  c\'.     Similarly, 
{a  -t-b  +e  +  d]'  =  {a  +  {b+  e  +  d)]'  =  a'  +  3a'{b  +  e  +  d) 

+  3a(b  +  e  +  d)*  +  {b  +  c  *■  dy ; 
the  expansion  may  then  be  completed  by  finding  the  expansion 
of  {6  +  c  +  d)'  and  of  {b  +  c  +  d)'  in  the  manner  just  exemplified. 
Or  we  may  proceed  thus,  .  ■ 

{a  +  b  +  e  +  d)'=  {{a-i-b)  +  {c  +  d)]'  =  {a  +  by 

+  3{a  +  by{e  +  d)  +  S{a  +  b){c  +  dy  +  (a  +  dy; 
the   expansion   may   then  be  completed  by  expanding   (a  +  6)*, 
(a  +  6)*,  (c  +  dy,  and  (e  +  rf)',  and  effecting  the  requisite  multipli- 
cations. -,  I 
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523-     To  find  the  nuTtiber  of  htmwgeneous  prodwAa  o/v  dimeTi- 

tiona  that  can  be  formed  ovi  of  a  UUera  a,  b,  c, and  their 

povxri. 

'By  common  division,  or  by  th«  Binomial  Hieorem, 

= =  1  +  (M!  +  aV  +  a  V  + ,. . 

1  — oa: 

=— y— =  l  +  6a!  +  6V  + JV  +  ... 
1  —6a! 

^ l+ca!  +  eV  +  tfV+... 

1-  ex 


1       1 

- .[l  +  m  +  oV  +  oV+.., 

,...} 

^^V■l-bV^ 

- }«|l  +  ra*cV  +  o"»"  +  .., 

1 
-1 

.!+«,« 

*S^  +  S^+ snppoae. 

^.= 

=  a  +  6+c  + , 

*.= 

.(.■  +  oJ-fi"  +  oc* 

«.= 

=  a'  +  «'5  +  oio  +  6"  + , 

that  iB,  S^  isequ^  to  the  sum  of  the  quaatities  o,  b,  c, ;  S^JM 

equal  to  the  sum  of  all  the  products,  each  of  tw^o  dimensions,  that 

can  be  formed  of  a,  b,  c,  and  their  powers;  iS^,  is  equal  to 

the  sum  of  all  the  products,  each  of  three  dimensions,  that  can  bo 
formed ;  and  ao  on-  To  find  the  number  of  products  in  any  one 
of  these  sets  of  products,  ve  put  a,  b,  c, each  =  1;  thus 

■5 .  , — r--  :; becomes  -^ — j-.  or  (1-a:)"". 

l-axl~bxl-ex  0--*T  . 
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Hence  in  this  case  S,  is  the  coefficient  of  sc'  in  the  exptmsion 
of  (l-a:)-";'that  is, 

«(»  +  l) («  +  r-l) 

This  is  therefore  the  number  of  homogeneous  products  of  r  dimen- 
Bions  that  can  be  formed  out  of  a,  b,  c,  and  their  powers. 

624.  To  find  the  numler  of  term*  in  the  expanaion  of  <my 
mvllinomiat,  the  exponetU  being  a  positive  integer. 

The  number  of  terms  in  the  expansion  of  (a,  +  a^  +  (t,  + . . .  +  a,)' 
is  the  same  as  the  number  of  homogeneous  products  of  n  dimen- 
sions that  can  be  formed  out  of  a^,  a^,  o^,  a,,  and  their 

powers.     Hence,  by  the  preceding  Article,  it  is 

r(r4.1)(r-f2) (r-t»-l) 

1« 

625.  The  Binomial  Theorem  nutj  be  applied  to  extract  the 
roots  of  numbers  approximately.  Let  JT  be  a  number  'whose 
n**  root  is  required,  and  suppose  ir=o'-i- J;  then 

N"  =  {a'  ■i-b)-  =  afl  +  ^\"  =  a{l+  x)', 

where  x  =  — .     If  now  a;  be  a  small  fraction,  the  terms  in  the 
a" 

expansion  of  (1  +  fc)'  diminish  rapidly,  and  we  may  obtain  an  ap- 

|woxiinat«  value  of  (1  +r)',  and  therefore  of  N',  by  retaining 
only  a  few  of  these  terms.  It  will  therefore  be  convenient  to 
take  a  so  that  a*  may  differ  as  little  as  possible  &om  ^,  and  thtis 
b  may  be  as  small  as  possible.  Sometimes  it  will  be  better  to 
suppose  iV  =  a"  -  6. 

626.  We  will  close  this  Chapter  with  six  examples  which 
will  illustrate  IJie  use  of  the  Bijiomial  Theorem. 

(1)  The  ratio  {a  +  xj*  :  a*  is  nearly  equal  to  the  ratio 
a  +  nx  :  a  when  nx  is  small  compared  with  a.  This  holds 
whether  x  be  positive  or  negativt^  and  for  values  of  ft  integral 
or  Pactional,  positive  or  n^ative.    See  Art  383. 
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expand  { 1  +— 1     by  the  Binomial  Theorem  j  thus  we  have 

a+  6aj     1  ,      ,  ,  /,     ax     g*!"!*     f^x*  \ 

=-{a  +  hx){\-i-  +i-r-^  + ) 

=  «^.?{'6_??)_54f6_f?)+ 

P    p\      p/      P    \      P/ 

Op  we  may  proceed  thus, 

t±^ L.^^     P^  .g  +  g|^6-g?Vi+gV' 

p  +  qx      p  +  qx         p-yqx        p     p\       pj\       pj 

^^^^(b^^)(l^^^t^^li^ V 

P     P\       P/\       P       f        P  J 

and  thus  ve  obttun  the  same  result  as  before. 

This  example  frequently  occurs  in  mathematics,  espedally  in 
cases  where  a;  is  bo  small  that  its  square  and  higher  powers  may 
bo  neglected;  we  have  then  approximatdy 

a  +  hx  _a     xf      txq\ 
p  +  qx     p     p\       pJ' 

(3)  Keqnired  approximate  values  of  &e  roots  of  the  quad- 
ratic equation  oa:*  +  fee  +  c  =  0,  when  ac  is  very  small  compared 

The  roots  are ^-^ . 

'la 

And  by  the  Binomial  Theorem,  ,^(6'  — 4ac)  =  jfl  -  TTr) 

'*{^-W-\^-¥)-m:, }■ 
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Tima  fi>r  the  root  with  the  upper  sign  we  get 


and  for  the  root  with  the  lower  sign  we  get 

-- +j+-p-  +-^-* 

If  a  be  yery  small,  while  b  and  e  are  not  small,  the  former  root 
does  not  differ  much  from  —  j ,  and  the  latter  root  is  numericall; 
very  large.     See  Art  312. 

It  is  deserving  of  notice  that  the  approximate  value  of  the 
root  in  the  former  case  coincides  with  what  we  ehall  obtain  in  the 
following  way.  Write  the  equation  thna, 
bx  +  a  =—ax'. 
For  an  approximate  result  neglect,  the  term  aa?  aa  small;  thus 
w«  obtain  a;  =  -^-  Then  substitute  this  approximate  value  of 
ic  in  the  term  ckb*j  thus  we  obtain 

I  fK* 

that  IS,  *  =  -  T  —  -FT  • 

0        0 

Again,  substitute  this  new  approximate  value  of  a;  in  the  term 
oai*,  and  preserve  the  terms  involving  a  and  a';  thus  we  obtain 
,  a^     2aV 

'"*'—:¥- -r- 

(4)  To  prove  that  if  n  be  any  positive  integer  tiie  iniegrid 
part  of  (2  +^3)'  is  an  odd  number. 

llie  meaning  of  this  proposition  will  be  easily  seen  by  taking 
some  simple  cases;  thus  2  +  JZ  lies  between  3  and  4  in  value,  so 
that  the  integral  part  of  it  is  the  odd  number  3 ;  (2  +  ^3)'  will  be 
found  to  lie  between  13  and  14  in  value,  bo  that  the  integral  part 
of  it  is  the  odd  nnmber  1 3. 

r..„ ^,Gt)t)'^le 
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Suppose  then  /  to  denote  the  integral  part  of  (2  +  ^3}*,  and 
J*F  i\A  complete  value,  bo  that FisA  proper  fraction.  We  hare 
by  the  Binomial  Theorem 

/+Ji'=2'  +  n2-'3U^^^*2-*3U +  3* (1). 

Now  2  —  ,k/3  is  a  proper  fraction,  therefore  also  eo  is  (2  —^3)"; 
denote  it  by  F';  then 

J"=2'-w2-'3U"^""^^^2— 3^- +  (-1)-^" (2). 

Now  add  (1)  and  (2);  the  irrational  terms  on  the  right  dis- 
appear, and  we  have 

/+^+ J!"=  2  {2-+^^^^  2— 3'" 

c  an  even  integer. 
But  F  and  F  are  proper  fractions :  we  must  therefore  have 
F+F'=\,  and /  =  an  ocM  integer. 

X  similar  xeanlt  holds  for  (a  +  ^b)'  if  a  is  the  int^r  next 
greater  than  Jh,  so  that  a  —  i/5  is  a  proper  fraction. 

(p)     Bequirod  the  sum  of  tlie  coefficients  of  the  first  r  +  1 
terma  of  Uie  expansion  of  (1  -  x)".     "We  have 
,,       ,_.     ,  n(»n-l),  n(n  +  l)...(n  +  r-l)_ 

(l-a!)"'-l+fl!  +  a!*+a!'+ 

Therefore  (1  -  a;)"'"*"  is  equal  to  the  product  of  the  two  series. 
"Sow  if  we  multiply  Uie  series  together,  we  see  that  the  ooefieient 
0/  af  in  tiie  product  is 


l+nH 


"("  +  !),  ,»("+!) («4-r-l) 

1.2     * "^  [^ '. 
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we  may  naturally  a$naM  then  tliat  this  must  be  equal  to  the  co- 
efficient of  af  in  the  expansion  of  (I  —  a!)""*";  that  is,  to 
(,.<-l)(»4-2)......(»tr). 

E  ' 

thus  tihe  required  Emmmation  is  effected, 

(6)  The  Binomial  Theorem  may  be  applied  in  the  manner 
Jnst  shewn  to  establish  numerous  algebraical  identities;  we  'will 
give  one  more  example; 

I^  ^(^,)."("-')»-g-("--^'); 

it  is  required  to  shew  that 
0(»,O)*(n,r)-*(«,l)*(»-l,r-l)  +  ^(n,2).^(«-2,r-2) 

-^(M,3)^(n-3,  r-3)  + =  0. 

The  expression  here  given  is  l^e  expansion  of 

»(»-l)(n-2)...(»-^-H) ^,  _  j^,_ 

which  must  obviously  he  zero. 

EXAHPLEa  OF  THB  BDIOHUX  THEOREU. 

Expand  each  of  the  following  twelve  expressions  to  four  terms  i 
1.     (l+a:)*.  2.     {\+xf.  3.     (l+a:)'. 

4.     (l+a)-*.  B.     (l+a;)-i.  6.     (1 +*)"*. 

7.     (1-*)*.  8.     (1-2*)*.  9.     ^{a'-o^. 

10.     (3a-2a:)*.  11.     (a*-bx)-i.        12.     (1  +5*)?. 

Find  the  (r  +  1)"'  tenn  in  the  expansion  of  the  following  eight 


expressions: 

13,     (l-i)-. 

U.    (1-x)-. 

15.     (l-»)-. 

16.  (i-r«)i. 

''•  v(i'-)- 

18.     (l-«7 

19.     (l-2«)-f 

''■  ^(l-«,- 
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Calculate  the  following  four  roots  appt<oximat«l7: 
21.     7(24).       22.    ^(999).       23.     ^(31).       24.     4/(99000). 
25.     If  fu  be  small  compared  with  tmity,  Bhew^  tbat 
r  nearly. 


36.  Shew  that  the  number  of  combinations  of  n  things  when 

tiiken  in  ones,  threes,  fives,  exceeds  the  number  when  taken 

in  twos,  fours,  sixes, by  unity. 

37.  Shew  that  tlie  .number  of  homogeneous  products  of  n 
tlu'ngs  of  n  dimensiona  is 

\2n-l 


g- 

i^^ 

rind  Ibo 

greatesttenn 

in  ! 

the  following  four  expansions ; 

!8. 

(1+a:)"  wheiiar  = 

2 
'3 

and 

n  =  4. 

29. 

(1-t 

■*)^when  01  = 

1 

'5 

and 

ji=12. 

30. 

(1* 

.=,)-ri»>:,. 

5 

"7 

and 

n  =  S. 

31. 

(1- 

.«)-»lic«i. 

7 
=  12 

and 

8 
"=3- 

33. 

tei-m  in 

.  the  expansion 

o,f„-. 

where  n  is  a  positive  integer. 

33.  Find  the  number  of  terms  in  the  expansion  of 

(a+6  +  c  +  rf)". 

34.  Find  the  first  term  with  a  negative  coefBcient  in  the 
cxpan^on  of  (1  +  ^x)'. 

35.  Up  be  greater  than  n,  the  coefficient  of  x'  in  the  expan- 

,,„„ -f    '^     i,  p(p'-i1(p'-^ ly'-('-i)'i 

r..„., ^,Gt)t)^le 


EXAUPLES.      XXXVL  323 

.,<±:^:. 

.-,(»-H)("t2)(5.<-3) 
2 

1    in  aacending  powers  of  as.    '  Write  down 

the  coefficient  of  jc"'  and  of  !e**'. 

39.  Shew  that  the  n*  coefficient  in  the  expansion  of  (1  —  a:)"* 
ia  always  the  double  of  the  (n  -  l)"", 

40.  Shew  that  if  t,  denote  the  middle  term  in  the  expansion 
of(l+a:)'',  then  (,+  (,  +  *,+ =  {\~i(cfK 

41.  Write  down  the  autn  of 

,     1      1.3      1.3.  5  ... 

.       1^4-^  478-^47802^ "'^'"■^        ■ 

42.  Find  the  sum  of  the  squares  of  the  coefficients  in  the 
expansion  of  (I  •(■  x)',  where  n.  is  a  positive  integer. 

Pi.+i+i'iPi. +i'«P».-i''" -*■  P.-xP.*,*"  P,P,t,  =  i- 

44.     Shew  that  if  m  and  n  are  positive  inh^ra  the  coefficient 
of  a^  in  the  expansion  of  jz r^  is  equal  to  the  coefficient  of  as' 

in  the  expansion  of 


(1 -«)-"• 

45.     Find  the  coefficient  of  af  in  the  expansion  of 
(I  +  2a!  +  3a!'-H4a^+ ad  w^.)'. 


„...<i-,«!ie*3glc 
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527.  We  have  in  the  preceding  Cliapter  given  some  examples 
of  the  expansion  of  a  multinomial ;  -we  now  proceed  to  consider 
thia  point  more  fully.     We  propose  to  find  an  expression  for  the 

general  term  in  the  expansion  of  (a^ -t- a,x  +  a^  +  ajxf  + )", 

The  number  of  terms  in  the  series  a,,  a,,  a,, may  be  any 

whatever,  and  n  may  be  positive  or  negatlvey  int^ral  or  fiao- 
tional. 

Put  6,  for  ajX+a,x'  +  a^+ ,  then  Tve  have  to  expand 

(»„  +  &,)";  the  general  term  of  the  expansion  is 

w(«-l)(^-2) (n-^-t-1)  ^  ..^  J  ^ 

It  °        " 

ft.  being  a  positive  jntt^r.     Put  6,  for  aj>f+a^+ ,  then 

5,'*=(a,a!-!-6,)";  since  ^  is  a  poaitive  irUager  the  general  term  of 
the  expansion  of  (a^x  +  b^  may  be  denoted  either  by 

we  will  adopt  the  latter  form  as  more  convenient  for  our  purpose^ 
Combining  this  with  the  former  result,  we  see  that  the  general 
term  of  the  proposed  expansion  may  be  written 

nin-Din-H) jn-^-^i)  ^^,.,^^ 

Igl^-g  • 

Again,  put  J,  for  o,«*  +  o,a;*+'......,  then  i,'*^=(a^ +  b^f^, 

and  the  genend  term  of  the  expansion  of  this  will  be 

Hence  the  general  term  of  the  proposed  expanmon  may  be 
written 

.(»-l)(»-2) (»-;.<■  1)_^_., 
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Prooeeding   in  this  w&j  we  sliall   obtain  for   the  required 
genei-al  term 

l2lrlfll •    ■  ■  ■  • 

■where  q  +  T  +  g  ■(-(  + —  li. 

If  we  suppose  n  —  fi^p,  we  maj  write  tjie  general  term  in 


tha  foi-m 

„(„- 

.l)(»-2).. 

.(p+l) 

«.■",•», 

Islrlili- 

'    * 

where 

f 

1  + 

g  +  r  +  . 

+  <  +  .., 

..,=71. 

Thus  the  ezpasBion  of  the  proposed  multinomial  consists  of  a 
Beriea  of  terms  of  which  that  just  given  ma;^  be  taken  as  the 
general  typo. 

It  should  be  observed  that  q,  r,  s,  I, are  always  poHHve 

irUegert,  but  j>  is  not  a  positive  int^;er  unless  n  be  a  positive 
int^^.  When  p  is  a  positive  integer,  we  may,  by  multiplying 
both  numerator  and  denominator  by  1^,  wiite  the  iactor 

«(.-l)(»-2) (P4-1) 

\l\l\l\l 

in  the  mora  Bymmetrical  form 

|5 


HHHF 


In  'Qie  above  expression  for  the  general  term  we  may  regard 
the  multiplier  of  a;i*  "+»■+«*'■■  as  the  coefficient  of  the  term.  Some- 
times however    the   word    coejieietti    is    applied    to    the    fiietor 

j — I    I  "|J"      -;  this  ia  usually  the  meaning  of  the  word 

in  the  cases  in  which  x  has  been  put  equal  to  unity,  as  in  the 
Examples  26.. .32  at  the  end  of  this  Chapter, 
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528.  Suppose  we  require  the  coefficient  of  an  assigned  pow^ 

of  a;  in  the  expauBioa  of  (a^  +  a^x  +  ajif  + )*,  fin-  exampley 

tliat  of  as".     We  have  then 

5  +  2r  +  3«  +  4(+ =m, 

p+5  +  r  +  «  +  i  + =  «■ 

We  must  find  by  trial  all  the  positive  integral  values  of 

q,  r,  s,  t,  which  eatisfj'  the  lirst  of  Uiese  equations;  then 

from  the  second  equation  p  can  be  found.  The  required  coeffi- 
cient is  then  the  sum  of  the  corresponding  values  of  the  ex- 
pression 

»(»-l)(„-2) (p-tl) „ .    ,„ .^.„ , 

\1\1\1\L ".«.».•.•. 

When  n  is  a  positive  integer,  then  p  must  be  so  too,  and  we 
may  use  the  more  symmetrical  form 

1?        

l£ill£lil£ '•'''•'■''• 

529.  For  example,  find  the  coefficient  of  ic'  in  the  eipanaoo 
of  (1  +  2a!  -I-  Sx*  +  ix'y. 

Here  o  +  2r  4-  33  =  7, 


p  +  q  + 


=  1 


Begin  with  the  greatest  admissible  value  of 
( ;  this  is  »  =  2,  with  which  we  have  r  =  0,  y  =  1, 
p=\.  Nexttry«=l;  witli  this  we  may  have 
r  =  2,  3  =  0,  j>=l;  also  we  may  have  r  =  1, 
J  =  2,  J)  =  0.  Next  try  s  =  0  ;  with  this  we  may 
have  r  =  3,  5=  1,  J)  =  0.  These  are  all  the  so- 
lutions; they  are  collected  in  the  annexed  table. 
Also    a,  =  1,    a,  =  2,   a,  =  3,   a,  =  4.      Thus  the  required    coeffi- 


1  I  1  0_  p 
To  2  j  1 
_0_|j ljj_ 

0  I   1  I  3  I  0 


2'.4'  + 


14  14  14 

'=^' 4' +  ^2'.  3'.  4'.  +  . 4  2'.  3'; 


that  is,  384  +  432-I-576  +  21G;  that  is,  ] 
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Again ;  find  the  coeflicient  of  x*  in  tbe  expanaton  of 

(l  +  2a!  +  3a^  +  4a^+ )*. 

Here  q  +  2r  +  3g+ =  3, 


p  +  q  +  r*»+ .. 


1 


-^110 
-5300 


All  the  solutions  are  collected  in  the  an- 
nexed table,  and  tlie  rec^uired  coefficient  is 

tiat  is,  ^  ~  9  "*"  9 '  *^^^  ^  ^' 

In  this  case,  since 

l  +  2x•^■3if  +  W+ =(l-a!)-V' 

tbe  proposed  e^ipression  is  {(!-«)"'},  that  is,  (l-a;)"'.    And 

(l-a!)"'  =  l  +iE  +  a!*  +  »'  + ; 

time  TTo  Bee  that  the  coefficient  of  ic*  ought  to  be  1 ;  and  the 
stndeitt  maj  exercise  himBelf  by  applying  the  multinomial  theo- 
rem to  find  the  coefficients  of  other  powers  cf  ir :  for  example, 
tbe  coefficient  of  x*  will  be  found  to  be 

s-2-5  +  7-:^,  that  la  1. 


530.  The  form  of  the  coefficient  in  the  Multinomial  Theorem 
in  the  case  in  which  tlie  exponent  is  a  positive  integer  might  be 
obtained  in  another  way.  Suppose,  for  example,  that  we  have  to 
expand  (a  +  ;3  +  y)"*,  Wlen  the  multiplication  is  efiected  every 
term  in  the  result  is  a  product  formed  by  taking  one  letter  out  of 
each  of  the  10  trinomial  factors.  Thus  if  we  require  the  term 
which  involves  a'^y*  we  must  take  a  out  of  any  two  of  Uie  10 
trinomial  factors,  ^  out  of  any  thrtt  of  the  remaining  8  trinomial 
(actors,  and  y  out  of  the  remaining  6  trinomial  factoiB.  The  num- 
r..„ .,Gt)tH^lc 
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110 
ber  of  ways  in  which  thia  can  be  done  is     TT     ,  by  Art.  498  ; 

[a  [3  [3 

110 
thus  the  required  term  is  .-77^  "  P  7  • 

Hence  it  follows  that  if  we  have  to  expand  (a  +  fix  +  y3^"  the 
term  which  involveB  a'^y^  is 

110  110 

^^a-(fi.yiy^',  thatisj^arrV*-. 

Silmhirly  any  other  case  might  be  treated.  Thus  we  could  gire 
the  invoBtigation  of  the  Multinomial  Theorem  in  the  following 
manner: 

Begin  by  establishing  in  the  way  just  exemplified  the  form  of 
the  coefficient  in  the  case  in  which  the  exponent  is  a  poeitive 
integer.  Then  Buppose  wo  hays  to  find  the  general  term  in  the 
expansion  of  {a^  +  a^x  +  a^'  +  a^3^  +  ...)',  where  i*  is  not  a  positive 
integer.  Put  6  for  a,3:  +  a^^  +  a^Q^  +  ...  ;  then  we  have  to  expand 
(dg  4-  h)' ;  the  general  term  of  this  expansion  is 

^(»-lU»-2) (--|.-fl) 

If 

and  BS  ft  is  a  poaiiive  integer  the  general  term  in  the  expanaon 
of  (a^x  +  a,3?  +  a^+ )>■  IB 

kiiiin '■"•''■''■' " 

Hence  the  requii-ed  general  term  is 
n(»-l)(»-2) (— l-tl)  ^,.......... 

lilzlili 

EXAMPLES  OF  THE  WTLTINOiaAL  XBEOKEU. 

Find  the  coefficients  of  the  specified  powers  of  a;  in  the  expan- 
BLona  in  the  following  24  Examples ; 

1.  a:'  in  (1  +  a;  +  x^'. 

2.  as*  in  (l-aj  +  as*)*. 


-"6^: 


T,Google 
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3.  SB"  in  (l-2a+3a!'-4ie')*. 

4.  as**  in  (1  +  a  +  sb*  +  ic*  +  a:*  +  k^'. 

5.  af  ia  {2-'3se-i3^'. 

6.  a?  in  (1  -  «  +  2**)". 

7.  a:*  in  (2-5a)-7a^'. 

8.  a^  in  {l-2a;'+4a:*)-- 

9.  a;'  in  (1  +  a;  +  x^". 
10.  aj*  in  {l4-2a!-a!^-l. 

11.  ^»(i-|:.'j)-, 

12.  aj'  in  (1  +  2a;  -  4a:'  -  3ai»)-*. 

13.  «■  in  (l-2a!  +  ai')l. 

U.  a:'  in  (1 +  «*+«*  + a;' -a!*)*. 

16.  «•  in  (l  +  as  +  a;*)-. 

16.  as'  in  (1  +  3a:  +  5«*  +  7a^  +  D**  + )*. 

17.  aTin  (l+a!  +  ai'+ )*. 

18.  a"  in  (l  +  2aj+3a:')-. 

19.  a:' in  (l  +  2a!  +  3a!'  +  4a:'+ )-*. 

20.  a:"  in  {1  +  a^x  +  a^  +  aje')'. 

21.  of  in  (a,  +  o,a!  +  a^')". 

22.  a:*  in  (1- a:* +  8:" -a:*)'. 

23.  af  in  (1  +  <m!+&c^"*. 

24.  «■  in  {l  +  a.a!  +  o^+a^+ r. 

26.  Find  the  coefficient  of  oV  in  (a  +  &  -(-  e)*. 

26.  Knd  the  coefficient  of  a'6V  in  (o-6-c)'. 

27.  Itnd  the  coefficient  of  a'bV  in  (o  +  6  +  c  +  d)*. 

28.  Find  the  coefficient  of  ab'c'd'  in  fa  -  ft  +  c  -  d)'*. 

29.  "Write  down  all  the  terms  which  involve  powers  of  6 
and  e  as  high  aa  the  third  power  incluaive  in  the  expanmon  of 
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30.  Write  down  all  the  terms  which  contain  d'~'  in  the  ex- 
panraon  of  {a  +  b  +  c  +  d)'. 

31.  Find  the  grefttest  coefficient  in  the  expansioQ  of 

(.  +  6 +  »)'•. 

32.  Knd  ttie  greutest  coefficient  in  the  expansion  of 

{a  +  b  +  c  +  dy\ 

33.  Shew  that  the  greatest  coefficient  in  the  expansion  of 

(ffl,  +  o.  + +a  )'  is    I    ,_, rr .  where  g  is  the  quotient,  and 

\'       ■  -/         {[f)-(?  +  l)"  ^  ^ 

r  the  remainder  when  n  is  divided  by  m. 

34.  Shew  that  in  the  expansion  of  (a^  +  a,*  +  o^  + )* 

the  coefficient  of  a^*'  is  2  (0^0^^,  + a,o,,  +  o,a,,_,  + +a^n^^^. 

35.  Expand  (1  -  26a!  +  ix^~^  as  far  as  a:'. 

36.  Expand  (a  +  6a;  +  C3^~'  as  far  as  x*. 

37.  Expand  {l-ai-a^-a*)"  as  far  aa  i". 

38.  In  the  expansion  of  (1  +a!  +  a:*  + +^,  where  n  ia 

a  positive  integer,  shew  that 

(1)  the  coefficients  of  the  terms  equidistant  from  the  beginning 
and  the  end  are  equal ; 

(2)  the  coefficient  of  the  middle  term,  or  of  the  two  middle 
terms,  according  as  nr  is  even  or  odd,  is  greater  than  any  other 
coefficient ; 

(3)  the  coefficients  continually  increase  from  the  first  up  to  the 
greatest 

39.  If  Oj,  o,,  a,,  a, be  the  coefficients  in  order  of  the 

expanuon  (rf(l  +  a;  +  a;'  + +  x")",  prove  that 

(1)  a^  +  a^+a,+ +o„=(r  +  l)'; 

(2)  a,  +  2a.+  3o,+ +««!„  =  Jnr  (7-+ 1)". 

40.  If  flj,  Oj,  Oj,  a,, be  the  coefficients  in  order  of  tha 

expansion  of  (1  +  a;  +  a;*)",  prove  that 

a.'-<4<-«;+ +  (-ir'a'..,  +  i(-l)V  =  i«.- 
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531.  Suppose  a'  — n,  then  a;  is  called  the  lofforitfimofn  to  the 
bate  e. ;  thus  the  logarithm  of  a  nuiuber  to  a  given  base  is  the 
index  of  the  power  to  which  the  base  must  be  raised  to  be  equal 
to  the  number. 

The  logarithm  of  n  to  the  base  a  is  ^mtten  log.n;  thus 
log.n  =  X  expresses  the  same  relation  as  o'  =  n, 

532.  For  emmple,  3' =  81;  thus  4  is  the  logarithm  of  81  to 
the  base  3. 

If  we  wish  to  find  the  logarithms  of  the  numbers  1,  2,  3,  

to  a  given  base  10,  for  example,  'we  have  to  solve  a  series  of  equa- 
tions 10'=1,  10'  =  2,  10'  =  3,  We  shall  see  in  the  next 

Chapter  that  this  can  be  done  approximalely,  that  is,  for  ezamplf^ 
although  we  cannot  find  such  a,  value  of  a;  as  will  make  10'=  3 
exactly,  yet  we  can  find  such  a  value  of  a;  as  will  make  10'  differ 
from  2  by  as  small  a  quantity  as  we  please. 

We  shall  now  prove  some  of  the  properties  of  logarithms. 

533.  The  logarithm  of\  ia  0  whatever  the  lose  may  be. 
For  o'  =  1  when  a;  =  0. 

534.  The  logarithm  of  the  base  itself  it  unity. 
For  a'^a  when  x=  1. 

535.  The  logarithm  of  a  product  is  equal  to  the  futn  of  the 
logarithTiie  of  ite  factors. 

For  let  X  =  \og,m,     y  =  logofi ; 

therefore  m  =  a',     n  =  a'; 

therefore  mn  =  a'a*  —  a"*'  ■ 

therefore  log.mn  =  a:  +  y  =  log.m  +  log.n. 

536.  The  logarithm  of  a  quotient  is  equal  to  the  hgarillim  of 
tlie  dividend  diminished  by  the  logarithm  of  the  divisor. 

For  let  «  =  logoWi,     y  =  log.n ; 

r..„ ,Gt)tH^lc 


therefore  log^  -  =  a;  -  y  =  log.m  -  log,«^ 

537.  The  logarithm  of  any  ptmer,  itUegral  or  fractional,  of  a 
number  ia  eqticd  to  the  product  of  the  logarithm  of  the  number  and 
the  index  of  the  poteer. 

For  let  m  =  a";  therefore  m'  =  (o^'=rf", 

therefore  log.{m')  =  icr  =  r  log.m. 

fi38.  To  find  the  relaHoa  betioeen  the  logarithms  of  the  tame 
number  to  differetit  bases. 

I,et  o:=log.wt,     y  =  log>n»; 

therefore  m^a'  and  =6"; 

therefore  a'  —  V; 

tiiarafors  af-h,  and  b'=a; 

therefiwe  -  =  log.fi,  and  ^  =  logit*. 

Henee  j/  =  a;log,o,  and  =i^- 

Hence  the  logarithm  of  a  number  to  the  base  b  may  be  found 
by  multiplying  the  li^rithm  of  the  number  to  the  base  a  by 

log.-,  «  >'7  KP- 

We  may  notice  that  \o^a  k  Xog^b  =  1. 

539.  In  practicd  calculations  the  only  baae  that  ia  uoed  is 
10;  l(^rithms  to  the  baae  10  are  called  common  logarithms.  We 
■will  point  out  in  the  next  two  Articles  some  peculiaritiea  which 
constitute  the  advantage  of  the  base  10,  We  shall  require  the  fol- 
lowing definition :  the  integral  part  of  any  logarithm  is  called  the 
t/taraoteristic,  and  the  decimal  part  the  mantissa. 
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$40.  In  the  common  wgalam  of  logariAmi,  if  iht  logarithm 
of  any  numi«r  he  known  loe  can  immediat^t/  determine  the  loga- 
rithm <if  the  product  or  quotient  of  thai  nv/niher  hy  any  potoer 
qflO. 

For      log„{iV  X  10")  =  log,,  Jf  +  log,„  10"  =  log„  JV+  n, 

log..  ^  =  log,,  J*^-  log,.10-  =  log,.  Jr-  n. 

That  is,  if  we  know  the  logarithm  of  any  number  we  can 
determine  the  logarithm  of  any  number  which  has  the  same 
fignres,  but  differs  merely  by  the  position  of  the  decimal  point, 

S41,  In  the  covimon  eyslem  of  logarithnu  the  eharaeteristie 
of  the  logariAm  of  any  number  can  be  determined  by  iTupeclion. 

For  Biippoae  tJie  number  to  be  greater  than  unity  and  to  lie 
between  10*  and  lO"*'^  then  its  logarithm  must  be  greater  thui  n 
and  less  than  n  +  1 :  hence  the  chai'acteriatic  of  the  logarithm  is  n. 

Next  suppose  the  number  to  be  less  than  unity,  and  to  lie 
between  ^r-;  and  ^-j,,,,  that  is,  between  10"'  and  10""*";  then 
its  logarithm  will  be  some  negative  quantity  between  —n  and 
—  (n  +  1) :  hence  if  we  agree  that  t^e  monfuaa  ihall  altoayB  b« 
positive,  the  characteristic  will  be  -  (n  + 1). 

Further  information  on  the  practical  use  of  logarithms  will  be 
found  in  works  on  Trigonometry  and  in  the  introductions  to 
Tables  of  Logarithms, 

EXAHPLEB    OF    LOGABITHIIS. .  , 

1.  Find  the  logarithm  of  144  to  the  baae  2^3. 

2.  Find  the  characteristic  of  the  logarithm  of  7  to  the  base  2. 

3.  Find  the  characteristic  of  1<^5. 

4.  Find  log,  3135. 

6.     QiTe  tie  characteristic  of  log„  1230,  and  of  log,,  0123. 
r..„ ^,Gt)tH^lc 
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6.  Given  log  2  =  -301030  and  log  3  =  -477121,  find  the  loga- 
rithms of  -05  and  of  d'l. 

7.  Given  log  2  and  log  3  (see  Elzample  6),  find  the  logarithm 
of  -006. 

8.  Given  log  2  and  log  3,  find  the  logarithms  of  36,  27,  and  16. 

9.  Given  1<^  648  -  2-81157501,  loga04  =  2-93651374,  find 
log  3  and  log  5. 

10.  Given  log  2,  find  log  ^{1-25). 

11.  Given  log  2,  find  )og-0025. 

12.  Given  1<^  2,  find  1<^  ^'(0123). 

13.  Given  log  2  and  %  3,  find  log  1080  and  log  (-0045)^ 

14.  Given  1(^,.2  = -301030  and  log,, 7  = -845098,  find  the 
logMithm  of  (3^)    to  the  base  1000. 

15.  Find  the  number  of  digits  in  2",  having  given  log  2. 

16.  Given  Iog2,  and  log  5743491  =  7591760,  find  the  fiftJi 
root  of  0625. 

17.  If  i*  be  the  number  of  the  integers  whose  logarithmB 
have  the  characteristic  p,  and  Q  the  number  of  the  integers  the 
logarithms  of  whose  reciprocals  have  the  characteristic  —  q,  shew 
that  log  P  -  log  §  =  p  -  J  +  1. 

18.  If  y  =  10'-'«'  and  s  =  10''^5°",  prove  that  3:=  10'"^'*'. 

19.  If  a,  (,  c  be  in  g.p.,  then  log.n,  log^n,  log,n  are  in  H.P. 

20.  If  the  number  of  persona  bom  in  any  year  bo  7=  th  of 
the  whole  population  at  the  commencement  of  the  year,  and  the 
number  of  those  who  die  jtj  th  of  it,  Bad  in  how  many  years  tha 
population  will  be  doubled;  having  given 

log2= -301030,  logl80-2-255272,  log  181  =  2-257679. 
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5i2.  To  eapand  a'  in  a  aeriea  of  atctnding  poteerB  of  i,-  thiit 
is,  to  expand  a  numier  in  a  leriea  of  ascending  powera  of  iu 
loifarilhm  to  a  given  bate. 

(c'''{l  +  {a-l)\';  and  expandii^  by  the  Binomial  Theorem 

.(»-l)(»-2)  »(»-l)(,-2)(,-3) 

*        1.2.3        '        '  1.2.3.4  '       i)+... 

.i  +  ;t(<.-i-l(«-i)'*i(«-i)"-K«-i)'  + 1 

+  terms  involving  :e*,  a^,  &o. 
This  shews  that  a'  can  be   expanded  in  a  series  beginning 
with  1  and  proceeding  in  ascending  powers  of  a; ;  vre  may  there- 
fore suppose  that 

a"  =  1  +  e,!i:  +  c^  +  c^t?  +  e,x*  + 

where  c,,  i^,  e,, are  qoantities  which  do  not  depend  on  *, 

and  which    therefore    remain    imchanged    however  x  may   be 
changed;  also 

.,-»-l-4(a-l)'+i(a-l)--i(a-l)'  + 

while  c,,  c,, are  at  present  unknown;  we  proceed  to  find 

their  values.     Changing  x  into  x  +  y  we  have 

a"*  =  l+c,  (aj  +  y)+c,(a!  +  y)'  +  e,(fl;  +  y)*+ ; 

but         a'*"  =  aW  =  o»  {1  +  c,a;  +  c^  +  e^a?  + }. 

Since  tiie  two  exprsBsionH  for  a'**  are  identically  equid,  we 
may  astume  that  the  coefficients  of  a;  in  the  two  expressions  ars 
equal,  thus 

e,  +  2c,y  +  ae.y*  +  ic,y*  + •»  o,a» 

=  c,jl  +  e,y  +  <!,y'4-f,y'+ }. 
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In  this  identity  ve  may  ouktm  i^t  the  coeffici^ite  of  tlie 
Gomsponding  powers  of  y  are  equal ;  tiius 

2c,  =  c,' ;         therefore  c,  =  -i- ; 
3o,=c,(;,;       therefore  «,=  -j*  =  f-g— 5  '> 
ic,  =  c,c, ;       therefore  e,= 


4        1.2.S.4* 


rm  ,     ,  c,V     c,V     e.V 

Thn»  „=i  +  «,.4.-[^+_j^^^^ 

Since  this  result  IB  true  for  all  values  of  x,  take  x  such  that 

c,x=\,  then  x  =  —  ,  and 
c, 

'-     ,      ,      1       1       1 

this  series  is  usually  denoted  by  e ;  thus  o^  =  e,  therefore  a  =  e°i 
and  c,  =  log,a;  hence 

^.l.^o^a-^.HS^.^SS^. 

This  result  is  called  the  ExponerUial  Theorem. 

Put  e  for  a,  then  log,  a  becomes  \og,  e,  that  is,  unity  (Art  534) ; 

of     a^     x^ 


thus 


This  very  important  result  is  true  for  ail  values  of  x ;  and  the 
student  should  render  himself  so  familiar  with  it  as  to  be  able  to 
apply  it  to  special  cases.     For  example,  suppoee  as  =  —  l;  thus 

,-,        11111 

'      "--=[l-[3^[4-@^ 
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Or  we  may  pnt  any  other  symbol  for  x ;  thus  putting  tut  for  x 

^.hav.      ^.i  +  „+!j:  +  '!y+:^  + 

We  shall  in  Art  551  make  a  remark  on  one  part  of  the  pre- 
ceding inTestigation,  and  we  shall  recur  hereafter  to  the  ussmapUon 
which  has  been  made  twice  in  the  course  of  the  present  Article, 

5i3.  By  actual  calculation  we  may  find  approximately  the 
numerical  value  of  the  series  which  we  have  denoted  by  e ;  it  is 
2-718281828 

644.     To  eo^aad  Ipg,  (I  +  x)  m  a  teriea  of  aeeending poioere  of  x. 

We  have  seen  in  Art  B42,  that  c,=l(^a;  that  is,  by  the 

same -Article.  log.«  =  ,.-l-i(a-l)'  +  J(a-l/-i(a-l)V 


For  a  put  \-\-x;  hence  log,  (1  +  a:)  =  a:  - 


This  series  may  be  applied  to  calculate  log,  (1  +  a:)  if  a;  is 
a  proper  fraction ;  but  unless  x  be  very  smalt,  the  terms  diminish 
so  slowly  that  we  shall  have  to  retain  a  large  number  of  them ; 
if  a:  be  greater  than  tinitf,  the  aeries  is  altogether  unsuitable.  We 
shall  therefore  deduce  some  more  convenient  formula). 

545.     We  have  log,(l+a;)  =  ^--g  +  "o"  -  t+ > 

therefore  log, {1  —  a:)=— a;— --■-  '3"~t~ ' 

by  subtraction  we   obtain   the    Talue  of  It^,  (1 +a:)  -  log,(l —a;), 


therefore  log,  ■= =  2  {  a;  +  -^^  -j- ' 

1-*        I,        o 

In  this  series  write  for  x,  imd  therefore 


1 


,       ,       m     ^Im-n      \ /m-n\'    l/m-mV  1  /.v 
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Put  n  =  1,  then 

'»^™=K£^^3(s^;y-K5^)"^ } <^>- 

Again,  in  (I)  put  m  =  n-Hl,  thus  ire  obttun  the  value  of 
log,— — -;  therefore  log,(H  + l)-log,n 

"^I2^^'^3(2n  +  1)'"^6{2«  +  1)*'^ ) ^^^' 

546.  The  seiiea  (2)  of  the  preceding  Article  will  enable  UB  to 
find  log, S ;  put  m-%  then  bj  calculation  we  shalL  find 

log.  2  =  -69314718 

From  the  series  (3)  we  can  calculate  the  logarithm  of  either  of 
two  consecutive  nurabera  when  we  know  that  of  the  other.*  Put 
n  =  2,  and  by  making  use  of  the  known  value  of  log,  2,  we  shall 

obtain  log,  3  =  1-09861329 

Put  n  =  9  in  (3) ;  then  log.  n  =  log,  9  =  It^  3'  =  2  log,  3  and  is 
therefore  known ;  hence  we  shall  find 

log,  10  =2-30258509 

547.  Logarithms  to  the  base  e  are  called  Napierian  loga- 
rithms, from  Napier  tlie  inventor  of  logarithms  j  they  are  also 
eddied  natural  logarithms,  being  those  which  occur  first  in  our 
investigation  of  a  method  of  calculating  logarithms.  "We  have 
said  that  the  base  10  is  the  only  base  used  in  the  practical  appli- 
cation of  logarithms,  but  logarithms  to  the  base  e  occur  frequently 
in  theoretical  investigations. 

548.  From  Art.  538  we  see  that  the  logarithm  of  a  number 
to  the  base  10  can  be  found  by  multiplying  the  Napierian  loga- 

rf«»  '?  15^0'  *"  '••  'y  iSSmm-  "■  •■>■  ■■'3429M8J  Ihi 
multiplier  is  caUed  the  modulus  of  the  common  system. 

The  base  e,  the  modulus  of  the  common  system,  and  the  loga- 
rithms  to  the  base  e  of  2,  3,  and  5  have  all  been  calculated  to 
upwai-ds  of  260  places  of  decimals.  See  the  Froceedinga  t^  the 
Eoyal  Society  o/L<mdon,  Vol.  xivii.  page  88. 
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The  series  in  Art.  &45  may  be  so  adjustod  as  to  give  common 
logari^ms ;  for  example,  take  the  series  (3),  miilti[Jy  throughout 
by  the  modulus  which  we  shall  denote  bj  /x ;  thus 

;.tog,(»+l>-^log.«  =  v{5;^+5ijiTji  +  5(3^.+  ...}; 
that  is, 

iog,.(»+i)-iog,».v{5jVi*3(srnj'+6(3^-*-]- 

549.     By  Art  542  we  hare 
,,,../      a?     g?     X*  y 

('•-l)'  =  (-'-^[|*{3-^ii-^ ) 

=  a^  4- terms  contaioing  higher  powers  of* (1). 

.Agwir,  by  the  Binomial  Theorem, 

(«■-!)■  =  e--W-"'  +  M^^  el— "- (2). 

Expand  each  of  the  terms  e",  fl''""*, ;  thua  the  coefficient 

ofie'in(2)wiUbe 

W     Jn-l)'     n{n-\){n-ir     «(«- 1)(«-2)  (»- 3)- 

Ir       Ir        [2       I:  [3  \r     

Hence  from  (1),  by  the  same  principle  as  in  Art  542,  we  see 
that 
»  -n(»-l)  + — i^ (»- J) 7^ (."-*}  + 

is  =[nifr=n,  and  is  =0  if  r  be  less  than  n. 

It  is  easy  to  see  that  the  term  on  the  right-hand  side  of  (1) 
whidt  involves  a;**'  is  q'^*^-  ^^i^  ^^  S^^  '^y  the  same  principle 
asbeforf^ 

"(— ') 


(„_l)».  +  !ll!^(„_2)-- -i.|ntl. 


560.     We  will  give  another  method  of  arriving  at  the  expo- 
nential theorem.     By  the  Binomial  Theoi-em  ,  . 
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/       1\-    ,  1      »»(««- 1>   1      «a!(wa;-l)(w3;-2)   1 

l,'*y  -'*""»*        [5         «■*  |3  ? 

»i(»r-l)(»«-2)(M:-3)  1 

li  »'     

tliat  is, 

■  4-S(-5('-5, 

]         ii  

Put  «  =  1,  then  ^1  +  -V 

,,,,'-l('-^)^-S.O-S('-SO-S 

-'*'  +  -[5-* [3 + 5 + 

(-r={(-s-)'  ■■ 

■■•""■"^-V^"     %     * 

=l^^i*ir^ — ^ — ^ )■ 

Now  this  being  true  however  large  n  maj  be,  will  be  true 
wlien  n  is  made  inGnite  j  then  —  vanishes  and  we  obtain 

3?     ^     a?  f,      ,      1       1       1  )' 

^^'^^^^^^^^ =  1^^^^[2*[3*[1-^ )■ 

that  is,  =«'. 
We  have  thus  obtained  the  expansion  of  e'  in  powers  of  a; ; 
to  find  the  expansion  of  a*  suppose  a  =  e*  bo  that  e  =■  log,  a,  thus 


But 


11     [3  ^14    ;_ 
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551.     The  atudent  will  notice  that  in  the  preoodiug  Article  we 

hare  oaed  ihe  Binomial  Theorem  to  espand  a  power  of  1  +  - ,  and 

if  -  is  hss  than  unity,  we  are  certain  that  the  expansion  gives  au 

arithmetiecdly  true  result  (Art.  519).  In  the  proof  given  of  die 
exponential  theorem  in  the  firet  Article  of  this  Chapter,  if  a  —  1  ia 
greater  than  unity,  the  expansion  by  the  Binomial  Theorem  with 
which  the  proof  commences  will  not  be  arithmetically  intelligible  ; 
and  consequently  the  proof  can  only  be  considered  sound  pro- 
vided a  is  less  than  2.  With  this  restriction  the  proof  is  sound, 
and  X  may  have  any  value.  In  order  t(>  complete  that  proof  wo 
have  to  shew  that  the  theorem  is  true  for  any  value  of  a ;  and  as 
e  is  greater  than  2  we  ought  not  to  change  a  into  e  until  we  have 
removed  this  restriction  as  to  tlie  value  of  a.  This  restriction 
can  be  easily  removed ;  for  in  the  theorem 

put  a  —  A",  and  by  taking  y  small  enough  A  may  be  made  as 
great  as  we  please,  while  a  is  lees  than  2.     Then  log,  o  =  y  log.  A  ; 

ihu.  ^».i  +  (i„g.^)j,  +  <!a-livv^{!2^)vv^ , 

If  li 

therefore,  putting  s  for  yx, 

thus  the  exponential  theorem  is  proved  universally. 

552.     We  have  found  in  Art.  550,   that  when  n  increases 
without  limit  (l+-)     ultimately  becomes  e';  in  the  same  way 


<  may  ^ew   that   when  n  increases   wilJiout  limit  ( 
antately  b 
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BXAUPLES   or  LOOAHITHMIC   SERIEE. 

1.  ProTO  that  log,{a!  +  l)  =  21og,fls-log,(i-I) 

~^W^*iW^)  ^ ;■ 

Given  log,,  3  =  -47712  and  ,  =  -43429,  apply  the  above 

■eries  to  calculate  log,,  11. 

2.  Shewihat  log,(iij  +  2A)  =  21og.(a:+ A)-log,x 

(    A'         1     y         1     A'  1 

{(x  +  A)''*'  Z{x  +  h)''^  Z^TJ^'*' /■ 

3.  If  a,  h,  e  be  three  oonsecutire  numbers, 
log,  c  3  2  It^  6  —  log,  a 

( 1_  1  I.  1 

"     I20C  +  I  *3(2a<!+l)''*"5{2ac+l)'* j' 

4.  If  X  and  ft  be  the  roots  of  0%*+  6je  +  o  =  0,  ehew  that 
log,  {a-bx  +  ftp")  =  log,  a  +  (X  +  p)  aj 5-^  sb*  + 

5.  Log.{l+l+a!  +  (l+a!)'}  =  31og,(l-l-xc)-los,a! 

f      1  1       1  1  ) 

\(l  +  *r*2{l  +  aj)'*3(l+a!/  + j' 

6.  I-^(.4.1)  =  ^log..-£=ilog,(«-l) 


a!  +  l 


2 


!.3.a^     3.5.a;'      4.7.*' 


..}. 
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8.  Find  the   Napierian  logarithm  of  j^.     To  how  many 
decimal  places  is  your  reault  correct  T 

9.  Assuming  the  series  for  log,  (1  +  x)  and  e',  shew  that 

nearly  when  n  is  large ;  and  find  the  next  term  of  the  series  of 
w^hicfa  the  expression  on  the  second  side  is  the  commencement. 

10.  Find  the  coefficient  of  a:"  in  the  development  of 

a  +  fec  +  cr" 


11.  Shew  that  log.4  =  l^^-f3  +  j^^.-|-^. 

12.  Shewthat  to"'  -n(n-  !)•*'+  "  ^"~  ^^  (n  -  2)"'  - 


XL.     CONVERGENCE  AND  MVEKGENCE  OF  SERIER 

553.  The   exprmsion  u^ +u^  +  v^  +  ttt  + in  which   the 

flucosBdve  terms  are  formed  by  some  regular  law,  and  the  number 
of  the  terma  is  unlimited,  is  t^ed  an  infinite  geriet. 

554.  Aji  infinite  series  is  said  to  be  convergent  when  the  sum 
of  the  first  n  terms  cannot  numerically  exceed  some  finite  quan- 
tity however  great  n  may  be, 

555.  An  infinite  series  is  said  to  be  divergent  when  the  sum 
of  the  first  n  terms  can  be  made  numerically  greater  than  any 
finite  quantity,  by  taking  n  largo  enough. 
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556.  Suppose  that  by  adding  more  uid  more  terms  of  aa 
infinite  series  we  continuaUy  approximate  to  a  certain  result,  so 
that  the  sum  of  a  sufficiently  large  number  of  terms  will  differ 
&om  that  result  by  less  than  sjiy  assigned  quantity,  then  that 
result  is  called  the  guat  of  the  infinite  seria. 

For  example,  consider  the  infinite  series 


ajid  suppose  x  a  positive  quantity. 
We  know  that 

,      1- 


+  3:'+.. 


Hence  if  a:  be  less  than  1,  however  great  n  may  be,  the  sum 

of  the  first  n  terms  of  tiie  series  is  less  Hian ;  the  series  is 

Uierefore  convergent.     And,  as  by  taking  n  large  enough  the  sum 
of  the  first  n  terms  can  be  made  to  differ  from by  less  than 

any  assigned  quantity,  ■= is  the  mtm  of  the  infinite  series. 

If  a!  =  l,  the  series  is  divergent;  for  the  sum  of  the  first  n 
terms  is  n,  and  by  taking  sufficient  terms  this  may  be  made 
greater  than  any  finite  quantity. 

If  x  is  greater  than  1,  the  series  is  divergent ;  for  the  sum 

of  the  first  n  terms  is  ^,  which  may  be  made  greater  than 

any  finite  quantity  by  taking  n  large  enough. 

557.  An  infiniU  series  in  which  all  the  terjoa  are  of  the  same 
sign  is  divergefit  if  each  term  is  greater  than  some  assigned  finite 
qimntity,  however  small 

For  if  each  term  is  greater  than  the  quantity  c,  the  sum  of  the 
first  n  terms  is  greater  tlian  ne,  and  this  can  be  made  greater  than 
any  finite  quantity  by  taking  n  large  enough. 
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558.  An  infiniU  terUs  of  terrm,  the  ngna  of  which  are  alter- 
■nalely  positive  and  negative,  ia  convergent  if  each  term  it  numert- 
colli/  lest  than  the  preeedimg  lerjiu 

Let  the  aeriea  be  u^  -  Mj  +  Uj-m,+  ....  ;  thia  may  be  written 

(■.,-«.)  +  (».-».)  +  K-«J  + 

and  also  thus, 

«,-(«.-"J-K-«.)-{«,-«,)- 


From  tLbe  first  mode  of  writing  the  seriea  we  see  that  the  sum 
of  any  number  of  terms'  is  a  positive  quantity,  and  from  the 
Becond  mode  of  uniting  the  series  we  see  that  the  sum  of  any 
ntimber  of  terms  is  less  than  u, ;  hence  the  series  is  convergent. 

It  is  necessary  to  shew  in  this  case  that  the  sum  of  any 
number  of  terms  is  positive  ;  because  if  we  only  know  that  the 
sum  is  less  than  u^,  we  are  not  certain  that  it  is  not  a  negative 
quantity  of  unlimited  magnitude. 

An  important  distinction  should  be  noticed  with  respect  to 
the  series  here  considered.  If  the  terms  m,,  w,,  w,,  ...  diminish 
without  limit  the  sum  of  n  terms  and  the  sum  otn  +  l  terms  will 
differ  by  an  indefinitely  small  quantity  when  n  is  taken  lai^e 
enough.  But  if  the  terms  u,,  u,,  u,,  ...  do  not  diminish  tcilhout 
lijnit  the  sum  of  n  terms  and  the  sum  of  n  +  1  terms  will  always 
differ  by  a  finite  quantity.  The  series  continued  to  an  infinite 
number  of  terms  will  have  a  sum,  according  to  the  definition  of 
Art,  556,  in  the  former  case,  but  not  in  the  latter  case.  In  both 
cases  the  series  is  convergent  according  to  our  definition.  But 
some  writera  prefer  another  definition  of  convergence ;  namely, 
they  consider  a  series  convergent  only  when  the  sum  of  an  in- 
definitely large  number  of  terms  can  be  made  to  differ  froln  one 
fixed  value  by  less  than  any  assigned  quantity  :  and  according  to 
this  definition  the  series  is  convergent  in  the  first  case,  but  not  in 
the  second. 
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559.  An  injmiu  aeriei  ie  convergent  if  from  and  after  aiiy 
fixed  term  the  ratio  of  each  tertn  to  liiS  preceding  1»rm  is  nwmericallg 
leas  Hum  tome  guantitt/  lohieh  is  iltdf  numericdUy  less  than  uniljf. 

Let  the  series  bssinning  at  the  fixed  term  be 


and  let  .S^  denote  the  sum  of  the  fint  n  of  these  tenna     Then 


Now  first  let  all  the  terms  be  positive,  and  suppose 
->  less  than  k,     -^  less  than  It,     —  less  than  k,  

Then  S  is  less  ^an  «,{!+*  + 4"+ +^'"'{;  that  la,  less 

than  u,  -; — ^ .     Hence  if  i  be  less  than  unitr,  S  is  lees  than 

— '— ;   thus  the  sum  of  as  many  terms  aa  we  please  beginning 

with  u^  is  leas  than  a  certain  finite  quantity,  and  therefore  tho 
series  begtiming  with  u,  is  convergent. 

Secondly,  suppose  the  terms  not  all  podtive ;  then  if  they  ore 
all  negative,  the  numerical  value  of  the  sum  of  any  number  of 
them  is  the  some  aa  if  they  were  all  positive ;  if  some  terms  are 
positive  and  some  negative,  the  sum  is  numerically  less  than  if 
the  terms  were  all  positive.  Hence  the  infinite  series  is  stall  con- 
Tergent 

Since  the  infinite  series  beginning  with  u,  is  convergent,  the 
infinite  series  which  begins  with  any  fixed  t«rm  before  u,  will  be 
also  convergent;  for  we  shall  thus  only  have  to  add  a  Jinite 
number  oi  finite  terms  to  the  series  beginning  with  u,. 

660.  An  infinOe  series  it  divergent  if  from  and  afler  any 
jixed  term  the  ratio  of  each  term  to  the  preceding  term  u  greater 
than  unity,  or  equal  to  unit}/,  and  the  terms  are  alt  (jfthe  same  sign, 
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Ijet  the  sertea  beginniDg  at  the  fixed  term  be 

w, +M,  +  W,  + , 

and  let  S  denote  the  sum  of  the  first  n  of  theee  terms.     Thea 


Now,  first  suppose 
-'  greater  than  1,     — '  greater  than  1,     — '  greater  thaa  1,  . 


Then   S  is   numerically  gi-eater   than   Uj  {1  +  1  + +  l}i 

that  is,  numerically  greater  than  nu^.  Hence  iS  may  be  made 
numerically  greater  than  any  finite  quantity  by  taking  n  largo 
enough,  and  therefore  the  eeries  beginning  with  u^  is  diTergent. 

Next,  suppose  the  ratio  of  each  term  to  the  preceding  to  be 
unity;  then  S=nu„  and  thiu  may  be  made  greater  than  any  finite 
quantity  by  taking  n  lai^e  enough. 

And  if  we  begin  with  any  fired  term  before  «,  the  series  wiU  ■ 
'  obviously  still  be  divergent 

561.  The  rules'in  the  preceding  Articles  will  determine  in 
many  caaes  whether  an  infinite  aeiies  is  convergent  or  divergent. 
There  is  one  case  in  which  they  do  not  apply  whick  it  is  deeirable 
to  notioe,  namely,  when  the  ratio  of  each  term  to  the  preceding  is 
less  than  unity,  but  continuidly  approaching  unity,  so  that  we 
cannot  name  any  finite  qoantlty  k  which  is  lees  than  unity,  and 
yet  always  greater  than  this  ratio.  In  such  a  case,  as  will  appear 
from  the  example  in  the  following  Article,  the  series  mcuf  be  con- 
vergent or  divei^nt. 

562.  Consider  the  infinite  series 


L^_ 


Here  the  ratio    of    the    n"*   term   to  the   (n— 1)*^  term  ia 
if  p  be  positive,  this  JB  leaa  than  unity,  but  oontinnally 
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approaches  to  unity  as  n  increases.  This  case  then  cannot  be 
tested  by  any  of  the  nilea  already  given  ;  we  shall  however  prove 
that  the  series  is  convergent  if  ^  be  greater  than  unity,  and 
divei^nt  if  ^  be  unity,  or  less  than  unity. 

I.     Suppose  p  greater  than  unity. 

The  first  term  of  the  series  is  1,  the  next  two  terms  are  toge- 
2 
ther  less   than   -^,    the   following  four  terms  are  together  lesa 

than  jj,  the  following  eight  terms  are  together  leas  than  s,, 
and  so  on.     Hence  the  whole  series  is  less  than 

,248 

1^7^^r'+8'^ 

that  is,'  less  than 

l  +  a!+a:'  +  a;'+ 

where  x  —  —.     Since  y  is  greater  than   unity,  x  is   less   than 

unity ;  hence  the  series  is  convergent 

IT.     Suppose  p  equal  to  unity. 

me»i„i,„„.l4.>4.1. 

The  first  term  is  1,  the  second  term  is  ^ ,  the  next  two  terms 

3        1 
are  together  greater  than  7  or  ^r,  the  following  four  terms  are 

toge^er  greater  th^i  3  or  ^ ,  and  so  on.  Hence  by  taking  a 
sufficient  number  of  terms  we  can  obtain  a  sum  greats:  than 
any  finite  midtiple  of  -=  \  '^e  series  is  therefore  divergent. 

m.     Suppose  p  less  than  unity  or  n^ative. 
Each  term  is  now  greater  than  the  corresponding  term  in  II.  ; 
the  series  is  therefore  a/ortiori  <iivergent. 
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663.  We  will  now  give  a  general  theorem  Tf-hich  can  be 
proved  m  the  maimer  exemplified  in  the  preceding  Article.  If 
<ft[x)  be  poeitive  for  all  positive  int^ral  values  of  x,  and  oon- 
tinuaUf  itiminiab  aa  X  increases,  and  m  be  any  positive  integer, 
then  the  two  infinite  seriea 

*(l)  +  ^{2)  +  ^(3}  +  ^(4)  +  ^(5)  + 

and  ^  (1)  +  m*  (m)  +  m'lf,  (m')  +  m'tj,  (m')  + 

are  both  convergent  or  both  divergent. 

Consider  all  the  terms  of  the  first  serlee  comprised  between 
ift  (m*)  and  ifi  (m^'),  including  the  last  and  excluding  the  first,  & 
being  any  positive  integer ;  the  number  of  these  terms  is  m^'  -  m*, 
and  their  sum  is  therefore  greater  than  m*  {m  —  1)  ^  {/«**')■  Thus 
all  the  first  series  beginning  with  the  term   ^  (m*  +  1)  will  be 

greater  than  times  the  second  series  beginning  with  the 

term  m**'  tft  (w**') .  Thus  if  the  second  series  be  divergent,  so  also 
is  the  first 

Again,  the  terms  selected  from  the  first  series  are  less  than 
m*(m— 1}  ^(m*).  Thtis  all  the  first  series  beginning  with  the 
term  ^(m'  +  l)  will  be  less  than  »i— I  times  the  second  series 
beginning  with  m*^  (m*).  Thus  if  the  second  series  be  convergent, 
HO  also  is  the  first. 

As  an  oKampIe  of  the  use  of  this  theorem  we  may  take  the 

following  :  the  series  of  tohieh  Hie  general  term  it  — -rr— — ^  is  con- 

vergeat  if  i^  be  greater  than  unity,  and  divergent  if  p  be  equal  to 
untty  or  less  than  «m'(y.  By  the  theorem  the  proposed  series  is 
convergent   or   divergent  according  as  the  series   of  which  the 

general  term  is  — 73 ^  is  convergent  or  divergent ;  the  latter 

m  (1(^  m  Y 

ireneral  term  is  ,; ,  so  that  it  bears  a  conalant  ratio  to  the 

*■  (logm/n" 

general  term  —  for  all  values  of  n.  Hence  the  required  result 
f«Uowa  by  Art  8G2. 
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664.     The  aeries  obtained  hy  expanding  (I  +x)'  by  the  BinO' 
mial  Theorem  it  convergent  ifxis  numerically  lets  than  wnity. 

n-r+1 
For  tha  ratio  of  the  (r  + 1)"*  term  to  the  r""  is x.  If  n 

n-r+1 
ia  negative  and  numerically  greater  than  unity  the  factor 

is  numerically  greater  than  unity ;  but  it  continually  approaches 
unity,  and  can  be  made  to  differ  from  unity  by  leas  than  any 
assigned  quantity  by  taking  r  large  enough.  Hence  if  a;  is  nume- 
rically less  than  luaity  the  product  x,  when  r  is  largo 

enough,  vill  be  numerically  less  than  a  quantity  which  ia  itself 
numerically  less  than  unity.  Hence  the  series  is  convergent. 
(Art.  559.) 

If  n  ia  positive  the  factor  is  numerically  less  than 

unity  when  r  ia  greater  than  n;  if  n  ia  negative  and  numeiicolly 
less  than  unity  this  factor  is  always  numerically  less  than  unity  ; 
if  n  =  —  1  this  factor  is  numerically  equal  to  unity  :  thus  in  tlie 
first  case  when  r  is  greater  than  n,  and  in  the  other  two  cases 

always,  if  a;  is  numerically  less  than  unity  the  product  x 

is  numerically  leas  than  a  quantity  which  is  itself  numerically  less 
than  unity.     Hence  the  series  is  convei^nt.     (Art  659.) 


565.     2'Ae  aeries  obtained  by  eo^anding  log  {1  +x)  m  povxrs 
o/x  ia  convergent  ^x  ia  numerically  Use  than  unity. 

For  the  ratio  of  the  (r  +  l)""  term  to  the  r"  is ,    If  then 

'        '  r+ 1 

X  be  less  than  unity,  this  ratio  ia  always  numerically  less  than  a 
'  quantity  which  is  itself  numerically  less  than  unity.     Hence  the 
series  is  convergent.     (Ai-t  559.) 

666.     The  aeries  obtained  by  expanding  a'  in  powert  qf  x  ia 
always  convergent,  -.  . 
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ever  be  the  value  of  x,  we  can  take  r  bo  laxge  tJi&t  this  ratio  shall 
be  less  than  unity,  and  the  ratio  will  Himiniph  as  r  increases. 
Hence  the  series  ia  always  convergent.     (Art  559.) 

EXAHPLES  OP  COKYEROENCE  AND  DITEROEKCE  OF  SERIES. 

Examine  whether  the  following  ten  series  are  convergent  or 
diveigeut : 


xix^a)      {x+2a){x+3a)     («  +  4a)  (x  +  6a) 

2. 

3        5a!"     7a:'     9x'                 2»+l    . 
2*^X*IU  +  17-^ *n^TT'^^ 

3. 

r.^p^^^2p^n.^^^p^ 

4. 

{a  +  l)'  +  {a  +  2)'a:  +  («  +  3)V+ 

5. 

l'  +  2'x  +  3V+ 

6. 

7. 

'2'*'  l  +  ^i  '  1+^3  '  1+^4* 

8. 

T'*y*y*7'^ 

9. 

r  +  2"a!+3V  + 

X  a?  x" 

^^'     (a  +  b/'^  (a  +  2by  *{a,  +  36)'  "^ 

11.     Suppose  that  in  the  aeries  u,+m,+u,+w,+ each  tetm 

is  lees  than  the  preceding  j  then  shew  that  this  series  and  the  series 

u,+  2w, +  2'w,  +  2'm, +  2*M„+ are  both  convergent  or   both 

divergent. 


L 


if  n  be  greater  than  2,  and  divergent  if  n  be  leas  than  2  or  et^ual 
to  2. 
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fi67.  Interest  is  money  paid  for  the  use  of  money.  The  sum 
■  lent  is  called  the  Principal.  The  Avnount  ia  the  sum  of  the 
Principal  and  Interest  at  the  end  of  any  time. 

568.  Interest  is  of  two  kinds,  simple  and  compouTut.  Whea 
interest  of  the  Piincipal  alone  is  taken  it  ia  called  simple  iaterent ; 
but  if  the  interest  as  soon  as  it  becomes  due  is  added  to  the 
principal  and  interest  charged  upon  the  whole,  it  is  called  cow- 
pound  interest, 

569.  The  rate  of  interest  is  the  money  paid  for  the  use  of  a 
certain  sum  for  a  certain  time,  Jn  practice  the  sum  is  usually 
j£100  and  the  time  one  year ;  and  when  we  say  that  the  rate  of 
interest  is  £i.  6s.  Sd.  per  cent.,  we  mean  that  £i.  Cs.  8d.,  that  is, 
£i^,  is  due  for  the  use  of  £100  for  cue  year.  In  Uukk-;/  it  is 
convenient,  as  we  shall  see,  to  use  a  symbol  to  denote  the  interest 
of  one  pound  for  one  jeaj-. 

570.  Tof/nd  tlie  amount  of  a  given  szim  in  ant/  lime  at  simple 
interest. 

Let  P  be  the  principal  in  pounds,  n  tlie  number  of  years  for 
which  intei'est  Is  taken,  r  the  interest  of  one  pound  for  one  year, 
if  the  amount. 

Since  r  is  tlie  interest  of  one  pound  for  one  year,  Pr  ia  the 
interest  of  7*  pounds  for  one  year,  and  thei-efore  nPr  the  interest 
of  P  pounds  for  n  years ; 
tlierefore  M=P  +  Pnr. 

Fi-om  this  equation  if  any  three  of  the  four  qnaotities  if,  P, 
n,  r  are  given,  the  fourth  can  be  found ;  thus 

p        M  M~P  M-P 
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fi71.  To  find  An  amotmt  of  a  given  gum  in  any  lime  at  com- 
pound  interest. 

Let  R  denote  the  amount  of  one  pound  in  one  year,  so  that 
72  =  1  +  r,  then  PR  is  the  amount  of  i'  in  one  year ;  the  amount 
of  PR  in  one  year  ia  PRE  or  PR*,  which  ia  therefore  the  amount 
of  /*  in  two  years  at  compound  interest.  Similarly  the  amount 
of  PI^  in  one  year  is  PR*,  which  is  thei-efore  the  amount  of  P 
in  three  years.  Proceeding  thus  we  find  that  the  amount  of  7*  in 
n  years  is  PBT ;  therefore  denoting  this  amount  by  M, 

M=PR: 
Hence        P  =  ^.     „.-«^_^,     R^^--^ 
The  interest  gained  in  n  years  is  M—P  or  P  (^ST'—  1). 

572.  Next  suppose  interest  is  due  more  frequently  than  once 
a  year ;  for  example,  suppose  interest  to  be  due  evwy  quarter, 
and  let  j  be  the  interest  of  one  pound  for  one  quarter..     Then,  at 

compound  interest,  the  amount  of  J*  in  n  years  is  -^f*  +  j)  i 
for  the  amount  ia  oLviously  the  same  oa  if  the  number  of  years 
'were  4n,  and  j  the  interest  of  on^  pound  for  one  year.  Simi- 
larly, at  compound  interest^  if  intmest  be  due  q  times  a  ywr,  aul 
the  interest  of  one  pound  be  -  for  each  interval  ttta  faxvKok  ef 


•(-i)- 


At  simple  interest  the  amount  will  be  the  same  in  the  cases 
supposed  as  if  the  interest  were  payable  yearly,  r  being  the  inter- 
est of  one  pound  for  one  year. 

573.  The  formuhe  of  the  preceding  Articles  have  been  ob- 
tained on  the  supposition  that  w  ia  an  int^er ;  we  may  therefore 
ask  whether  they  are  true  when  n  is  not  an  integer.     Suppose 
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n  =  m  -<■  - ,  where  m  is  an  mteeer  and  -  a  proper  fractiiML     At 

simple  interest  the  interest  of  P  for  m  years  is  Pmr ;  and  if  the 
borrower  has  agreed  to  pay  for  any  fraction  of  a  year  the  tame 

Jraetion  of  the  aimoaj  interest,  then  —  is  the  interest  of  P  for 


Pr 
f  a  year ;  hence  the  irhole  interest  is  Pmr  H ,  that  i 


Pvr,  and  the  formula  for  the  amount  holds  when  n  is  not  an 
integer.  Next  con«der  the  case  of  compotmd  interest ;  the 
amount  of  i*  in  m  years  will  be  PJi" ;  if  for  the  fraction  of  a  year 
interest  is  due  in  the  Bame  way  as  befor^  the  interest  of  PJi~  for 

-\    of  a  year  ia  —  ,  and  the  whole  Mnount  is  Pfi"  f  1  +  -  I . 

On  this  supposition  then  the  formula  is  not  true  when  n  is  not 
an  integer.     To  make  the  fqrmula  true  the  agreement  must  be 

titat  the  amount  of  one  pound  at  the  end  of  ^-1  of  a  year 
shall  be  (1  +r)",  and  therefore  the  interest  for  \-\     of  a  year 

(l  +  r)''— 1.  This  supposition  though  not  made  in  practice  is 
often  made  in  theory,  in  order  that  the  formulse  may  hold  uni- 
verBally. 

Similarly  if  interest  is  payable  q  times  a  year  the  amount  of 
P  in  n  years  iB/'(l+-J  ,by  Art.  572,  if  n  be  an  integer;  and 
it  is  assumed  in  theory  that  this  result  holds  if  n  be  not  lui 

674     The  amount  of  7"  in  »  years  when  the  interest  ia  paid 

q  times  a  year  isi'fl+-J  ,  by  Art.  572 ;  if  we  suppose  j  to 

increase  without  limit,  this  becomes  P^'  (Art  552),  which  will 
therefore  be  the  amount  when  the  interest  is  due  every  moment. 

675.  The  FreeetU  value  of  an  amount  due  at  the  end  of  a 
given  time  is  l^t  sum  whieh  with  its  interest  for  the  given  time 
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will  be  equal  to  the  amount.     That  is,  (Art  567),  the  Principal  ie 
the  present  value  of  the  amount. 

576.  Diecaunt  is  an  allowance  made  for  the  payment  of  a 
siun  of  money  before  it  ia  due. 

Fixim  the  definition  of  present  value,  it  follows  that  a  debt  due 
at  some  future  period  is  equitably  dischai^d  by  paying  the 
present  value  at  once;  hence  the  dwcount  will  be  eijual  to  the 
amount  due  diminished  by  its  present  value. 

577.  To  fi>id  tJie  present  value  of  a  sum  due  at  the  end  of 
a  given  time  and  the  discount. 

Let  P  be  the  present  value,  3f  the  amount,  D  the  discount, 
r  the  intereat  of  one  pound  for  one  year,  n  the  number  of  years, 
Ji  the  amount  of  one  pound  in  one  year. 

At  simple  interest ; 

M=P(l  +  nr),    (Art.  570); 

the«rfore  P—r^,  D  =  M-P^^^. 

l+wr'  1  +  nr 

At  compound  interest ; 

M^PS;    (Art.  571); 

therefore  P^^,         J,.  M-P^^^^f^. 

678.  In  practice  it  is  very  common  to  allow  the  interest  of  a 
sum  of  money  paid  before  it  is  due,  instead  of  the  discount  as  here 

defined.     Thus  at  simple  interest,  instead  of  ^ the  payer 

would  be  allowed  Mnr  for  immediate  payment. 


EXAMPLES  OF   IKTESEST. 

1.     Shew  that  at  simple  interest  the  discount  is  half  the  bar- 
onic  mean  between  the  sum  due  and  the  interest  on  it. 
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3.  At  simple  interest  tJie  interest  on  a  certain  sum  of  money 
is  £180,  and  the  discount  on  the  same  sum  for  the  same  time  and 
at  the  same  rate  b  £150  :  fiad  the  sum, 

3.  If  the  interest  on  £,A  for  a  year  be  equal  to  the  discount 
on  £,B  for  the  same  time,  find  the  rate  of  interests 

4.  If  a  sum  of  money  doubles  itself  in  40  years  at  ample 
interest,  find  the  rate  of  interest. 

5.  A  tradesman  marks  his  goods  with  two  prices,  one  for 
ready  money,  and  tho  other  for  a  credit  of  6  months :  find  what 
ratio  the  two  prices  ought  to  bear  to  each  other,  allowing  5  per 
cent,  simple  interest 

6.  Find  in  how  many  yea«  £100  will  become  £1050  at 
5  per  cent,  compound  interest ;  having  given 

logl4  =  l-l't613,    log  15  =  1-17609,    log  16  =  1-20412. 

7.  Find  how  many  years  will  elapse  before  a  sum  of  money- 
trebles  itself  at  3  J  per  cont.  compound  interest ;  having  given 

log  10350  =  4-01494,        log3  =  -47712. 

8.  If  a  sum  of  money  at  a  given  Tat«  of  compound  interest 
accumulate  to  p  times  its  original  value  in  m  yexra,  and  to  q 
times  its  original  value  in  n  years,  prove  that  n  =  m  log^g'. 


XLIL     EQUATION  OF  PAYMENTS. 

679.  When  different  sums  <^  money  are  due  fi-om  one  person 
to  anotlier  at  different  times,  we  may  bo  required  to  find  the  time 
at  which  they  may  all  be  paid  together,  so  that  neither  lender 
nor  borrower  may  lose.  The  time  so  found  is  called  the  equated 
time. 

580.  Tofmd  the  equaled  time  of  payment  of  two  auma  diu  at 
different  times  aupponng  timple  intereet. 

T^t  /*,,  /*,  be  the  two  sums  due  at  the  end  of  <„  t,  years 
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respectivelj ;  suppose  f,  greater  than  I, ;  let  r  be  the  interest  of 
one  pound  for  one  year,  x  the  number  of  yeara  in  the  ef^uated 

The  coDditton  of  ikimeas  to  both  parties  may  be  secured  by 
supposing  tliat  the  discount  allowed  for  the  sum  paid  before  it  is 
due  is  equal  to  the  interest  charged  on  the  sum  not  paid  until 
after  it  is  due. 

the  interest  on /*,  for  a;— (,  years  iaP,  (»-(,)  r; 

l+(i,-a;)r--^'^*     *''■ 
This  will  give  a  quadratic  equation  in  x,  namely, 

Uiat  root  must  be  taken  which  lies  between  {,  and  t,. 

581.  Another  method  of  solving  the  question  of  the  preced- 
ing Article  ia  as  follows ; 

The  present  value  of  P,  due  at  the  end  of  i,  years  ia  s — '—  ', 

p 
the  present  value  of  P^  due  at  the  end  of  f,  years  is  ^j — i—  ; 

P  +P 
the  present  value  of  P,  +  P,  due  at  the  end  of  x  years  is  -^ * , 

Hence  we  may  propose  to  find  tiie  equated  time  of  payment, 
X,  from  the  equation 

P,  P,     ^P,+P, 

l  +  l,r      1  +  (/       \+asr  ' 

583.  If  such  a  question  did  occur  in  practice  however  the 
metJiod  would  probably  be  to  proceed  as  in  the  first  solution,  witli 
this  exception,  that  the  lender  would  allow  interett  instead  of  dia- 
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eotttU  oa  die  euni  paid  before  it  was  duo ;  llius  we  should  find  x 

thei'efore  {P,  +  P.)  a:  =  i*/,  +  Pji,. 

In  this  case  the  interest  on  7",  +  /',  fov  x  years  is  equal  to  the 
Biim  of  the  interests  of  P,  and  /*,  for  the  times  (,  and  (^  respect- 
ively ;  this  follows  if  we  multiply  both  sides  of  the  last  equation 
by  r.  This  nde  is  more  advantageoua  to  the  borrower  than  that 
In  Art  580,  for  the  interest  on  a  given  amount  ia  greater  than  the 
dUcoitnt.     See  Art  677. 

583.     Suppose  there  are  several  sums  7*,,  P^,  P^, due  at 

tlie  end  of  t^,  (,,  t^, years  respectively,  and  the  equaled  lime 

of  payment  is  required. 

The  first  method  of  solution  (Art.  580)  becomes  very  compli- 
cated in  this  case,  and  we  shall  therefore  omit  it 

The  second  method  (Art  581)  gives  for  determining  x,  tk« 
number  of  years  in  the  equated  time, 

P,  P,  P^  P+P+P+ 


P,  P  P  P 

Denote  the  sum  ■= — -—  +  = — •—  +  .■  ■ '     + by  2  -, . 

l  +  i.r      !  +  (,?■      l  +  V  I+(/-' 

and  the  sum  J*,  +  J*,  +  P,  + by  5/*;  then  we  may  writ«  the 

above  result  thoa, 


s 


/  p  \     S.P 


The  third  method  (Art.  582)  gives 

x{P^^■P^  +  P^+ )  =  JP^l^  +  P,l,  +  P,t,+ ; 

which  may  be  written  xXP  =  'S.Fl. 

68i.  liquation  of  paymenU  is  a  subject  of  no  practical  im- 
portance, and  aeems  retained  in  books  chiefly  on  account  of  the 
apj>arent   paradox    of    different    methods    occurring  which    may 
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appear  equally  fair,  but  vliich  lead  to  different  reeults.  We 
refer  the  student  for  more  information  on  the  question  to  the 
luticle  Disctmnt  in  the  Ejigliah  Cyclopcedia.  We  may  obaerre, 
however,  that  the  difficult;',  if  such  it  be,  arises  from  the  fact  that 
timple  interest  is  almost  a  fiction ;  the  moment  any  sum  of  money 
is  due,  it  matters  not  whether  it  is  called  principal  or  interest^  it 
is  of  equal  value  to  the  owner ;  and  thus  if  the  interest  on  bor- 
rowed money  ifl  retained  by  the  borrower,  it  ought  in  justice  to 
the  lender,  to  he  united  to  the  principal,  and  charged  with  in- 
terest afterwards. 

S85.     If  eompovnd    interest    be    allowed,    the    solutions    in 

Arts.  580  uid  581  will  give  the  same  result. 

For  the  solution  according  to  Art.  580  will  be  as  follows  : 

the  discount  on  J",  for  (,  — aj  years  i&  PA\  — -st"  )i 

the  interest  on  i*,  for  «  -  (^  yeare  is  P,  {If-^t  -  1) ; 

therefoia  i>,^ -^^  =i'^(fi<-(,  _  1). 

From  Uiis  equation  x  must  be  found ;  by  transposition  wo 
shall  see  that  tliis  is  the  same  equation  ea  would  be  obtained  by 
the  method  of  Art.  581 ;  for  we  obtain 


therefore 


which  shews  that  a:  is  such  that  the  present  value  of  -P,  +  i", 
duo  at  the  end  of  x  years  is  equal  to  the  sum  of  the  present 
values  of  P^  and  P^  due  at  the  end  of  l^  and  t,  years  respectively. 

686.     If  there  are  different  sums  P,,  f,,  i',, due  at  the 

end  of  <,,  {,,  t,, years  respectively,  tiie  equated  time  of  pay- 
ment, X,  allowing  compound  interest,  may  be  found  from 
J>,4f.4-f,4- P,     .l^.li_. 

nr  ~  '&     A^i    tf.    ' 
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wHch  may  be  written 

587.  We  have  said  in  Art,  580,  that  we  must  take  that  root 
of  the  quadratic  equation  which  lies  between  (,  and  (, ;  we  will 
now  prove  that  there  will  in  fact  be  always  one  root,  and  only 
one,  between  t,  and  t^ 

We  have  to  Rhew  that  the  equation 

F,(x-l,){n■^l,-x)r^-p,^l,-x).o 

has  one  root,  and  only  one,  lying  between  l^  and  (^ 

The  eayremow  P,  (x  -  (,)  {I  +  (i,  -x)r}-  i*.  {(,  -  a:)  ia  obviously 
positive  when  x—t^.  If  thia  eapresnon  is  arranged  in  the  form 
aa^  +  bx  +  e,  the  coefficient  a  is  negative,  being  -  /*/ ;  hence  (, 
must  lie  between  the  roots  of  the  equation  by  Art.  339  ;  that  is, 
one  root  is  greater  than  t,  and  one  root  less  than  l^  It  is  obvious 
too  that  no  value  of  se  less  than  t^  can  njake  the  expreation  vanish, 
so  there  cannot  be  a  root  of  the  equation  less  than  <, ;  there  muBt 
then  be  one  root  between  t,  and  t^,  and  one  root  greater  than  t^ 

It  may  be  remarked  that  the  value  o;  =  (,  +  -  also  makes  the 
espreesion  positive,  and  so  the  root  which  is  greater  than  f,  must 
by  Art.  339  be  greater  than  t,*~. 


HISOELLANEOUa  EXAMPLES. 

1.  Find  the  equated  time  of  payment  of  two  sums,  one  of 
.£400  due  two  years  hence,  the  other  of  £2100  due  eight  yoEOS 
hence,  at  5  per  cent     (Art.  fiSO.) 

S.  Find  the  equated  time  of  payment  of  two  sums,  one  of 
£20  due  at  the  present  date,  the  other  of  £16.  5s.  due  270  days 
hence,  the  rate  of  interest  being  twopence-halfpenny  per  himdred 
pounds  per  day.     (Art,  580.) 
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3.  Find  the  equated  time  of  paying  two  auma  of  money  due 
at  different  epochs,  interest  being  supposed  due  ereiy  moment. 

4.  A.  sum  of  money  is  left  by  wUl  to  be  divided  into  three 
porta  such  that  their  amounts  at  c(»npound  interest,  in  a,  6,  c  years 
respectively,  shall  be  equal ;  determine  tlie  parts. 

ff.  If  a  and  »  be  positive  integeni,  the  int^ral  part  of 
[a  +  J(a'  -  1)}*  is  odd. 

6.  If  a  and  n  be  positive  integers,  tbe  integral  part  of 
{y(a' 4- 1)  +  a)'  is  odd  when  n  is  even,  and  even  when  n  is  odd. 

7.  Shew  that  the  remtunder  after  n  terms  of  the  expansion  of 
( 1  in  a  series  of  ascending  powers  of  a;  ia 

a-'     ■       (a  +  xy       ■ 

8.  If^(n,»-)  =  n(n-l)(n-3)...(n-»-+I),  shewthat 

f  (n,r)  =  i^(n-2,r)  +  2fV(n-2,  r-l)  +  »-(r-l)^(n- 2,  r-2). 

9.  If  ^  («,  r)  =  "^""^^••^^"""'"^^^ ,  shew  that 

+  ^(m-1,  2)^(n-nt  +  l,  3)  + 

10.  Witii  the  same  notation  shew  that 

a_(«  +  ^^{«,l)+(a  +  2/5)^{»,  2)-(a+3;8)«K3)+  

+(-!)■  (a +  ni8)*(«,n)  =  0. 

11.  If  t  be  the  sum  of  n  terms  of  a  geometrical  progres^n 
whose  first  term  is  a  and  common  ratio  l  +  x,  where  ao  ia  very 

2a 

12.  If  a  quantity  change  continnously  in  value  from  n  to  & 
in  a  given  time  f,,  the  increase  at  any  instant  bearing  a  constant 
ratio  to  its  value  at  that  instant,  shew  that  its  value  at  any  time  t 

will  be  a  Q*".     (Art.  574.) 
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588.  To  _^nd  the  amount  of  an  aHnuiCy  l^  unpaid  /or  any 
number  of  pears,  aUounng  simple  irU&resi  upon  eaelt  aunt /ram  th» 
time  it  becomes  due. 

Let  A  be  the  aonuitj,  n  tlie  number  of  years,  r  the  interest  of 
one  pound  for  one  year,  M  ihe  amount. 

At  the  end  of  the  first  jear  A  becomes  due,  and  at  the  end  of 
the  second  year  the  interest  of  the  first  annuity  is  rA  ;  at  the  end 
of  this  year  the  principsl  becomes  2A,  therefore  the  interest  due 
at  the  end  of  the  third  year  Is  2rA  ;  in  the  same  way  the  interest 
due  at  the  end  of  the  fourth  year  is  ZrA ;  and  so  on ;  hence  the 
whole  interest  is  rA  +  2rA  +  3rA  + +  {n~l)rA;    that  ia, 

— i — =— ^^ — ,  by  Art.  459  ;  and  the  Bum  of  the  annuitiea  is  nA  t 
therefore  M=nA  +  ^^-^ — ■  rA. 

589.  To  find  the  present  value  of  nn  annuity,  to  continue  Ji/r 
a  certain  tvumher  of  years,  allowing  simple  interest. 

Let  P  denote  the  present  value ;  then  P  with  it*  interest  for 
n  years  should  be  equal  to  the  amount  of  the  annuity  in  the  same 
time ;  that  is, 

P-i-Pnr  =  nA+'^^^^^^^^rA; 

therefore  '    f  ^  "^  ^  KC*- D'^-^  . 

l+nr 

590.  Another  method  has  been  proposed  for  solTing  the 
question  in  the  preceding  Article, 

The  present  value  of  A  due  at  the  end  of  I  jaax  is  ~ , 

(Art,  577) ;  the  present  value  of  A  due  at  the  end  of  2  years  is 

- — — ;  the  present  value  of  A  due  at  the  end  of  3  years  is  ■= — 5-  , 

and  so  on ;  the  present  value  of  the  annuity  for  n  yean  should 
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be  equal  to  the  Bum  of  the  present  values  of  the  different  pay- 
ments :  hence 

1.1 +  r      l  +  2r      1  +  3)-  1  +  nr) 

691.  Some  writers  on  Algebra  have  adopted  the  aoiution 
given  in  Art.  589,  and  others  that  in  Art.  590  ;  we  have  already 
intimated  in  a  similar  case  (Art.  581),  that  the  solution  of  micli 
questions  by  simple  interest  must  be  unsatisfactory.  The  student 
may  consult  on  this  point  Wood's  Algebra,  the  Treatise  on  Arilh- 
m^ic  and  Algebra  in  the  Library  of  Useful  Knowledge,  p.  102; 
Jones  on  the  Value  of  Annuities  and  Reversionary  PaymetUs, 
Vol  I.  p.  9  ;  and  the  article  Discount  in  the  English  Cyelopcedia. 

593,  The  formulte  in  Arts.  589  and  590  make  the  value  of  a 
perpetual  annuity  infinite.  For  the  value  oi  P  in.  Art  G89  may 
be  written 

A  +  \[n-\)rA 
J  ■ 


when  n  is  infinite  the  denominator  of  this  expression  becomes  r, 
and  the  numerator  becomes  infinite ;  thus  P  is  infinite.  The 
series  given  for  P  in  Art,  590  also  becomes  infinite  when  n  is 


This  result  is  another  indication  that  the  value  of  annuities 
should  be  estimated  in  a  different  way.  We  proceed  to  the  sup- 
position of  compound  interest. 

593.  To  find  the  amount  of  an  anmiily  left  unpaid  for  any 
nwnber  of  yearn,  aUotoing  compound  tTiterest. 

Let  A  be  the  annuity,  n  the  number  of  years,  Ji  the  amount 
of  one  pound  in  one  year,  M  the  required  amount. 

At  the  end  of  the  first  year  A  is  due ;  at  the  end  of  the 
second  year  RA  is  the  amount  of  tlie  first  annuity,  hence  the 
whole  sum  due  at  the  end  of  the  second  year  is  HA  +  A,  that  a, 
(R+l)  A  ;  similarly  at  the  end  of  the  third  year  the  whole  sum  due 
is  R(R  +  \)A-i-A,  that  is,  (R' +  R  +  I)  A  ;  and  so  onjhence  the 
r..„ ,Gt)tH^lc 
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thi 


hole  auDi  due  at  tlie  end  of  n  years  is  {^~'  +  2i""  + ■^  1)-^*; 


594.  To  find  tlie  present  value  0/  an  annuU;/,  to  continue  for 
a  certain,  namber  qf  yeart,  allowing  eonipound  interetl. 

Let  P  denote  the  present  value;  then  the  amount  of  /*  in 
n  years  should  be  equal  to  die  amount  of  tlio  annuity  in  the 
same  time;  Uiat  is. 


l-(l+r)- 


tlierefore  P  =  t^  A  =  '-''^''     A. 

595.  We  may  also  solve  thu  question  of  the  preceding  Article 
by  supposing  P  equal  to  the  Bum  of  the  present  values  of  the 
different  payments. 

The  present  value  of  ji  due  at  the  end  of  1  year  is  ■=, 

the  present  value  of  A  due  at  the  end  of  2  yeai-s  is  ^ ; 
the  present  value  of  ^  due  at  the  end  of  3  years  is  p,; 


jiy   H")    A(i- 


If  the  present  valae  of  an  annuity  A  for  any  number  of  years 
e  mA,  the  annuity  ia  said  to  be  worth  m  yearn'  purchase. 

696.     To  find  the  present  value  of  a  perpetual  a/nnuity. 

Suppose  n  to  be  infinite  in  the  formula  P  =  — ^ — z — - , 
k  ^       A        A 
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597.     To  find  tha  preaerU  value  of  an  annuity,  to  commenee  at 
the  end  o/p  yean,  and  then  to  continue  q  y«w». 

The  present  value  of  aa  annuity  to  commeuce  at  the  end  of 
p  years,  and  then  to  continue  q  jeaxs,  is  found  by  aubtrac^g  the 
present  value  of  the  annuity  for  p  years  from  the  present  value  of 
the  anmiity  for  p  +  y  yeara ;  thua  we  obtiHn 
1  _  R-lr*tt  1  _  Jf-r  J 


If  the  annuity  is  to  commence  at  the  end  of  p  years,  and  then 
to  continue  for  ever,  we  must  suppose  q  infinite,  and  the  present 

value  becomcB  jr — ^.     This  may  be  obtained  directly;  for  the- 

present  value  is  the  sum  of  the  following  infinite  series, 

A          A          A 
^i-i  +_^-^.  +  _^*.+ 

598.  The  preceding  Article  may  be  applied  to  calculate  the 
fine  which  must  be  paid  for  the  renewal  of  a  lease.  Suppose  an 
estate  to  be  wmth  £A  per  annum,  and  that  a  lease  of  the  estate 
is  granted  for  p  +  y  yeara  for  a  certain  sum  of  money  paid  down  ; 
and  suppose  that  when  q  years  have  elapsed,  the  lessee  wishes  to 
obtain  a  new  lease  for  p  +  ^  years ;  be  most  therefore  pay  a  sum 
equivalent  to  the  value  of  an  annuity  of  £A  to  begin  at  the  end 
of  p  years,  and  to  continue  for  q  years.  This  sum  is  called  the 
fine  te  be  paid  for  renewing  q  years  of  the  lease. 

699.  We  have  hitherto  in  the  present  Chapter  confined 
ouiselves  to  the  case  in  which  the  interest  and  the  annuity  are 
due  only  once  a  year.  We  will  now  give  a  more  general  pro- 
position. 

To  find  the  arnouiU  of  an  anmiity  left  unpaid /or  n  yeart,  at 
compound  interett,  tuppomnq  intereet  due  q  times  a  year,  and  the 
annuity  payable  m  times  a  year. 

Let  -  be  the  interest  of  one  pound  for  (-1     of  a  year; 

then   by   Art.    573,   the  amount   of  one  pound   in  a  years  is 
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( 1  +  - 1    wliether  «  ba  an  integer  or  not ;  thus  the  amount  of  one 

pound  for  (  —  1    of  a  year  is  I  1  +  -  i";  we  shall  denote  ihis  by  p. 

Let  a  be  the  instalment  of  tie  annuity  that  should  be  paid  each 
time ;  then  the  amount  of  i^e  annuity  at  the  end  of  n  years  is  the 
sum  of  the  following  mn  terms  : 

a{p-"^  +  p"''  +  p"~'+ +P  +  1!, 


that  is,  a =- ,  that  is, 


(-D- 


EXXUPLES  OF  ANNUITIES. 

In  the  examples  the  interest  is  supposed  compound  unless 
otherwise  stated. 

1.  A  person  borrows  £000.  5s.  :  find  how  much  he  must  pay 
annually  that  the  whole  debt  may  be  dischai^ed  in  35  yeare, 
allowing  simple  interest  at  4  per  cent. 

2.  Determine  what  the  rate  of  interest  must  be  in  order  that 
the  present  value  of  an  annuity  for  a  given  number  of  years,  at 
simple  interest,  may  be  equal  to  half  the  sum  of  the  annuities. 

3.  A  fi^hold  estate  of  £100  a  year  is  sold  for  £2500  :  find 
at  what  rate  the  interest  is  calculated. 

4.  The  reversion,  after  2  years,  of  a  freehold  worth  £168.  2s; 
a  year  is  to  be  sold  :  find  its  present  value,  supposing  interest  at 
2^  per  cent. 

5.  If  20  years'  purchase  must  be  paid  for  an  annuity  to  con- 
tinue a  certain  number  of  years,  and  26  years'  purchase  for  an 
annuity  to  continue  twice  as  long  :  find  the  rate  per  cent. 

6.  When  3^  per  cent,  is  the  rate  of  interest,  find  what  sum 
must  be  paid  now  to  receive  a  freehold  estate  of  £320  a  year 
10  years  hence;  ha<ring  given 

log  1  033  =  0136797,  log  7-29798  =  -8632030. 
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7.  Suppoung  an  animity  to  continue  for  evw  to  l>e  worth 
25  yeaxs'  purcliase,  find  the  ajuiaity  to  continue  for  3  years  which 
can  be  purchased  for  £625. 

8.  A  sum  oi  ^£1000  is  lent  to  be  repaid  witli  interest  at  '4 
per  cent,  by  annual  instalments,  beginning  with  £iO  at  the  end 
of  the  first  ye&r,  and  increasing  30  per  cent,  each  year  on  the 
last  preceding  instalment.  Find  when  the  debt  will  btt  paid  off; 
having  givea 

log2  =  -30103,  log3  =  -47712. 

9.  Find  the  present  value  of  an  annuity  which  is  to  com- 
mence at  the  end  of  p  years,  and  to  continue  for  ever,  each  pay- 
ment being  m  times  the  preceding.  What  limitation  ie  there 
as  to  ml 

10.  Find  what  sum  will  amount  to  £1  in  30  years,  at  5  per 
cent,  the  interest  being  supposed  to  be  payable  er^y  instant. 

11.  If  interest  be  payable  every  instant,  and  the  interest  for 

one  year  be  (  —  j    of  the  principal,  find  the  amount  in  n  years. 

13.  A.  person  borrows  a  sum  of  money,  and  pays  off  at  the 
end  of  each  year  as  much  of  the  principal  as  he  pays  interest  for 
that  year :  find  bow  much  he  owes  at  the  end  of  n  years. 

13.  An  estate,  the  clear  annual  value  of  which  is  £A,  is  let 
on  a  lease  of  20  years,  renewable  every  7  years  on  payment  of  a 
fine :  calculate  l^e  fine  to  be  paid  on  renewing,  interest  being 
allowed  at  six  per  cent. ;  having  given 

log  106  =  20253059,  log  4688385  =  -6710233, 

log  3-118042= -4938820. 

14.  A  person  with  a  capital  of  £a,  for.  which  he  receives 
interest  at  r  per  cent.,  spends  every  year  £b,  which  is  more  than 
bis  original  income.     Find  in  how  many  years  he  will  be  ruined. 

Ex.  If  »  =  1000,  T  =  5,  J  =  90;  shew  that  he  will  be  ruined 
before  the  end  of  the  17th  year  ;  having  given 

log 2  =.  -3010300,        log  3=  -4771213,        log  7  =  -8450980. 
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XUV.     CONTINUED   FRACTION& 

GOO.     Every  expreBsion  of  the  form  a^ -j  is  called 

a  conlinued  Jmelion.  e*Ac 

We  shall  confine  our  attention  to  continued  fractions  of  the 
fonn  a+ ,  where  a,  b,  e, are  all  positive  int^^en. 

For  Qia  sake  of  abbreviation  the  continued  fraction  ia  some- 
times written  thus  ;  a  +  7 ; —  • 

6  +  c  +  &c 

When  the  number  of  the  terms  a,  6,  e, iBfinile,  the  con- 
tinued fraction  is  said  to  be  terminating;  such  a  continued  frac- 
tion may  be  i-educed  to  an  ordinary  fraction  by  effecting  the 
operations  indicated. 

601.     To  convert  any  given  fraction  i-nto  a  continued  Jraction. 

Let  —  be  the  given  fraction;  divide  m  by  n,  let  »  be  the 

quotient  and  p  the  reniainder  ;  thus  —  =  o+^  =  « +— .    Next  di- 
^  '^  '  n  n  n 

P 

vide  n  by  p,  let  &  be  the  quotient  and  q  tlie  reoainder;  thua 

-  =6  +  i  =6  +  -.     Similarly,  "  =  e  +  -  =e+  -,  and  so  on. 

n  n  n  "      IT  /r  ti 


If  m  be  less  than  n,  l^e  first  quotient  a  is  zero. 
We  see  then  that  to  convert  a.  given  fraction  into  a  continued 
fraction,  we  have  to  proceed  aa  if  we  were  finding  the  greatest 
1  measure  of  the  numerator  and  denominator ;    and  we 
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most  therefore  at  last  arrive  at  a  point  wliere  the  remaindw  is 
zero  and  the  operation  teiminates :  hence  every  fraction  can  be 
converted  into  a  lerTninalirtg  continued  fraction. 

602.     The  fractions  formed  by  taking  one,  two,  three,  ...  of 

the  qnotienta  of  the  continued  fraction  a  +  ; -. —  are  called 

^  6  +  C  +  &C 

converging  fractioTH  or  ctmvirgenta.  Thus  the  first  convergent  is  a ; 
the  second  convergent  is  formed  from  i*  +  r,  it  is  therefore  — r —  j 

the  third  convergent  is   formed   from  a  + : ,  that  ia,  trota 


a  +  - =-,  it  is  therefore  — , ,—  :  and  bo  on. 

603.  The  amvergerUa  taken  in  order  are  aUemately  less  and 
greater  than  the  eontinv^  Jraetion. 

The  6tat  convergent  a  ia  too  small  because  the  part  t — -j—  is 
omitted;  a -<-^  is  too  great  because  the  denominator  b  is  too 
smtJl ;   a  + ^  is  too  small  because  fi  4-  -  is  too  great ;   and 


604.     To  prove  the  law  of /ormation  of  the 
vergenls. 

_,„,,,  ,  a     ab  +  1      abe  -^a  +  a  , , 

The  first  three  convergents  are  ^i   — }-">    —r: — i — i  the 

numerator  of  the  third  is  e  {ab  -I- 1)  +  a,  that  is,  it  may  be  formed 
by  multiplying  the  numerator  of  the  second  by  the  third  quotient, 
and  adding  the  numerator  of  the  first ;  the  denominator  of  the 
third  conveigent  may  be  fonned  in  a  similar  manner  by  multi- 
plying the  denominator  of  the  second  by  the  third  quotient,  and 
adding  the  denominator  of  the  first  We  shall  now  shew  by  in- 
duction that  such  a  law  holds  universally. 

T.  A.  r., ClM^lc 
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the  correaponding  quotients ;  and  suppose  that 

Let  m'"  be  the  next  quotient;    then   the   next  convei^ent 
;  in 

80  that  we  have  to  write  m"  ■\ — w.  instead  of  m"\  thus  the  next 

tn 
convergent 

{m"^ — ttAp'+P        •«,    „,       1       -        ,11,1      • 
\         m  /        '^      m    {m Y  +  Pj+P      vi  p+p 

"  (m."  +  -4,)  ?"  +  5  ^  ™    *      *'  "^  5^  *  *'  ~  *"'"*"  "^  *' 

If  therefore  we  suppose 

p""  -  m'"p"  +  p'  and  2™  =  »»'"?"+ J*, 
the  next  convergent  to  ^,  will  be  equal  to  ^, ,  thus  the  converg- 
ent *T7/  may  bo  formed  by  the  same  law  that  was  supposed  to 

bold  for  ^, ;  but  the  law  has  been  proved  to  be  applicable  for 

the  third   convergent,  and  therefore  it  is   applicable  for  every 
subsequent  convergent. 

We  have  thus  ^6wn  that  the  successive  convergente  may  be 
formed  according  to  a  certain  law  j  as  yet  we  have  not  proved 
that  when  they  are  bo  fonned  each  convergent  is  in  its  lowest 
terms,  but  this  will  be  proved  in  Art  606. 

605,  The  difference  between  any  two  consecvlive  eonvergeittt 
is  a  /raetion  whose  numeToior  ia  unity,  and  tohote  denomiTiator  ia 
the  product  ofih«  denomiTialora  of  the  convergttUs. 

This  is  obvious  with  respect  to  the  first  and  second  converg- 

.      ,     ab+l      a.     1 
eats,  for  -j--j=j. 
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Sappoee  the  lav  to  hold  for  any  two  ciaisecntiTe  convergeiibi 
-J    -.'>  itatia,  BuppoBep'g-j>5'  =  *l,  80  that 

then,    p"q' -p'g"  =  (m"p' *-p)q'~ p' {m"q'  +  q)-pq' -qp' =w\, 
80  that  P"_P'^^_. 

€    <i     qq 

thus  the  law  holds  for  the  next  convergent  Hence  it  is  univer- 
sally tme. 

606.  All  convergent!  are  in  their  lowest  ternu. 

For  if  the  nnmerator  and  denominator  of  -  had  any  conunon 
measure  it  would  divide  p'q  —  pq"  or  unity,  which  is  impossible. 

607.  £veri/  amvergent  «  nearer  to  the  con^nued  fraction  Utan 
any  of  ike  preceding  eonvergenU. 

We  shall  prove  this  by  shewing  that  every  convergent  is  nearer 
to  the  continued  fraction  than  the  preceding  convergent 

Let  -,   ^i  -ff  bo  consecutive  convei^feata  to  a  contjnned 

fraction  x ;  then  ^,  =     ,,  ,    °.     Now  x  differs  from  ^  only  in 

taking  instead  of  m"  the  complete  quotient  m"  +  ■■-,;,  v-  ;  this  will 
be  BOme  quantity  greater  than  unity,  which  we  shall  denote  hy  fi ; 
thus 

l^'  +  q' 

the«.for«  t-^=?.-i:4±P  =  ?M;:M 


n2'  +  y     ?W+?)      q(i^+qy 


"q'    p^  +  9    /    ?'{w'+s)    ^W+q)' 
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Kow  1  is  leas  dian  jk  and  t{  is  greater  than  q ;  hraice  on  botii 

accounts  the  difference  between  x  and  —.  ia  less  than  tliQ  difier- 

ence  between  x  and  -  :  that  is,  ^  is  nearer  to  x  tlian  ~  is. 
?'  ^  3 

608.     7*0  determine  limita  to  the  error  made  in  taking  anjf 
convergent  for  Uie  continued  Jraclion. 

By  the  preceding  Article  the  difference  between  as  and  -  is 
**  «_  .  .I,:-  :„  iggg  (jjaji         ^^j  greater  than 


9  W  +  ?)' 
1 


'(^^y 


than  -J.  and  greater  than  t;-;;  ;  these  limits  are  simpler  than  those 
first  given,  though  of  course  not  so  cIosbl 

609.  In  order  that  the  error  made  may  be  less  than  a  given 
quantity  y,  we  have  therefore  only  to  form  the  consecutive  con- 
vei^nta  until  we  arrive  at  one  ~,  such  that  q*  is  not  less 
than  k. 

610.  Any  convergent  u  nearer  to  the  continued  Jradion  than 
any  other  fraction  which  hat   a  smailer  denominator  than   the 

convergent  hoe. 

Let  ^-be  the  convei^ent,  and  -  a  fraction,  such  that  ■  is 
less  than  q".  Let  x  be  the  continued  fraction,  and  -  the  con- 
vergent immediately  preceding  p .  Then  -,  x,  ^  are  either  in 
ascending  or  descending  order  of  magnitude  by  Art.  603.     Now  - 

cannot  He  between  -  and  c.  ■  for  then  the  diference  of  -  and  ? 
q  2" 
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would  be  leas  than  the  difference  of  -  and  —. ,  that  is,  less  thaa 
2  / 


-. ,  that  is,  aa  integer  less  than  a  proper  fraction,  which  is  im- 
possible. Thus  either  ~,  x,  -,,  -,  or  -,  ^,  x,  —.  must  be  in 
order  of  magnitude.     In  the  former  case  -  differs  more  from  x 


and  therefore  a  fortiori  more  than  t,  does. 


tt^iBgr. 

^  =  f^.   thei^o^^-gg'^^<^^/g;-<^P>P\ 

Eoduce  the  fractions  on  the  right-hand  side  to  a 
nominator;  then  the  numerator  is  pp'{h^+g)'-gg'(fip' +?)',  that 

is,  p.'  {ppV  -  s/p")  +  pp'^'  -  ii'p\  ti»a*  '^  W^'-pg)  (^'-i>'s)- 

The  factor  p^p'q'—pq  is  neeessarily  positive  ;  the  factor  pg^—p'tji 
is  positive  or  negative,  according  as  -  is  greater  or  lees  than  %  ■ 

hence  ~  is  greater  or  less  than  ~  ,  that  is,  ^  is  tn^ater  or  les> 
<F  P  ?? 

than  if,  according  as  -  is  greater  or  less  than  -^ . 


D,g,i,7?<iT,Goo^le 


EXAMPLES.      XLIV. 


EXAJIPLES  or  OONTINUED  rBACnOBS. 

Convert  Uie  following  four  fractdooB  into  continued  ftactions : 
1380  o     1*5  19763  743 

■     lOSr  612"  44126'  *     611' 

5.  Find  three  fractions  conveipng  to  31416, 

6.  Find  a  aeries  of  fractionB  oonverging  to  the  ratio  of 
S  hotiTB  48  minutes  51  aeconds  to  24  houta 

7.  If  ^,  4-',  -C"  be  tliree  conBecutire   eonya'&0QtB,    ehsw 

1x     ?.     ?. 

tJ*t  (p.-Pi)?.  =  {?.-?,);',- 

8.  Prove  that  the  numerators  of  aUy  two  consecutive  coo- 
vergenta  have  no  common  meaSura  greater  than  unit; ;  and 
similarly  for  the  denominatorsi 

9.  If^,   ^,  ^,  ...  be  successive  converemita  to  a  continued 

?t   2.   y. 

fraction  greater  than  unity,  ehew  that  ;>,?,„  -i*,-,?.  =  (—  1)". 

10.  Shew  that  the  differenae  between  the  first  convergent 
and  ^e  n'^  convergent  ia  numerically  equal  to 

-L— L  +  J__       ,(-1)' 

Si?.     9.?i     ?,?,     ?.-!?.' 

'fe-00-£:)^Ci:-')(-b- 

1 2.  If  ^_  be  the  n*  quotient  in  a  continued  fraction  greater 
tiian  unity,  shew  that  P.?._,— i>,.,g,  =  (  — 1)"~V.- 

13.  If  ^-*^,  =-s^,   ts, be  successive  convereento  to  the 

continued  fraction  -i-*-  -^-^  -^ shew  that 

o,  +  o,  +  a,  + 

and  hence  that    f.?.,, -p,_,  ?,=  (-1)""';8,S. pC''-*'^NI'^ 


11.     Shew  that  [ 
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14.  If  ^  denote  the  »"  oonTereent  to  &  fractioa  -r;,  and 

?.  Q 

R,  denote  the  n*  reminder  which  oooura  in  the  process  of 

converting    the  fraction   -r-  to  a  continued  fraction,  she'w  that 

15.  Shew  that  the  difference  of  =  and  ^18^7-. 

Q        9m      Qq. 

16.  In  converting  a  fraction  in  its  lowest  terms  to  a  con- 
tinued fraction,  shew  that  any  two  consecutive  remainders  have 
no  common  measure  greater  than  unity. 


XLV.     REDUCTION"   OF   A  QUADRATIC  SURD   TO  A 
CONTINUED   FRACTION. 

612.  A  quadratic  surd  cannot  be  reduced  to  a  lerminaiing 
continued  fraction,  because  the  surd  would  then  be  equal  to  a 
rational  fraction,  that  is,  would  be  commensurable;  we  shall  see, 
however,  that  a  quadratic  surd  can  be  reduced  to  a  continued 
fraction  which  does  not  terminate :  we  will  iirst  give  an  example, 
and  then  the  general  theory.     Take  the  square  root  of  6; 

V(6).2*V(6)-2-2  +  ^2-2*2(5Tf 
2 

Jlf)*^    o,  V(6)-2    o,        1 .,        1 

2       — "       2       ~       V(6)-t2'       V(^>-fi' 
1 
VW*2_.,V(6)-2 


*  J(()*i-'-*-M^' 


the  steps  now  recur;  thus  we  have 


„i.7?<iT,Goo(^lc 


376  KEDucrriON  of  a  quadra.tic  surd 

In  the  above  process  the  enpresaion  which  occurs  at  the  beginning 
of  aaj  line  is  separated  into  two  parts,  the  fiffit  part  beiog  the 
greatett  integer  which  the  expression  contuus,  and  the  second  part 
the  remainder;  thus  the  greatest  integer  in  ^6  is  2,  we  therefore 
write 

Again,  the  greatest  integer  in         ' — -  is  2,  we  therefore  writo 

s/(6)-^2_     ^(6)-2 
2  ^*        2        • 

and  so  on;  the  remainder  is  then  made  to  have  its  numerator 
rational,  and  is  expressed  as  a  fraction  with  unity  for  numerator; 
we  then  begin  another  line  of  the  process. 

We  may  notiee  in  the  example  that  the  quotients  begin  to 
recur  as  soon  as  we  arrive  at  a  quotient  which  is  double  of  the 
first.     This  we  shall  presently  shew  is  always  the  case. 

613.  Let  JV  be  any  int^er  which  is  not  an  exact  square;  let 
a  be  the  greatest  integer  contained  in  ^.V";  vrita  ^y^ia  the  form 


-  for  symmetry,  and  proceed  thus ; 


; 

r 

U  a' 

=  rb-a,  and  f^= 

^W  +  a- 

=  6' 

,  jm^a' 

-r'h' 

S-,      •" 

r' 

''    VW*." 

if 

.-. 

rt'-o'.imd.'. 

./W-t-a" 

=i' 

,ji!n*-.' 

-r"b 

=  &c. 
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In  t^is  procees  'we  Enippose  b,  b',  h", ...  to  be,  like  a,  the  greatest 
integers  contained  in  the  expressions  from  vhicb  they  respectively 
spring  J  hence  it  follows  that  r,  /,  f",  r'", ...  are  all  positive.  For 
a'  is  less  than  N,  hence  r  is  positive,  and  b  is  the  greatest  integer 

i„  dm±l,  „  U..t  i  i.  or  oo™  le»  th„  iW±5;  i„„„  .- 

r  r 

is  less  than  N,  and  so  /  ia  positive;  and  so  on.  We  have  noticed 
this  fact,  because  it  follows  very  obviously  from  the  process;  it  is, 
however,  included  in  the  proposition  of  the  following  Article. 

614.  In  the  expressions  which  occur  at  the  beginning  of  th« 
lines  in  Art.  613,  we  have  the  following  series  of  quantities : 

0,  a,  a',  o",  a'",  4c (1), 

1,  r,  »■',  r",  r"',  &C.  (2), 

and  the  corresponding  series  of  quotients  is 

a,  b,  b',  b",  b'",  &c (3). 

We  shall  now  shew  that  the  terms  in  (1)  and  (2)  are  all  posi- 
tive integers;  those  in  (3)  are  kuowB  to  be  such. 

Let  a,  a,  a"  be  any  thi-ee  consecutive  terms  of  (1);  p,  p',  p" 
the  corresponding  terms  of  (2);  j8,  ^,  p"  those  of  (3).  Let  the 
corresponding    convergents    to    ^(iV)    be    -,  ^,   ,%,,   so    that 

p       a  p  +  p 

~TT  =  ^n—, ;  these  convergents  can  all  be  formed  in  the' usual 

q      fyq  +  q 

way,  since  all  the  terms  in  (3)  are  positive  integers. 

Since  the  complete  quotient  corresponding  to  fl"  is  ^ — i 

p 
we  have,  by  Art.  607, 

p 

L._. ^,Gt)o'^lc 
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Multiply  up,  and  then  eqn&te  the  rational  and  irrational 
parts  (Art.  299);  tlrns 

«>'  +  9"V  =  ^V.  »"?'  +  9  1  =  V'  > 

therefore  a"  (p?'  -  ^'9)  =  j>p'-  qq'X', 

p"{pq'-p'q)  =  q"N-p''. 
Kow  pq'—p'q'=  *  1,  hence  o,"  and  p"  are  integers.     And  it  is 
|>roved  in  Art  Cll  that  p<f~p'q,  pp'-gg'^,  and  ^''-V-jp"  liavo 
the  same  sign;  hence  a"  and  p"  axe  positive  integera. 

This  investigation  may  be  applied  to  any  corresponding  pair 
of  quantities  in  (1)  and  (2)  except  the  fiist  two  pairs;  it  (»nnot  be 

applied  to  these  because  two  convergenta  -  and  ^  are  aasniaed  to 
precede  the  convergent  ^, .     Bat  the  first  two  paii«  of  quantities 

in  (I)  and  (3),  namely  0  and  1,  and  a  and  r,  are  known  to  be 
positive  integers.  Thus  a^^  the  quantities  in  (1)  and  (3)  are 
l)ositive  integers. 

615.  The  greatest  term  in  (1)  is  a.  For  by  the  mode  of 
formation  of  the  series,  pp'=  N'—a';  since  p  and  p'  are  positive,  a** 
is  less  than  If,  and  therefore  a'  is  not  greater  than  a. 

616.  No  term  in  (2)  or  (3)  can  be  greater  than  2o.  For  by 
the  mode  of  formation  of  the  series,  a'  +  a"=p'j8';  and  since  neither 
a'  nor  a"  can  be  greater  than  a,  neither  p'  nor  j8'  can  be  greater 
than  2a. 

617.  If  p"=l,  Uieno'  =  o. 

For,  by  Art.  614,  a"  +  p"%?,,  therefore  if  p"=  1 
tt"+ a  fraction"^.  Now  S  is  a  nearer  approximation  to  ^If 
than  a  is,  and  a  is  less  than  ^A';  therefore  >  is  greater  than  a ; 
hence  «"  =  (». 

r..„ .,Gt)tH^lc 
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618.     If  any  term  in  (1),  excluding  the  first,  be  subtr&e!t«d 
(toia  a,  the  remainder  is  less  than  the  corre3[>oadiiig  term  in  (2). 

For,  by  Art  614,    ag  +  p'g  ^p';  therefore  ?  =  i-/-,-""^  : 

thei«fore  s^  —  a"  is  lesa  than  p";  therefore,  a  /ortiori,  a-a"  Ib  less 


This  demonstration  will  only  apply  to  the  third  or  any  fol- 
lowing term,  because  in  Art  614  it  is  suj^xised  that  two  terms 
a,  a'  precede  a".  The  theorem,  however,  holds  for  the  second 
t«rm,  as   is  obviouB  by  inspection,   for    a  —  a,    or   zero,  is  less 

619.  It  is  shewn  in  Arts.  615  and  616  that  the  values  of  the 
terms  in  (1)  and  (2)  cannot  exoeed  a  and  2a  respectively ;  hence 
the  name  values  must  recur  in  th3  two  series  ramultaneously,  and 
there  cannot  be  more  than  2a'  terms  in  each  series  before  this 
takes  place. 

620.  Let  the  series  (I)  be  denoted  by 

«1»   <»,.   «, <»--l.   »■.   f^m-a <»-i.   0«.  «.tl. 

and  let  a  similar  notation  be  used  for  (2)  and  (3).  "We  have 
proved  that  a  recurrence  tnuat  take  place,  suppose  tien  that  the 
terms  from  the  m"'  to  the  (n  —  1)"  inclusive  recur,  so  that 

K^K.       &.,.=i»,..       K.,=K^*. 


We  shall  shew  that 

TJVehave  r__,r„  =  ^— o„',         T',_ir,  =  JV— o,*, 
but  r^—T^,  and  o,  =  i»„;  therrforo  «'«-i='*"m_i' 

therefore  a,_,  —  (^,_,  =  (b,^  -  6^,)  *•__, ; 

therefore  -     _ 
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Bu^  by  Art.  618,  £»-o_-,  is  less  than  r^„  and  «-a,^, 
is  less  ihan.  r^„  so  that  a  —  a^i  is   less   than  r,^,;  therefore 

a    ,  —  a^,  is  less  thaa  7-__  ;  therefore  —^ — -^^  is  leas  thau  1. 

Comparing  this  with  the  former  result,  we  see  that  '  ^"^ 
must  be  zero ;  therefore  a,_,  —  a__,,  and  h^,  =  &„_|. 

Hence,  knowing  that  tlie  ni"  term  recurs,  we  can  infer  that 
the  (vt  —  l)^  term  also  recurs.  Tliia  demonstration  holds  as 
long  as  m  is  not  less  than  3 ;  for  it  depends  on  the  theorem 
established  in  Art.  618.     Hence  the  terms  recur  begiiming  with 

tie  complete  quotient  — . 

631.     The  last  quotient  will  always  be  2a. 


therefore  r,  =  1 ;  therefore,  by  Art,  617,  a,  =  a;  therefore  6,=  2a. 

623.     Every  periodic  contimud  fraction  ie  egval  to  ont  of  At 
roots  of  a  quadralie  eqiiation  vnth  rational  coeffioienli. 

T    .  1111 

Let  IB  =  OS  +  T ■=— ■  t 1 

b  + A  +  i  +  y' 

.  1111 


so  that  a,  b,  h,  k  are  the  quotients  which  do  not  recur,  and 

r,  a,  u,  V  are  those  which  recur  perpetually. 

Ijet  ^  be  the  convergent  formed  &om  the  quotients  a,  h, ... 

down  to  £  inclnuve;  and  let  £  be  the  convei^^ent  immediately 

preceding  ^ ;  then,  aa  in  Art  607, 

^.«^ (1), 


..(3). 
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Let  pn  be  die  convergent  formed  from  the  qnotiento  r,  », ... 
down  to  V  iucluslTe ;  and  let  ^  be  the  convergent  immediately 
preceding  ^ ;  then 

^'Qy^Q 

'Srom  (1)  and  (2)  by  eliminating  y  we  obtain  a  quadratic 
equation  in  x  witk  rational  ooefiicients.  To  obtain  x  we  must 
solve  this  equation  :  or  we  may  take  the  positive  value  of  y  found 
from  (2),  that  is,  from  Q'y* -i-{Q -P')y-P  =  0,  and  aubatitiite 
itin(l). 

623.  The  following  theorem  in  continued  fractions  may  be 
noticed. 

Let  5 —  — ; Ti  ^  tli6  development  of  a  proper 

0  +  C+  TO+Bi+m"  "^  r    )r~ 

P 

fraction  -^  ;  and  let  the  corresponding  series  of  convergentB  be 

b'    c6  +  l' q'    q"    i"    Q' 

then  the  development  of  ~  will  be 

_L  J-  J_  .LI. 

m"+m'  +m+ e+  b' 

that  is,  the  same  qtiotients  will  occur  but  in  the  reverse  order. 
For  Q  =  m"q"  +  q",  therefore  ^  =  j  ; 


4 

and  soon. 

J*        1        1       1  1 

Hence       -^  =  — ;; ; — 


.,  Goo(^  Ic 
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62i.     The  preceding  theorem  will  famish  an  addition  to  the 
i«8nltB  obtained  in  the  present  Chapter, 

Let  ^   and  ~  be   two  eucceBaive  convei^enta  to  JN,  such 


'7 


1  the  last  convergent  formed  before  the  quotients  r 


therefore  by  Arts.  6U  and  621,  p'-a^^q. 

Now  the  development  of  - — j-^,  that  is  of  -7—0,  will  be 

with  the  notation  of  Art.  620 

_L  _L  -L  _!_  -J—  J-  ■ 

6  +6,  +  6j+ ^.-»  +  ^— »  +  ^.-1 ' 

and  the  last  convergent  will  be  ^ — —.     But  we  have  just  seen 
that  q=p'-a^.    Hence  by  Art.  623 

6__^  =  J„    6._,  =  6,.    K-»^K 

625,     There  is  also  a  recurrence  of  the  same  temw  in  the 
reverse  order  with  respect  to  the  second  and  the  third  series  of 
Arts.  614  and  620,  like  that  whioh  has  just  been  demonstrated 
with  respect  to  the  first  series, 
"We  have  univereally 

r__^r.  =  iV-a."  (1),         «„-,  +  «»  ='-«-.6...  (2). 
Put  in  (1)  for  m  successively  the  values  2  and  n ;  thus 
r-r^  =  ^  -  0,',         ^^..r.  =  N-a'; 
we  know  that  a,  =  «.  for  each  =  a,  and  that  r,=r.  for  each  =1: 
therefore  »",  =  '',_|' 

Put  in  (2)  for  m  successively  the  values  3  and  n ;  thus 

wc  know  that  a  =a  ,  that  r^  =  r^_^,  and  that  5,  =  6,,|  '■  therefore 

Again,  put  in  (1)  for  m  successively  the  values  3  and  n—  1 : 
hence  we  obtain  r,  =  r^_^.  Put  in  (2)  for  m  successively  the  values 
i  and  n—  1  :  hence  we  obtain  0,=  a,_,.     And  so  on. 
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62C.  The  following  theorem  relating  to  continued  fraotiona 
was  communicated  to  the  present  writer  by  Mr  Bickard  of  Bir- 
mingham. The  dieorem  will  furnish  high  conyei^^ts  to  the 
Bquare  root  of  a  number  with  little  labour. 

Let  JT  be  a  positive  int(^^  which  ig  not  an  exact  square, 
and  let  the  convei^nte  to  ^Jf  be  supposed  formed  in  the  usual 
way;  let  <;  be  the  number  of  recurring  quotients  in  one  com- 
plete cycle,  or  aay  multiple  of  that  number ;  let  —  be  the  c* 
convergent,  and  —  the  (20)"  convergent ;  then  will 

?-      ^\3.       P.J 
Let  a  be  the  greateet  integer  in  JN,  and  let  the  quotients 
obtained  by  converting  ^^  into  a  continued  fraction  in  the  usual 
way,  be  denoted  by 

b^,b„b„...  b„b.„,b,„,...b„,... 
Then  from  Arts  630,  621  we  have 

b,  =  K^„  b,  =  b„„  b,  =  b.„ (I); 

also  6,«o,  b.^,=  2a (2). 

I*t  -^'  and  -^  be  the  convergenta  immediately  preceding 

and  following  ^:  then  5;±!  =  ^±i^^±^^ . 

Kow  ^/JT  diffcTH  from  ^-^'  in  this  inspect  j    instead  of  using 

tiie  quotient  6.^,  we  must  use  the  corresponding  eompUU  quolienl, 
which  is  a*-JN,  by  Art.  621. 

TTierefore 


multiply  up,  and  equate  the  rational  and  the  irrational  parts  j 
tbus 

ap,+p..i  =  !^q„    «y,  +  ?,,_i=J>.-' (3). 
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AffaJD.  —  diffem  from  ^^'  in  this  respect ;  instead  of 
nang  the  quotient  b,^i  we  must  use  the  oontinued  fraction 
6,^,+  T-;  and  this  continued  fraction  by  (1)  and  (2)  is 

equal  to  0  +  6,  +  , —  r,  that  is^  it  is  equal  to  «+^- 

Therefore 

'       "  ■*  P.* 


_Hk 


>*S' 


We  can  give  an  interesting  geometricid   illustration  of  the, 

theorem.     If  JV  denote  the  area  of  a  rectangle  and  —  be  taken  for 

one  side,  the  otter  aide  is  - — °.     Thus  —  is  equal  to  half  the  sum 

of  the  sides  of  this  rectangle.     Let  h  and  A  denote  the  sides  of  one 
rectangle ;  then  if  ^{h  +  k)  denote  a  side  of  another  rectangle  of 

the  same  area  the  other  side  vill  be  r-— .-  :  the  difference  of  these 
h  +  fe 

two  sides  -will  be  i_Z— L    -which  is  lees  than  h-k.     Now  in 
2  (A  +  *) 

seeking  J^  we  in  feet  desire  the  aide  of  a  square  of  which  the 

area  is  ff ;  and  the  present  theorem  may  be  considered  to  supply 

a  series  of  rectangle,  in  which  a  side  of  each  rectangle  is  half  the 

simi  of  the  sides  of  the  preceding  rectangle;  so  that  each  rectangle 

is  more  nearly  equilateral  than  the  preceding  rectangle :  and  the 

rectangles  tend  to  the  form  of  a  square.     This  illustration  has 

been  suggested  by  a  paper  entitled  The  Medangtdar  Theorem  by 

Henry  Brook. 

Suppose  for  an  example  that  A'=a'+1;  then  the  quotients  are. 

a,  2a,  2a,  2a, ...;   that  is,    the  cycle  of  recurring  qootients  re- 
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duces  to  the  single  quotient  2a.     lu  this  case  then  c  may  be  any 
whole  number  whatever. 

Suppose  for  another  example  that  Jf=a*—'i ;  then  the  quo- 
tients are  o-l,  1,  2(a-l),  I,  2(a-l),...;  thus  the  cycle  of 
recurring  quotients  consists  of  the  two  quotients  1  and  2  (a  -  1). 
Thus  in  the  above  theorem  a  may  be  any  even  whole  number, 
la  this  case  however  the  theorem  will  also  be  true  if  o  be  any 
odd  whole  number,  as  we  will  now  shew. 

Suppose  c  any  odd  whole  number.  Since  the  {o+  1)*  quotient 
is  unity  we  have 

P,*X=P.+P..X,       ?.+  i-?.+  ?.-i (i). 

And,  in  tiie  same  ntanner  as  equations  (3)  were  proved, 
we  have 

(a-l)iJ.„  +  p.=  ifj,+„         (a-l)q,*i  +  g.=p,*i (8). 

Now  ~  difiera  from  ^^  la  this  respect:  instead  of 
using  the  quotient  unity  we  must  use  the  continued  firaetion 

1+  g .  _,\'  T>  and  this  ooutJnued  fraction  is  equal  to 

,  that  is,  to  'f^  by  the  second  of  equations  (5). 


Thus  P!!=_2! =— %— ,  by  (4). 

From  equations  (5)  since  y=a'—l,  it  may  be  deduced  that 

(g-Dp.-t-ifg,  (a-l)q,*p, 

P">-       2{«-l)       '      ^'*'-      2(«-l)     • 

Substitute   these  values   in  tlio  last  expression  for  ^  anc 

it 

9  obtain  —  =     '■-'—     . 
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EXAUFLES  OF  CONTINUED   FRACnONS   FROU   (JUADHATIO  BtJBDS. 

Express  tlie  following  foorteeti  surds  as  continned  fiucUous, 
and  find  the  fiist  four  coavergents  to  each  : 
,      1.    V8.  2.    V(10)-  3.    J(U).  i.    V(17). 

6.    ^(19).        6.    V(26).  7.    ^(37).  8.    ^(46). 

9.     V(53).  10.    ^(101).  11.    V{a'  +  1). 

12.     ./{«'-l).  13.     V(a'  +  4  U.    ^(a'-a). 

15.  Find  the  8"*  convergent  to  ^(13). 

16.  Find  the  8*^  convergent  to  ^/(31). 

17.  Shew  that  the  9*  convei^sent  to  ,^(33)  will  give  the  true 
value  to  at  least  6  places  of  decimab. 

18.  Find  limits  of  the  error  when  -^  ia  taken  for  ^(23). 

19.  Shew  that   ^qT  differs  from  ^(23)  by  a  quantity  less 


21.     Find  limits  of  the  error  when  the  8'^  conveigent  is  taken 
for  V(3I). 


23.     Shen-  that 
/        1111 


'VQ- 


VAJ_JLA       \  =  ^ 

J\b  +  a  +  l>*a+ /      6" 

24.     Shew  that 

2a+J_  _L  J-^  =2jn  +  a'); 

a+  4a +0+40+  ^^  " 

ehew  tLat  the  second  convergent  difiers  from  the  true  value  by  a 
quantity  less  than  1  +  a  (4a'  +  1)  J  and  tbence  by  niHlring  a ^7, 

shew  that  ^  differs  from  ^2  by  a  quantity  leaa  tlian  ■  oi-jja  ■ 
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25.  Shew  that  the  3""  convergent  to  J{a*  +  a  -f-  1)  is  J  (2«  +  1). 

26.  Find  convergenta  to  -^  j  shew  that  ^^  exceeds  the  true 
value  by  a  quantity  leas  than  -^tk  ■ 

27.  Find  the  6"*  convergent  to      /(o)- 

28.  Hnd  the  6"  convergent  to  the  positive  root  of 

29.  Find  tlie  6"  convergent  to  each  root  of 

a:'-5a;+3  =  0. 

30.  Find  the  7*  convergent  to  the  greater  root  of 

2a:'-7a;  +  4  =  0. 


32.     Find  the  value  of  1  +  o"  2~  "■■ 
1111 


34.    Findthevalueof  l  +  Ji-^^J^^-!- 
2+3+l+2+3+l+ 
35.     Find  the  value  of  i-  ^  ,—  ^  ^  ^ 

3+2+1  +  3-1-2+1  + 

36.     Findthevalueof  2  +  J^^;^^i^~ 
l+  3+5+  1+6+  1+ 


XLVL    INDETERMINATE  EQUATIONS  OF  THE 
,  FIESr  DEGREE. 

627.  Wben  only  one  equation  is  given  involving  more  than 
one  variable,  we  can  generally  solve  the  equation  in  an  infinite 
number  of  ways  ;  for  example,  if  ax  +  fiy  =  c,  we  may  ascribe  any 
value  we  please  to  x,  and  then  determine  the  corresponding  value 
of  y. 
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Similarly,  if  tliere  be  any  number  of  equations  involving  more 
than  tb<3  same  number  of  variables,  tbero  will  be  an  infinite 
number  of  systems  of  solutions.  Such  equations  are  called  in- 
determinate equations. 

628.  In  some  cases,  hovever,  the  natwe  of  the  problem  may 
be  such,  that  we  only  want  tbose  solutions  in  which  the  variables 
have  positive  integral  values.  In  this  case  the  number  of  solutiona 
majf  be  limited,  as  we  HhiiU  see.  We  shall  proceed  then  to  some 
propositions  respecting  the  solution  of  indeterminate  equationa  in 
positive  integers. .  The  coefficients  and  constant  terms  in  these 
equatiouB  will  be  assumed  to  be  integers. 

Before  we  give  the  general  theory  we  will  shew  by  an  example 
how  such  equations  are  often  solved  in  practice. 

Bequired  to  find  corresponding  integral  values  of  a;  and  y  in 
the  equation  5a;-i-8y=37. 

Divide  the  given  equation  by  5,  the  least  coefBcient;  thus 

a!  +  y  +  -T-=7+  =  ,  ora!  +  y  —  7=  — ~- .    As  x  and  y  are  to  be  in- 

2-3y 
\agem  — ■= — must  be  aa  int^er;  denote  it  by;iso  that  2— 3i/=5p. 

Divide  by  3:    thus   ~-y=j'  +  -^,    or  j)+y=-   „    ■  ■     Hence 
2-2p 


3 


must  be  an  integer ;  denote  it  by  q,  so  that  2  —  2p  = 


Divide  by  2  :  thus  l—p  =  9  +  ^-     Hence  ^  must  be  an  int^rj 

denote  it  by  s,  so  that  q  =  2a.  Then  1  — p  =  2*  +  »,  so  that  p  =  1  -  Si- 
Then  2-3y  =  5p=5-15*,  BO  that  y  =  5«-l.  Then  5a!=37-8y 
=  45  -  40s,  so  that  a:  =  9  -  8s. 

We  have  then  y  =  5*  -  1  and  a;  =  0  —  8«  ;  and  if  we  ascribe  any 
'  integral  value  to  «  we  shall  obtain  corresponding  integral  values 
of  X  and  y  :  but  the  only  positive  integral  values  of  x  and  y  aie 
obtained  by  putting  c  =  I ;  then  y  =  4,  and  ai  —  1. 
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629.  NeUherofthe  equations  ax+by  =  c,  ax— b7=o  can  be 
solved  in  integers  if  a  and  h  have  a  divisor  tohich  doea  not 
divide  c. 

For,  if  possible,  suppose  that  either  of  the  equations  has  Buch 
a  solution ;  then  divide  both  sides  of  the  equation  by  the  common 
divisor ;  thus  the  lefl-hand  member  is  integral  and  the  right  band 
member  fractional,  vhich  is  impossible. 

It  a,  I,  e  have  any  common  divisor,  it  may  be  removed  by 
division,  so  that  we  shall  in  future  suppose  that  a  and  6  have  no 
common  divisor. 

630.  Given  one  scduHon  ^  ax  —  by  =  o  in  positive  integers,  to 
fmd  the  genenU  solution. 

Suppose  11!  =  o,  y  =  ^  is  one  solution  oi  ax-by  =  c,  bo  that 
na  —  6^ = c.     By  subtraction 

o(a!-a)-6(y-)3)  =  0;    tiierefbre  |  =  ?^ , 

Since  ^  is  in  its  lowest  term^  and  x  and  y  are  to  have 
integral  values,  we  must  have  (as  will  be  shewn  in  tibe  Chapter  on 
the  Theory  of  lumbers), 

x~a^bl,         y~^~at, 
where  I  is  an  integer ;  therefore 

a!  =  a  +  6(,         y  =  p  +  at. 

Hence  if  one  solution  is  known,  we  may  by  ascribing  to  t  dif- 
ferent positive  int^ral  values,  obtain  as  many  solutions  as  we 
please.  We  may  also  give  to  I  such  n^ative  integral  values  as 
make  U  and  at  numerically  less  than  a  and  P  respectively. 

We  shall  now  shew  that  one  solution  can  always  be  found. 

631.  A  solution  of  the  equatwn  ex. '\ty  =  e  in  positive  integers 
can  altoays  be  found. 

Let  r  be  converted  into  a  continued  fraction,  and  the  succes- 
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sive  convergents  formed;    let  -  be  the  convei^eat  immediately 
preceding;;  iheiaaq  —  bp  =  *l. 

First  mppose  aq  —  hp  =  l,  therefore  aqc  -  bpc  ~  &  Heace 
x=ye,  y-pcis  a  Bolution  o(  ax-by  =  e. 

Neit  suppose  05  -  6p  =  - 1,  then  a(b  —  3)  -  h{a  -p)  =  1 ;  ihere- 
fore  a{b  —  g)e  —  b{a-p)c  =  o.  Hence  x  =  {b-q}o,  y  =  (a— p)o 
is  a  solution  ot  ax-by  =  e. 

If  a  =  l,  the  preceding  method  is  inapplicable;  in  this  casa 
tiie  equation  becomes  x~by  =  c',  wo  can  obtain  solutions  ob- 
viously by  giving  to  y  any  positive  integral  value,  and  then 
making  11;= c  + 6^     Similarly  if  6  =  1. 

633.  Given  one  eoltUion  of  the  equation  ax.|-byc  in  poattite 
integers,  to  find  the  general  eolvtion. 

Suppose  that  x  =  a,  y-/3  is  one  solution  of  ax  +  by  =  c,  ao 
that  aa*b^  =  c.     By  subtraction, 

o{ii:-o)+J(y-y3)  =  0;   therefore  ?=^£^- 
Since  :  is  in  its  lowest  terms  and  te  and  t/  are  to  have  inte- 
gral values,  we  must  have 

a:-a  =  6(,  p-y  =  at, 

where  t  is  an  integer;  therefore 

x^a  +  ht,  y  =  P-{U. 

633.  It  may  happen  that  there  is  no  such  solution  of  the 
equation  ax-t-b}f=e.  For  example,  if  e  is  less  than  a*b,  it  is 
impossible  that  c^^ax  +  by  for  positive  integral  values  of  x  and  y, 
excluding  ««ro  values. 

By  tho  following  method  we  can  find  a  solution  when  one 
exists.  Let  v  ba  converted  into  a  continued  fraction,  and  let  ^ 
be  the  conrergent  immediatdy  preceding  ^ ;  ^«D.aq-hp  =  ^\. 
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Firat  suppose  aq~bp  =  \,    then   aqc—bpe  =  c ;  conibine  this 
with  ax  +  f»/  =  e;   therefore   a(?c— a;) -6(yc  +  y)»0;   therefore 
qe—x=bt,  pe-¥y  =  fU,  where  t  ia  some  integer.     Hence 
x  =  qe~l)l,  y  =  at-pe. 

Solutions  will  be  found  by  giving  to   ^  if  possible,  posiliYe 
integral  values  greater  than  ^  and  less  than  ~ , 

Next  suppose  aq  —  bp  =  —  l,  then  aqc  —  bpe=  —  e;  combine  this 
with  ax+by^  c,  therefore  a  {x  +  gc)  —  6  (pe  —  y)  =  0.     Heflce 
x  =  bt—qa,  y=pe  —  at. 

Solutions  will  be  found  by  giving  to  f,  if  possible,  positive 
integral  values  greater  than  -r  ^ud  less  than  —  . 

634.     To  find  the  nurnier  of  solutions  in  positive  integers  of  Out 
equation  ax  -t-  by  =  c. 

Let  r   be   converted   into   a  continued    fractiou,   and   let   ~ 
6  '  q 

be  the  convergent  immediately  preceding  ^  ;  then  ay  -  6p  =  *  1. 

Suppose  aj  -  6p  =  1. 

Then  by  the  preceding  Article, 

x^  qe~bl,         y  =  at~pc. 

I.     Suppose  -  and  r  not  to  be  integers, 

L.I  f -•"+/.        f-"+J. 

where  to  and  n  are  integers,  ajidyand  g  are  proper  fiwitJons. 

Then  the  least  admissible  value  oil  is  m*\,  and  the  greatest 

is  n;  thus  the  number  of  solutiona  is  »-/«,  that  is,  ^ +f—gt 

integer  it  must 

be  the  nearest  intt^r  to  -x,  superior  or  inferior  according  as 
for  g  is  the  greater.  ,-•  i 
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n.     Suppose  -  an  integer. 

Then  J'=0;  thus  'when  l  =  m  the  value  of  ^  is  sxro.  If  we 
indwU  this  solution   the  number  of  solutions  is  equal  to  the 

greatest  int^er  in  -7  +  1  j  if  we  exdade  this  solution  the  number 

of  BolutionB  is  equal  to  the  greatest  integer  in  ~i . 

in.     Suppose  r  an  integer. 

Then  ff  =  0  j  thus  when  ( c  «  the  value  of  a;  is  xero.  If  ira 
indude  this  solution  ihe  number  of  solutions  is  equal  to  the 

greatest  integer  in  -r  -f  1 ;  if  we  exdude  this  solntdon  the  number 
of  eolntions  is  equal  to  the  greatest  integer  in  -r  ■ 

IV.     Suppose  -  and  r  to  be  integers. 

Then  /=  0,  and  j  =  0 ;  thus  when  (  =  j»  the  value  of  y  is  zero, 
and  when  t  =  n  the  value  of  a;  is  eero.  If  we  include  these  solu- 
tions the  number  of  solutiona  is  equal  to  -y  + 1 ;  if  we  exdude 
these  solutions  the  number  of  solutiona  is  -r  —  1. 

Thus  the  number  of  solutiona  is  determined  in  every  case. 

Similar  results   will    be    obtained    on    the    supposition  that 

635.  To  solve  the  equation  ax-*-by  +  ez  =  d  in  positive  inte- 
gers we  may  proceed  thus  :  write  it  in  the  form  ax+by  =  d-~et, 
titen  ascribe  to  e  in  succession  the  values  1,  2,  3, and  de- 
termine in  each  case  the  values  of  x  and  y  by  the  preceding 
Articles. 

636.  Suppose  we  have  the  simultaneous  equations 

aai*by  +  csc  =  d,  a'x  +  b'y  +  e'z  =  df; 

«Uminftte  one  of  the  variables,  »  for  examp^  we  thus  obttun  an 
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equation  connectuig  the  other  two  variables,  Ax^  By  =  C,  sup- 
pose. Now  if  A  and  £  contain  no  common  factors  except  suoh  as 
are  also  contained  in  C,  hj  proceeding  as  in  the  preTioiia  Articles, 
we  may  obtain 

x^a+Bl,  y  =  0-At. 

Substitute  these  values  in  one  of  the  given  equations,  w%  thus 
obtain  an   equation    connecting   t   and   z,  which  we  may  vrite 
A't  +  B'z  —  C.     From  this,  if -J'  and  B'  contain  no  common  fiictors 
except  such  as  are  also  contained  in  C,  we  may  obtain 
£  =  a'  +  ^C,  x^^-A'f. 

Substitute  the  value  of  t  in  the  expressions  found  for  x  and  y ; 
thus 

as  =  a  +  {u.'  +  m')B,  y  =  p-{<x'-\-B'tr)A, 

or  «  =  a  +  -Ba'  +  BB't',  y  =  p-~a'A~  AB't'. 

Hence  we  obtain  for  each  of  the  variables  ic,  y,  an  expression 
of  the  same  form  as  that  already  obtained  for  s. 

EXAMPLES  OP  raDETKEMIHATE  EQUATI0K8. 

Solve  the  following  six  equations  in  positive  integers  ; 

1.      8a!  +  65y  =  81.  2.     ira!-i-23y=  183. 

3.     19*+    5y  =  l]9.  4.       7a!-l-10y  =  297. 

5.       3a;+    7y  =  250.  6.     13a;+ 19y-n70. 

Find  the  general  integral  values  in  each  of  the  following  four 
equations,  and  the  least  values  of  k  and  y  which  satisfy  each : 

7.      7a!-9y  =  29.  8.       9x-lly^8. 

9.     19a!-£'y  =  119.  10.     17a;-49y  +  8  =  0. 

11.  Pind  in  how  many  ways  jfiffOO  can  be  paid  in  guineas  and 
five-pound  notes. 

12.  Find  in  how  many  ways  £100  can  be  paid  in  guineas  and 

13.  Find  in  how  many  ways  £100  can  be  paid  in  half-guineas 
and  sovereigns. 
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11.  Find  in  how  many  ways  19s.  Gd.  can  be  paid  in  florins 
and  half-crowns. 

15.  Find  in  how  many  ways  £33.  38.  Gd.  can  .be  paid  with. 
French  five-lranc  pieces,  value  4s.  each,  and  Turkish  dollars,  value 
3«.  ed.  each. 

16.  If  there  were  coins  of  7  shillings  and  of  17  shillings,  find 
in  how  many  ways  £30  could  be  paid  by  means  of  them. 

17.  Find  the  simplest  way  for  a  person  who  has  only  guineas 
to  pay  10«.  6d.  to  another  who  has  only  half-crowns. 

18.  SuppMing  a  sovereign  equal  to  25  francs,  find  how  a  debt 
of  a  shillings  can  be  most  simply  paid  by  giving  sovereigns  and 
receiving  francs. 

19.  Divide  200  into  two  parts,  snch  that  if  one  of  them  be 
divided  by  6  and  the  other  by  11,  the  respective  remainders  may 
be  5  and  i. 

20.  Find  how  many  crowns  and  half-crowns,  whose  diameters 
'  are  respectively  '61  and  '666  of  an  inch,  may  be  placed  in  a  row 

together,  so  as  to  make  a  yard  in  length. 

21.  Find  »  positive  integers'in  arithmetical  progression  whose 
sum  shall  be  n' :  shew  that  there  are  two  solutions  when  n  is  odd. 

22.  Find  the  least  munber  which  divided  by  28  leaves  a 
remainder  21,  and  divided  by  19  leaves  a  remainder  17. 

23.  Find  the  general  form  of  the  numbers  which  divided  by 
3,  5,  7,  have  remainders  2,  i,  6,  respectively. 

24.  Find  the  least  number  which  being  divided  by  28,  19,  and 
15,  leaves  remainders  13,  2,  and  7. 

23.     Solve  in  positive  integers  17a:  +  23y-K3«=.200. 

26.  Find  aH  the  positive  integral  solutions  of  the  simul- 
taneous equations  5a;  +  4y -i-a  =  272,  8x  +  9ff  +  Sz=656. 

27.  Find  in  how  many  ways  a  person  can  pay  a  sum  of  £15 
in  half-crowns,  shillings,  and  sixpences,  so  that  the  number  of. 
shillings  and  sixpenees  together  shall  equal  the  number  of  half- 
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28.  Find  in  bow  man;  different  ways  tlie  sam  of  £i.  16«. 
can  be  paid  in  guineas,  crowns,  and  shillings,  so  that  the  numbei 
of  coins  used  sluiU  be  exactly  16. 

29.  Find  how  £2.  i».  can  be  paid  in  crowns,  half-crowns,  and 
florins,  if  there  be  as  many  crowns  used  as  half-crowns  and  florins 
together. 

30.  The  difference  between  a  certain  midtiple  of  ten  and  the 
snm  of  its  digits  is  99  :  £nd  it 

31.  The  same  number  is  represented  in  the  undenary  and 
septenary  scales  by  the  same  three  digits,  the  order  in  the  scales' 
being  reversed  and  Uie  middle  digit  being  zero  :  find  the  number. 

32.  A  number  consists  of  three  digits  which  together  make 
up  20  J  if  16  be  taken  Irom  it  and  the  remainder  divided  by  "2 
the  digits  will  be  reveraed :  find  the  number. 

33.  Find  a  number  of  four  digits  in  the  denary  scale,  such  - 
that  if  the  first  and  last  digits  be  interchanged,  the  result  is  the 
same  number  expressed  in  the  nonary  scale.  Shew  that  tliere  is 
only  one  solution, 

31.  A  farmer  buys  oxen,  sheep,  and  ducks.  The  whole 
number  bought  is  100,  and  the  whole  sum  paid  =  ^100.  Sup- 
posing the  oxen  to  cost  £5,  the  sheep  £1,  and  the  ducks  Is.  per 
head ;  find  what  number  he  bought  of  each.  Of  how  many  solu- 
tions does  the  problem  admiti 

35.  Find  three  proper  fractions  in  Arithmetical  Progre^on 
whose  denominators  shall  be  6,  9,  18,  and  whose  sum  shall  be  2|. 

36.  Three  bells  commenced  tolling  simultaneously,  and  tolled 
at  intervals  of  25,  29,. 33  seconds  respectively.  In  less  than  half 
an  hour  the  first  ceased,  and  the  second  and  third  tolled  18 
seconds  and  21  seconds  respectively  after  the  cessation  of  the 
fiist  and  then  ceased ;  how  many  times  did  each  bell  toll  1 

37.  Two  rods  each  e  inches  long,  and  divided  into  m,  n  equal 
parts  respectively,  where  m  and  n  have  no  common  measure 
greater  than  unity,  are  placed  in  longitudinal  contact  witlt  their 
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ends  c<»ncident    Fiove  that  no  two  divisiona  are  at  a  lees  distance 

than  —  inchos,  and  that  two  pairs  of  divisions  are  at  this  distance. 

If  m  =  250  and  n  =  243,  find  those  diviatona  which  are  at  the  least 

distance. 

38.  There  are  three  bookshelves  each  of  which  will  cany 
20  books ;  when  books  are  composed  of  3  sets  of  5  volumes  each, 
6  of  i,  and  7  of  3,  find  how  they  must  be  distributed,  so  that  no 
set  is  divided. 

3d.  Determine  the  greatest  sum  of  money  that  can  be  paid  in 
10  different  ways  and  no  more,  iH  half-crowns  and  shillings; 
allowing  a  zero  number  of  half-crowns  or  of  shillings. 

40.  Determine  the  greatest  sum  of  money  that  can  be  pud 
in  10  difierent  ways  and  no  more,  in  half-crowns  and  shillings ; 
escluding  a  zero  number  of  half-crowns  or  of  shillings. 

XLVII.    INDETERMINATE  EQUATIONS  OF  A 
DEGREE  HIGHER  THAN  THE  FIRST. 

637,  The  solution  in  positive  integers  of  indeterminate  equa- 
tions of  a  degree  higher  than  the  first  is  a  subject  of  some  com- 
plexity and  of  little  practical  importance  j  we  shall  therefore  only 
give  a  few  miscellaneous  propositions. 

63S.     To  solve  inpogUive  integers  the  equation 

mxy  +  naf+px  +  qi/  =  r. 

This  equation  contains  only  one  of  the  squares  of  the  variables,  and 

it  can  always  be  solved  in  the  manner  indicat«d  in  the  following 

extanple.     Required  to  solve  in  positive  integers  the  equation 

Zxy  +  2ii?  =  5j/  +  ix  +  5. 

~2i>?  +  ix  +  5 


Here  y  (Sx~  5)  =  -  iif  +  ix  +  5  ;  therefore  y  = 
let  3a!=«;  therefore   9y 
therefore  9y : 


3a!- 6 
2«'-i-12s-h45       „      „      55 
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Since  x  and  y  axe  to  have  int^nil  values  Zx—5  must  be  a 
divisor  of  55,  and  from  this  condition  we  can  find  b;  trial  tlie 
values  of  X,  and  then  deduce  those  of  y.  The  only  cases  for 
examination  are  the  following : 

3a!-5  =  J=55,  3a!-5=ill, 

3a;-5  =  ±5,  3a;-5=*l, 

Out  of  these  caaes  only  the  following  give  a  positive  integral 
value  to  x: 

3a;  — 5  =  55,  therefore  ic  =  20j 
3j;  —  5  =  1,     therefore  x-2. 
When  x=20  we  do  not  obtain  a  positive  intc^^  value  for  y  ; 
when  x  =  2  ve  have  y  ~  5  ;  this  is  therefore  tlie  only  solution  of 
the  proposed  equation  in  positive  integers. 

639.  The  equation  a^  — JVy'  =  l  can  always  be  solved  in 
integers  when  JIT  is  a  whole  number  and  not  a  perfect  square. 
For  in  the  process  of  convei-ting  ^JV  into  a  eontimied  fraction 
we  arrive  at  the  following  equation  (see  Art  614), 

p"ip<l'-p'q)  =  g^'.N'~p"; 
and  at  the  end  of   ajiy  complete  period  of  quotients   p"  =  \ 
(Art.  621) ;  thus 

Suppose  now  that  the  number  of  the  recurring  quotients  is  even,, 

th^i  ^  is  always  an  eeen,  convergent,  and  is  therefore  greater  than 

JN,  and  so  greater  than  - .     Hence  p'q  -<fp  =  \,  and  we  have 

—  \=q"S^—p'';   so  that  p"— Ay=l.     Hence   we  obtain  solu- 
tions of  the  proposed  equation  by  putting  x  =p'  and  y  =  ^,  where 

--,  is  any  oonvei^ent  just  preceding  that  formed  with  the  quo- 
tient 2a, 

If  ext  suppose  that  the  number  of  the  recuning  quotients  is  odd; 
1  odd  convergent^ 
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when  next  ji"=  1  the  conTergeut  ^  is  an  even  conTergent,  and 

BO  on.  Hence  aolutiona  can  be  obtained  by  restricting  ontselvas 
to  even  conveigenta  occurring  juat  before  those  formed  with  the 
quotient  So. 

610.     If  the  number   of  recurring  quotients  obtained  from 

jy  be  odd,  then,  as  appears  in  the  preceding  Article  if  ^  be 

any  odd  convergent  immediately  preceding  that  formed  with 
the  quotient  2a,  we  have  p^ - p'q  =^ ^N - p",  and  p^-p'q=  1 ; 
tbits  we  obtain  in  this  case  solutions  in  integers  of  the  equation 

641.  The  equation  t^-N%^  =  ^a'  by  putting  x^aaf  and 
y  =  oy  becomes  a^ - Np"  =  ^l,  which  we  have  considered  in 
the  preceding  Articles, 

6i2.  ThereIationp"(yg''-p'5)=g'"JP-p'',  that  iB,*p"-^N—p'*, 
will  give  Bolntiona  of  the  equation  a?  -  Ny^  r^  *  c  in  some  cases 
in  which  c  is  different  from  unity.  The  method  will  be  aimilar 
to  that  given  in  Arts.  639  and  640. 

643,  K  one  solution  in  integers  of  the  equation  ib*  -  Ify'  =  1 
be  known,  we  may  obtain  an  unlimited  number  of  such  solutions. 
For    suppose  x  =  p  and  y  =  j   to  be   such   a  solution,   so   that 

p^^^f^l  ;  then{p-g^Jr)(p  +  y^A^  =  l;  therefore 

{p-qJNr{p+qJNY  =  l  =  {x-yJN){x  +  yJN), 
by  supposition.     Put  then 

x-yJN^ip-qJN)',    x  +  yjlf=ip  +  qj]:rc, 

thus  ="  =  \[{l>^qj^-  +  {p-qjyi\. 


these  ' 
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644,  SimilEbrly,  if  one  solution  in  integers  of  iite  equation 
af—Ny'  =  ~l  be  known,  we  may  obtain  an  unlimited  number 
of  auch  solutions.  For  suppose  x=p  and  3/ =  5  to  be  such  a 
solution,  then  (p-qsJS")  (jt  +  q  JN)  =  ~\.  Now  take  n  any 
Otid  integer ;  then 

=  (*  -  y  J^)  (?  +  y  -J^),  by  supposition. 
Then  we  proceed  as  in  Art.  643. 

645.  If  one  solution  in  integers  of  the  equation  3?  —  Ny'=  a 
be  known,  we  may  obtain  an  imlimited  number  of  such  solutions. 
For  auppoee  x  =p  and  y  =  y  to  be  such  a  solution,  and  let  a:  =  m 
and  y  =  n  be  a  solution  of  aj*  —  iVy*  =  1  j  then  the  equation 
jc"  —  Tfy'  =  a  may  be  written 

*■  -  iV/ =  (p' -  JIV)  (m*  -  An*) 

we  may  therefore  take  a;  =  7>ni'-''^^  y—pn^qm. 

BZAUFLE9  OF  IHDETERMINATB  EQUATIONS, 

1.  Solve  in  positive  integers  Zxy  —  4y  +  3^;  =  1 4. 

2.  Solve  in  positive  integers  xy  +  x'—ix  +  Zy*  29. 

3.  Find  a  solution  in  positive  integers  of  a^—  13y'  =  — 1. 

4.  Find  a  solution  in  positive  integers  of  a:'  —  lOly*  =  -  1, 

6.  Shew  how  to  find  series  of  numbers  which  shall  be  at  the 
same  time  of  the  two  fonns  n*  —  1  and  lOfn',  and  find  the  value 
of  the  smallest. 

6.  A  gentleman  being  asked  the  size  of  his  paddock  an- 
swered, "  between  one  and  two  roods ;  also  were  it  smaller  by 
3  square  .yards,  it  would  be  a  square  number  of  square  yards,  and 
if  my  brothei^s  paddock,  which  is  a  square  number  of  square 
yards,  were  larger  by  one  square  yard,  it  would  be  exactly  half 
as  largo  as  mine."    Find  the  size  of  his  paddocks 

L._,-..,cx.:,Qoo^<: 
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7.  Find  a  vliole  uomber  whicli  is  greater  than  three  times 
the  integral  part  of  its  square  root  by  unity :  shev  that  there  are 
tvo  solutions  of  the  problem  and  no  more. 

8.  Shew  that  the  number  of  solutions  in  positive  integers  of 
j^  +  ax'-b  ia  limited  when  a  is  positive. 

9.  Find  all  the  solutions  in  positive  integers  of 

33^-21(3/  + Tie"  =27. 

10.  Find  all  the  solutions  in  positive  integers  of 

Saj"- 903^  +  7/=  38. 

11.  Find  a  general  form  for  solutions  in  positive  integers 
of  «*  —  2$t/'  =  1,  having  given  the  solution  x  =  2i  and  ^  =  5, 

12.  Find  a  general  form  for  solutions  in  positive  integers 
of  a*  —  2y'  =  7,  having  given  the  solution  a;  =  3  and  y  =  1. 

XLVIir.     PARTIAL  FRACTIONS  AND   INDETERMI- 
NATE COEFFICIENTS. 

646.  An  algebrdcal  fraction  may  be  sometimes  decomposed 
into  the  sum  of  two  or  more  simpler  fraotions ;  for  example, 


iB'-3a:  +  2  x~l  x-2' 
The  general  theory  of  the  decomposition  of  a  fiaotion  into 
simpler  iraotions,  called  partial  Jraationg,  is  given  in  treatises  on 
the  Theory  of  Equations  and  on  the  Integral  Calculus,  (See 
Theory  ef  Hqualions,  Chap,  ixrv.,  Integral  Cal<!ulus,  Chap.  11.) 
We  shall  here  only  consider  a  simple  case. 

647.    Let  ; r-T — — ™-, ,  be  a  fi-action,  the  denominator 

{x~n.){x~P){x~y) 

of  which  is  composed  of  three  different  factors  of  the  first  degree 
with  respect  to  x,  and  the  numerator  is  of  a  degree  not  higher 
than  the  second  with  respect  to  x;  this  fraction  can  be  decom- 
posed into  three  simple  fractions,  which  have  for  their  denomina- 
tors reepectively  the  factors  of  the  denominator  of  the  proposed 
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fi'action,  and  for  tbeir  numerators  certain  quantities  independent 
of  X.     To  prove  this,  aasunie 

aa^  +  hxA-c  A  3  C 

(x~a){x~p)(^-y)-  ^-a*  x-li*  x-y' 
wliere  A,  B,  0  blk  at  present  imdetennined ;  we  have  then  to 
sliew  that  such  constant  values  can  be  found  fot  d,  B  and  C,  as 
will  make  the  above  equation  an  identity,  that  is,  true  whatever 
may  be  the  value  of  x.  Multiply  by  (x—'a)  (x  —  fi)  {x~  y);  then 
all  that  we  require  is  that  the  following  shall  be  an  identity, 
ai^*l>x-i-e  =  A{x-P){x-y)-\-B{x^a){x-y)  +  G{x-a){x-^; 
this  will  be  secured  if  we  arrange  the  terms  on  the  right  hand 
according  to  powers  of  x,  and  equate  the  coefficient  of  each  power 
to  the  corresponding  coefficient  on  the  left  hand;  we  shall  thus 
obtain  three  simple  equations  for  determining  A,  B  and  C. 

648,  The  method  of  the  preceding  Article  may  be  applied  to 
any  fraction,  the  denominator  of  which  is  the  pvAvtCt  of  different 
simple  factors,  and  the  numerator  of  lower  dimensions  than  the 
denominator. 

The  preceding  Article  however  is  not  quite  satisfactory,  because 
we  do  not  shew  that  the  final  equations  which 'we  obtain  are  in- 
dependent and  consiatent.  But  as  we  shall  only  have  to  apply  the 
method  to  simple  examples,  where  the  results  may  be  easily 
verified,  we  shall  not  devote  any  more  space  to  the  subject,  but 
refer  the  student  to  the  Theory  of  Equations  and  the  Integral 
CdUvIue. 

2a:- 3 

6i9.     Suppose  we  have  to   develop     ,^  a s  ^J*  *  aenea 

proceeding  according  to  ascending  powers  of  x ;  there  are  various 
methods  which  may  be  adopted.  "We  may  proceed  by  ordinary 
algebraical  division,  writing  the  divisor  in  the  order  2  —  .^  +  as* 
and   the  dividend   in  tlie  order  —  3  -)-  2x,     Or  wo  may  develop 

-J — ,c-—a  V  writing  it  in  the  form  («'- 3a!  +  2)"',  and  finding 

the  coefficients  of  tlio  successive  powers  of  x  by  the  multinomial 
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theoi^a ;   -we  muBt  then  multiply  the  result  by  2a;  -  3.     It  is 
hovever  more  conTenient  to  decompoee  the  fi:actioii  into  partial 
fractkma  and  then  to  develop  each  of  these.    Thus 
2x-3  1111 


:^-3xt2-x 

-1  '»- 

-2       l-a: 

2-«' 

-i^«=-c-")-= 

-{-" 

!  +  «:■  +  «"  +  .. 

,*•/•  +  ...], 

-^=-K-r=- 

-M-: 

4- 

....}. 

Hence  the  required  a 

eriea  for 

>i'-3a!  +  2 

haa  for  its  general 

650.  Witiioat  actually  developing  such  an  expression  as  the 
above,  we  may  ahew  that  the  aucceasive  coefficients  will  be  con- 
nected by  a  certain  relation ;  before  we  can  ahew  this  it  will  be 

necessary  to  estab^ah  a  general  property  of  series. 

651.  If  the   aeries  ag  +  a^x  +  a^+a^'+  ia   always 

equal  to  zero  whatever  may  be  the  value  of  x,  the  eoefficienta 

**•'  **!'  **•>  *»» muat  each  separately  be  equal  to  zero.     For 

aince  the  aeriea  ia  to  be  zero  vjhaUv&r  may  be  the  value  qf  x, 
we  may  put  x^O ;  thus  the  aeriea  reducea  to  a^,  which,  muat 
^erefore  itself  be  zero.  Hence  removing  thia  term  we  have 
ltfX+aj:^+a^+...  always  zero  j  divide  by  a,  then  a,+a^+a^+  ... 
is  always  zero.  Hence,  as  before^  we  infer  that  Oj  =  0.  Proceeding 
in  this  way,  the  theorem  ia  establiahed. 

If  the  seriea       a,  +  a^x  +  a^  +  a^af  + 

and  A^  +AjX  +A^+  A^+ 

are  always  equal  whatever  may  be  the  value  of  U,  then 

a.-^„  + (a,- J,)«  + (a,- J.)  «;»+..,... 

Is  always  zero  whatever  may  be  the  value  of  x;  hence  we  infer  that 

o,-i,  =  0,        o,~J,  =  0,        o,-J,  =  0,  ......  J 
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that  IB,  the  coeffici^its  of  like  powers  of  »  in  the  two  aetwa 
are  equal 

The  theorem  here  given  ia  sometimes  quoted  as  the  Principle 
0/ IndeferminaU  Coe0cienta;  we  assumed  its  truth  in  Arts.  626, 
5i2,  and  0i». 

652.  The  demonstration  of  the  preceding  Article  ia  that 
which  has  been  usually  given  in  elementary  works  on  Algebraj 
there  is  however  a  difScutty  in  it  which  requires  examination. 

"We  confine  ourselves  to  the  theorem  that  if  the  aeries 
a„  +  a^x  +  a^  +  ...  is  always  equal  to  zero,  each  coefficient  must  be 
equal  to  zero;  the  theorem  in  the  latter  part  of  the  Article  follows 
&om  this. 

When  we  say  that  the  series  is  always  equal  to  zero  we  mean 
that  it  ia  equal  to  zero  for  all  such  values  of  x  as  make  the  series 
amvergent;  for  of  courso  a  divergent  series  cannot  be  said  to 

vanish. 

In  the  demonstration  we  shew  that  a,x  +  aj>^  +  a^'+... 
is  always  zetoj  that  is  xS,  is  always  zero,  where  5,  stands  for 
a^  +  a^  +  aje*  +  ...  Hence  if  x  is  not  zero  S^  must  be  zero; 
but  if  a;  is  zero  xS,  vanishes  whatever  finite  value  S^  may  have : 
thus  iu  foot  we  ought  not  to  assume  that  S,  is  zero  when  x  is 
zero,  and  so  the  result  a,  =  0  is  not  strictly  demonstrated.  This 
is  the  difficulty  we  have  to  examine. 

"We  have  S^  =  a^  +  xS,  where  S^  stands  for  a^  +  a^  +  a^  +  . . . ; 
Bad  although  we  are  not  justified  in  saying  that  .S',  ia  zeiu  when  x 
ia  zero,  yet  we  may  say  that  S^  is  £ero  however  small  x  may  be 
Since  the  original  series  is  supposed  to  be  oonvei^gent  <$,  is  also  a 
couveigent  series,  and  therefore  it  will  not  increase  beyond  some 
fixed  value  when  x  is  made  small  enongh ;  and  therefore  by  making 
d!  small  enough  i^^  may  be  made  as  small  as  we  please :  hence  a, 
must  be  zero,  for  if  a,  were  not  4Gro  we  could  not  have  S^  lero 
however  small  a:  might  be,  r-         1 
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Thus  the  result  o,  =  0  foUows  strictly  if  .S,  ia  convergent  -when 
X  ia  made  as  small  as  ve  please.  In  like  nuumer  the  result  a,  =  0 
follows  strictly  if  •S',  is  convergent  -when  x  ia  made  as  small  as  we 
please,  where  S,  stands  for  a,  +  a,x  +  a^x'  +  ...  Ajid  so  on. 

Bince  the  original  seriee  is  supposed  to  be  convergent  the 
series  ^i,  S^,  ...  are  convergent,  when  x  is  made  as  small  as  we 
please;  and  so  the  theorem  of  the  preceding  Article  holds, 

653.     Suppose    that    the    series    u,  +  u,x  +  u^ ->- u.x*  + 

represents  the  development  of  = — -^;  then 

a  +  bx  =  {l  -  pa!  -  ja:^  (w,  +  u,a!  +  u^  +  M^  + ). 

If  n  be  greater  than  1,  the  coefficient  of  o^  on  the  right-hand 
side  is  u_,— pi(._, ~gu._,;   hence  since   there  is  no  power  of  x 
•  hif^er  than  the  first  on  the   left-hand  side,  we  must  have  by 
Art  651,  for  every  value  of  n  greater  than  1, 

«.  -  pi*.-i  -  S""^!  =  0. 
And  by  comparing  the  first  and  second  terms  on  pat^  side, 

the  last  two  equations  determine  u,  and  u^,  and  then  the  previoui 

equation  vill  determine  u,,  u,,  u„ by  malting  successively 

»  =  2,  3,  4, 

EXAMPLES  OF  FABTIAL   FRACTIOKB  AXD  mDETERMIKATB 
COBPFICIBNTS. 

Expand  each  of  the  following  seven  expressions  in  ascending 
[wwers  of  x,  and  give  the  general  term : 

1       J-^  9.       5 -10a;  3x-2 

~3-2x-         ^-     a-aj-a*-'  (a:-l)(a;-2)(a:-3)- 

<p  1  R  ^  ftf 
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Expand  eocli  of  the  following  five  expressions  in  ascending 
powers  of  X  as  far  as  five  terms,  and  write  down  the  relation 
which  connects  the  coefficients  of  consecutive  terms: 


11.    _, — ^_^.  12. 


1 


l-pjl  +  px'-X'' 

13.     Sam  the  following  series  to  n  terms  hj  separating  each 
term  into  partial  factions : 


{1  +«)(!  +  ax)     (l-f-ax)  (l-t-a'x)  ^  (l  +  a'x)  (1  +  a'x)      

14.  Sum  in  a  similar  manner  the  following  series  to  n  terms : 
-('--) + a.(l-a'x) 

{I  +  «)  (1  +  ax)  {\  +  a'x)      (1  +  ew)  (1  +  a'x)  (1  +  a'x)     

15.  Determine    a,  b,  e,  d,  e,    so    that  the  n"*  term  in  the 

.a  +  bx  +  Cl^  +  da^  +  ex*  .         ,  ._, 

expansion  of —-    ---.j may  be  nar    . 


16.     Shew  how  to  decompose  - 


{x-a){x-b)(^-c)... 
tifll  fractions,  supposing  that  n  is  the  number  of  factors  i 
denominator,  and  that  71  is  an  int^er  less  than  n. 
If  j>  be  less  than  n,  shew  that 


(a-b}{a-c)...{b~a)(b-c)..r{c-a){c-b). ..-•■•     "■ 

XLIX.  RECTJERING  SERIES. 
654  A  series  is  called  a  reetarinff  aeriei,  when  from  and 
after  some  fixed  term  each  term  is  equal  to  the  sum  of  a  fised 
number  of  the  preceding  terms  mnltiplied  respectively  by  certain 
constcmU.  By  eonetatda  here  we  mean  q^uantities  which  remain 
unchanged  whatever  term  of  the  series  we  consider. 

C55.     A   geometrical   progreaaion   is  a  simple  example  of  a 
racnning  aeries;  for  in  the  series  a  +  ar  +  ai^+ar*+ «ach 
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term  after  the  first  Is  r  times  the  preceding  term.  If  u,_,  and  u, 
denote  reepectivel}''  the  (n— 1)'^  term  and  the  n'^  term,  then 
«,— rw„_i  =  0;  the  sum  of  the  coefficients  of  «_  and  «„_i  -with 
their  proper  Bigns,  that  is,  1  -r,  ia  oalled  the  scaie  of  relation. 

Again,  4u  the  eeries  2  +  ix  +  iiaf  +  iSst?  +  I52x*  + the 

law  connecting  consecutive  tenns  is  w,  -  3a!Ua_, -;»'«„_,  =  0 ;  this 
law  holds  for  values  of  n  greater  than  I,  so  that  every  term  ailer 
the  second  can  be  obtained  from  the  two  terms  immediately  pre- 
ceding.    The  gctde  of  relation  is  1  —  3x  —  ic*. 

656,     To  find  the  sum  o/a  terms  of  a  recurring  teries. 

'        Let  the  series  be  w,  +  M,aj  +  «^  +  ttjUs' + ,  and  let  the  scale 

of  relation  be  1  —px  —  qo?,  so  that  for  eveiy  value  of  n  greater 
than  unity  MB-pM»_i-3"„.t  =  0-  I^enote  the  first  n  terms  of 
the  series  by  S,  then 

iS'=M„4-w,a!  +  w^  +  w^+ +M,_,af"', 

pxS='Uj>x  +  u,px?  +  u,p!i?+ +«__,pa!"~'  +  w_,_|pa!', 

ga^S^  u^ga^  +  u^qaf  + +"._,?^''+w.,,?^+«.-i9^*'j 

S—j»sS-g3^S=  u^  +  «,«  -  u^px  -  «,_iya!"  —  m^.i  jaj'  —  ^,.i^*'t 
for  all  the  other  terms  on  the  r^t-hand  side  disappear  by  virtue 
of  the  relation  which  holds  between  any  three  consecutive  terms 
of  the  given  series ;  therefore 
L  g_M„-l-a;(M,-pM„)-ai'{pw^i-t-ffi/.^+yHV.,} 

l—px—qas' 
If  the  term  !K"{piV.i  +  g'Wi^+ JiWVi}  decreases  without  limit 
HS  n  increases  without  limit,  we  may  say  that  the  sum  of  an  in- 
Snite  number  of  terms  of  the  recurring  series  is 

u„  +  x(Uj—pu^  • 

1  —px  —  gie* 
It  is  obvious,  that  if  this  expression  be  developed  in  a  series 
iKKording  to  powers  of  x,  we  shall  recover  the  (pven  recuning 
series,     (See  Art.  653.) 


,,,^.,Gt)t)gle  ■ 


EXAMPLES.      XLIX.  407 

657.  If  the  recurring  aeries  be  «,  +  «,  +  «,  +  «,+ ,  and 

tlie  scale  of  relation  l-p-^,we  have  only  to  make  a:=l  in  the 
reeults  of  the  preceding  Artigle,  in  order  to  find  the  earn  of  n 
terms,  or  of  an  infinite  number  of  terms. 

658.  Whenl— pas— f3!*cajihe  reaolvodinto  two r«aZ  &ctorB  of 

the  first  degree  in  x,  the  expression  -^ '  '_'nV      "*^  ^  ^^ 

composed  into  partial  fi-actions,  each  having  for  ita  denominator  an 
expresMon  containing  only  the  first  power  of  a; :  see  Arts.  337 
and  647,  In  t^'t  case,  since  each  partial  fraction  can  be  developed 
into  a  geometrical  progression,  we  can  obtain  an  expression  for 
the  general  term  of  the  recurring  series.  We  have  thus  also 
another  method  of  obtaining  the  sum  of  n  terms,  since  the  sum  of 
n  iffnoa  of  each  of  the  geometrical  progressions  is  known. 

EXAUPLES  OF  KECURRIKG  SERIES. 

Find  the  expressions  &om  which  the  following  three  series 
are  derivable  j  resolve  the  expreasicma  into  partial  fractions,  and 
give  the  general  term  of  each  series ; 

1.  i  +  9x  +  2W+5lit?+ 

2.  l  +  lla!+89a:'+659a"+ 

3.  l+3a!  +  llaJ'+43a)'+ 

4.  rind  how  small  x  must  be  in  order  that  Hie  series  in 
Example  3  may  be  omvergent 

5.  rind  the  general  term  of  the  series  3  + 11 -i- 33 +  84  + 

6.  Sum  the  following  series  to  n  terms 

1+6  +  17  +  53  +  161  +  485  + 

7.  Find  the  general  term  of  the  series  10  +  14  +  10  +  6+  ... 
and  the  sum  to  infinity. 

8.  Find  the  expression  from  which  the  following  series  is 
derivable,  and  obtain  the  general  term 

2-a:  +  2a^-5a;"+l(te*-17ie*+ Coo^lc 


t  sxnouTioN  or  seeies. 

L.     SUMMATION   OF  SERIE^S- 

659.     Series  of  particular  kinds  have  been 
ipten  aa  Arithmetical  Fn^reBsion,  Geometi- 

Beenmng   Series;   we  aliall  here  give   i 
mplca  which  do  not  fall  uuler  the  preceding  C 

6C0.  To  Gnd  the  Bomoftheaeries  1*4-2* -t-S*  —*— 
We  h**e  aliead;  foimd  this  sum  in  Arts.  4  ^  Ov 
ing  method  is  however  usually  given.    Assunk-^? 

r  +  y  +  S*-!- *n*  =  A  +  £n+Cn'  +  Dn'  ■*--    -^^ 

n  A,  B,  C,  D,  B, are  constants  at  prese:KS^'*' 

nge  n  Into  n  +  1 ;  thus 

2*+ 3*+ +»•  +  (» +  1)*  =  ^  +  S(n  +  1) 

+  C(n  +  1)*  +  Z)(n+1)*  +  ,.^S^     * 
Br  sa'»tnction, 
?»  +  l  =  S  +  C(2i»  +  l)  +  i>(3«*+3n+l) 

*B{in'+&n^  — *" 
Equate  the  co^caents  of  the  respective   po--"*^^" 
0,  and  80  wiy  other  term  after  B  would  =  0  ; 

30  =  1;    3Z)  +  2C=2;    D  +  C+B^      ^*-      -^ 
J,.\.      C.i,      B.\.  ^ 

'■+2'+3'+ *»--^+|+^"+   -^tr  ^.^„S 

To  determine  A  we  observe  that  since  this  «^-^'~^_-^_-*>      **  " 
all  pomtive  integral  values   of  n,  we  may      ;^fc^ 
0.     Hence  the  required  snm  is 

1,.(»+1)(2»+1).  „ftl 

Hw  same  mc^od  may  be  applied  to  find  the    ^^"^^^       itf*"-* 
he  first »  natural  numbers,  or  the  Bum  of  th^t:^*-"'^ 
so  on.    See  also  Ait.  671. 
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h.    SUMMATION  OF  SERIES. 

659.  Series  of  particular  kinds  have  been  summed  in  tho 
Chapters  on  Arithmetical  Fn^reesion,  Geometrical  Progression, 
and  B«aurring  Series;  we  shall  here  give  some  misceUsneous 
examples  which  do  not  fall  under  the  preceding  Chapter. 

600.     To  find  the  sum  of  the  series  l'  +  2'+3'+ +  n'. 

We  have  already  found  this  sum  in  Arts.  460,  482 ;  the  fol- 
lowing method  is  however  usually  given.     Assume 

l'+2'+3'+ +n'  =  A  +  Sn+Cn'  +  I)n'  +  En*+ , 

where  A,  B,  G,  D,  E, are  constants  at  present  undeterminod. 

Change  n  into  n'*\;  thus 

r  +  2*+3'+ +n"  +  (n  +  l)'  =  ^  +  5(ft+I) 

+  C(n  +  l)'  +  Z)(tt+l)'+^(n+l)*  + 

By  subtraction, 
«•+ Sn  + 1  =  .B  +  C  (2»  + 1)  +  2)  (3»' +  3n  + 1 ) 

+  ^(4»'  +  6re'+4«  +  l)  + 

Equate  the  coefficieiits  of  the  respective  powers  of  n ;  thus 
jP  —  0,  and  so  any  other  term  after  E  would  =  0  ; 

32>  =  1;    3Zl  +  2(7  =  2;    D  +  C  +  B=\; 
hence  D  =  \,       G  =  \,      B  =  \. 

Thus  l'  +  2'  +  3'+ +n'  =  J+|+^'+^. 

To  determine  A  we  observe  that  since  this  equation  is  to  hold 
for  all  positive  integral  values  of  n,  we  may  put  n  =  1 ;  thus 
A  =  (i.     Hence  the  required  sum  is 

1«(»+1)(2»+1). 

The  same  method  may  be  applied  to£nd  the  sum  of  the  cubes 
of  the  first  n  natural  numbers,  or  the  sum  of  l^eir  fourth  powers, 
and  BO  on.     See  also  Art.  671. 
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661.     Suppose  Uie  n*^  term  of  a  Beries  to  be 
H  +  SU«(.tl)4.Jl|«(«  +  2)  +  61 (.(»  +  ».-l)  +  J[, 

irhere  m  ia  a  fixed  positive  integer,  and  a  and  b  known  constants ; 

then  the  siua  of  the  fiist  n  terms  of  this  series  will  be 

where  C  is  some  constant. 

Let  u^  denote  the  n"*  term  of  the  proposed  series  S^  ihe  sunt 
of  n  terms ;  then  we  have  to  prove  that 

Assume  that  the  formula  is  true  for  an  assigned  value  of  n ; 
add  the  (w  +  l)""  term  of  the  series  to  both  sides ;  Hien 


that  is,     51,, 


(m+l)a  '*'  {m+l)a 

thus  the  same  formula  will  hold  for  the  sum  of  n  +  1  tenus, 
which  was  assumed  to  hold  for  the  sum  of  n  terms.  Hence  if  the 
formula  be  true  fiir  any  number  of  terms  it  is  true  for  the  next 
greater  number ;  and  so  on.  But  the  formula  unit  be  true  when 
n  =  1  if  we  take  C  such  that 

thus  C  ia  determined  aiid  the  truth  of  the  theorem  established. 
Since  m,  =  — ^ r «j,  wehave 

an  +  b  6Wi 

Thus  the  sum  of  the  firat  n  terms  of  the  proposed  series  is  ob- 
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toined  by  subtracting  the  constant  quantity  -j j^   fi-om  a 

certun  expression  which   depends   on  n.     This   ezpressioa   is 
an  +  b 

,     .    -         o  (m  4-  m)  +  6  ,  ,  .... 

Talent  form  — ) =4 w,,  and  to  assist  the  memoir  we  may 

observe  that  it  can  be  formed  by  introducing  on  additional  /actor 
at  the  ettd  of  u„  imd  dividing  by  the  product  o/  the  nutaber  of 
/tutors  thru  increased  atid  the  coefficient  ofn. 

662.     We  may  obtain  the  result  of  the  preceding  Article  in 
another  way.     As  before,  let  u„  denote 


.:.      {an^b){a{n^\)  +  b\{a{n 

+  2)  +  fiJ.. 

!'•(»+'»■ 

-I) 

+»!. 

and  let  S,  denote  the  sum  of  the  first 

n  terma  of  the 

aeries 

which  u.  is  the 

n^-term. 

We  have 

a{n^m) 
"*'          an  +  b 

+  6 

.-«. 

*^y 

letan  +  &=p; 

thus 

■".)  = 

change  n  into  ) 

i-l,  thus 

similarly, 

i-«. 

1  =  amM._, ; 

J-—*..,, 

{p-3alK_: 

■  -«. 

-.)- 

<•»'.-., 

{p  -  (n- 1)  o}(w,-  «])  =  omu,. 
Hence,  by  addition, 

therefore  p  («,^,  —  w,)  +  now,  =  aanS^  +  (nS, ; 

.,      ,                   a       an  +  h                  fcit 
therefore  la.  =  -. ^r-  tt  ^,  —  -. it—  • 

'  ^       '        :-,Googlc 
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663.    Suppose  the  n*^  term  of  a  eeries  to  be  — ,  where  tf.  is 

the  eame  as  in  the  preceding  Article ;  then  the  Bum  of  the  first  n 

terms  of  this  eetiea  will  be  —-. +C. 

(m-l)ow. 

«ibre,  5,  =  -j^j^±i-  +  C, 

to  both  Bides,  then 


Hence,  as  before,  the  truth  of  the  theorem  is  established,  pro- 

(,  (m— !)««,' 

n  +  b  an  +  b 


This  result  may  also  be  obtained  in  the  maimer  of  Art.  663. 

664.  A  series  may  occur  which  is  not  directly  included  in 
the  general  form  of  the  preceding  Article,  but  may  be  decomposed 
into  two  or  more  which  are.  For  example,  required  the  sum  of 
n  terms  of  the  series 

3  ^__  5 

1.2.4.5'^2.3.5.6'^3.4.6.7'*" 

Here  the  n*  term 


n{n+l)(w  +  3)(n  +  4)     «(«+ 1)(«  +  2)(«  +  3}(«  +  4) 
Now  (n  +  2)'  =  n(n  +  l)  +  3»  +  4;  thus  the  n*  term 
w(h+1)  +  3w4-4 


n(«+l)(»4-2){n  +  3)(«  +  4)"{w  +  2)(«  +  3)(«  +  4) 


■^(«  +  l)(«  +  2)(«  +  3)(«  +  4)     «(«  +  l){«-H2)(^*3)^f™+4)- 
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If  eadi  tenn  of  the  proposed  series  be  decomposed  in  this 
manner  we  obtain  three  series,  each   of  which  may  be  Bummed 
by  the  method  of  the  preceding  Article;  thus  the  proposed  seriea 
can  be  summed.     In  the  present  case  the  required  sum  Is 
j^ 1  1 3 


24      4  (n  +  1)  {»  +  2)  (ji  +  3)  («  +  4)  * 

665.  Polygonal  Nitn^ien.  The  expression  «  +  ^n(n- 1)6  is 
the  sum  of  n  terms  of  an  arithmetical  progression,  of  which  the 
first  term  is  unity  and  the  common  difierence  is  &.  If  we  make 
6  =  0,  1,  2,  3,  ...  we  obtain  espressions  which  are  called  the  gene- 
ral terms  of  the  2nd,  3rd,  4th,  order  ai  polygonal  numbers 

respectively.     The  jSr«i  order  ia  that  in  which  every  term  is  unity. 
Thus  we  have 

Ist  order,   n*  term  1 ;  series  1,  1,  1, 

2nd  order,  n""  termn;  series  1,  2,  3,  4,  5, 

3rd  order,  n'^  term  ^n{ra+-l);  series  1,  3,  6,  10, 

4th  order,  n"  term  n';  series  1,  4,  9,  16, 

5th  order,  n'' term  ^7i(3»- 1);  series  1,  5,  12,  22, 

and  so  on. 

The  numbers  in  the   Snd,  3id,  4th,  5th, series  have  been 

called  respectively  linear,  triangviar,  square,  pentagonid,  

666.  The  n""  term  of  the  r*  order  of  polygonal  numbers  is 

,.  +  4»(»-l)(r-2)j 
the  sum  of  «  terms  of  this  series  is,  by  Art  661, 

"("*')    .--g     (.-1)«(»4-1) 

2  8'  3 

J»(»+l)IC--2)(»-l)-31. 
Hence  for  triangular  numbers  5_  =  J  n  (n  +  1)  (?i  +  2),  for  square 
numbers  S^  =  \n{n  +  \)  (2n  + 1),  and  so  on. 

667.  To  find  the  nun^er  o/ eannonrbalU  in  a  pyramidal  pile. 
(1)     Suppose  the  base  of  the  pyramid  an  equikteral  triangle, 

let  there  be  n  balls  in  a  side  of  the  base;  then  the  number  of 
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balls  in  the  lowest  layer  is  «  +  (n  — !)+{»  — 2)  + +  1,  that  is, 

the  Iriangvlar  Domber  J  n  (n  +  1)  ;  the  number  in  the  next  layer 
will  be  found  by  changing  n  into  n—\;  and  sa  on.  Hence,  by 
Art.  665,  the  number  of  all  the  balls  is  \n{n+\){n  +  2). 

(2)  Suppose  the  base  of  the  pyramid  a  square ;  let  there  be 
n  balls  in  a  side  of  tjie  base ;  then  the  number  of  balls  in  the 
lowest  layer  is  «*,  in  the  next  layer  (n  —  I)*,  and  so  on.  The 
number  of  all  the  balls  is  J  ji(n+ l)(2n+ 1). 

Simikrly  we  may  proceed  for  any  other  form  of  pyramid. 

We  may  sea  &om  this  proposition  a  reason  for  the  terms 
iriangvlar  number,  square  number, 

If  the  pile  of  cannon-balls  be  incomplete,  we  must  first  find 
the  number  in  the  pile  supposed  complete,  then  the  number  in 
the  leeser  pile  which  is  deficient^  and  the  difference  will  be  the 
number  in  the  incomplete  pile. 

668.  A  question  analogous  to  that  in  Art.  667  arises  when 
we  have  to  sum  the  balls  in  a  pile  of  which  the  base  is  rectamgidar 
but  not  square.  In  this  case  the  pile  will  terminate  in  a  single 
row  at  the  top ;  suppose  p  the  number  of  balls  in  this  row  j  then 
iha  n"'  layer  reckoned  from  the  top  has  jn- » —  1  balls  in  its 
length  and  n  in  its  breadth,  and  therefore  contains  n(/t-t-n— 1) 
balls.     Hence  the  number  of  balls  in  n  layers  is 

!l(yi)yt(''-')^(->'),   „ri„(„+l)(3p  +  2»-2). 

If  7n  be  the  number  in  the  length  of  the  lowest  row,  in-p  +  n~\, 
and  the  sum  may  be  written  in(n  + l)(3m-n+  1);  as  n  is  the 
number  in  the  breadth  of  the  lowest  row,  the  sum  b  thus  expressed 
in  terms  of  the  numbera  in  the  lei^h  and  breadth  of  the  base. 

669.  Figurate  Nutiibers.  The  following  series  form  what  are 
called  the  difierent  orders  ai  figurate  nuji^era: 

1st  order,    1,  1,  1,  1,  1, 

,2nd  order,    1,  2,  3,  4,  5, 

3rd  order,    1,  3,  6,  10,  15, 
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the  general  law  is,  that  the  n*"  term  of  any  order  is  the  earn  of  ' 
»  terma  of  the  preceding  order.    Thus  the  n.'^  term  of  the  second 

order  is  n,  of  the  3rd  order  is  — — ^-^,  of  the  fourth  order  is 

—     — ~s ',  and  generally  the  n*  term  of  the  r*  order  ia 

— i IT ~~  ■    '^^^  ^®  "^y  prove  by  induction.    For, 

assuming  this  expression  for  the  n""  term  of  the  r*  order,  W6 
may  find  the  sum  of  the  first  n  terms  of  the  i'"  order  by  the 
formula  of  Art.  661.  We  have  only  to  put  1  for  a,  0  for  b,  and 
r—  1  for  m.     Hence  we  obt«un  for  the  sum 

n(«*l)(n*i) («4-r-l). 

L' 

and  then,  by  definition,  this  ia  the  expression  for  the  nf  term 
of  the  (r  + 1)"*  order. 

670.  We  have  ah«ady  shewn  that  the  Binomial  Theot«m 
may  be  sometunes  applied  to  find  the  sum  of  a  series  (see  Art.  526); 
we  give  another  example.     Find  the  sum  of  the  series 

J'fi,-i-F^Q,  +  Pfi,+ +i'._,e,_„ 

where    Q,=r{r+l){r+2) (r  +  q-l), 

and       Fr={n-r)  (»-»■  + l){n-r  + 2) (n-r+p-l).    . 

We  can  see  that 
^^^[gxthe  coefficient  of  a?"'  in  the  series  for  (l-a;)"*'*", 
and  i*,  =  [£  jt  the  coefficient  of  tt!"^'  in  the  seriefl  for  (1  -  x)~''*  '\ 

Hence  we  have  so  fiir  as  terms  not  higher  than  a^, 

(i-«)-«"i.l{e,+e^+9X+9y+ |, 

{l->:y-^^{p..,*f._/.*P..y*F._j^t }. 

iiierefore  the  series  which  we  have  to  sum  is  equal  to  the 
product  of  |£  [fj;  into  the  coefficient  of  a^"  in  the  expansion  of 
the  product  of  (l-a!)""*''and  (1-a:)"**'';  that  is,  ,the  series  ia 
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equal  to  the  product  of  J£  [y  into  the  coefficient  of  x'~'  ia  the 
expansioii  of  (1  —a:)"**'**.     Hence  the  serie*  k  equal  to 


671.  By  the  method  of  Art  660  we  may  investigate  an  ex- 
presMon  for  the  sum  l'+2'  +  3'+ +n',  where  r  b  any  posi- 
tive integer.  Denote  this  sum  by  S ;  then  it  may  be  shewn,  aa 
in  Arte.  450  and  461,  that  S  can  be  pat  in  the  form  of  a,  series 
of  descending  powers  of  n,  beginning  with  n'*',  and  all  we  have 
to  do  ifl  to  determine  correctly  the  coefficients  of  tlie  various 
powers  of  n.  Assume  that  S= 
n  »,     J    y    r  ,    ^,    r(r-l)  ,    „    r(r-l){r-2)  ,    _ 

It  ifl  convenient  to  represent  the  coefficients  in  the  manner 
here  exhibited ;  thus  instead  of  a  sin^e  letter  for  the  coefficient 

■  of  ti'"'  we  use  the  symbol  ^  A^,  and  so  on.     We  shall  now  pro- 
ceed to  determine  the  values  of  A^,  A^,  A ;  and  it  will  be 

fonnd  that  these  quantities  are  independent  of  r  as  well  as  of  n. 
In  the  assumed  identity  change  n  into  n  +  lj  thus 

^+(«  +  l)'=.(7(»  +  l)"'  +  A(«+l)'+^-^i(«  +  ir' 
.tffzJlA 


2.3 


^J,(n+iy^  + 


Therefore,  by  subtraction, 
(n  +\y  =  C  {{n  + 1)'*'  -  f>r*'}  +  A,  [(n  + 1/  -  «'} 

+2-AK«+ir^-«'-M+^^^^.{(«-*-ir*-"'-'}+ 

Expand  all  the  exprasnons  (n  +  1)'**,  (n  +  iy,  (rt  +  1)'"', 

by  the  Binomial  Theorem ;  and  then  equate  the  coefficieiitS  ol 
tlie  various  powers  of  n.  Thus,  by  equating  the  coefficients  of  n', 
'ire have  l  =  C{r+1),  then,  by  equating  the  coefficients  of  n^'\  we 

have  r=     '        '-  +  A,r;  thus  £7  =  — j,  A,b-. 
3  '  '  r+1'     •    3 
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Equate  the  coefficienta  of  »'"',  putting  for  G  and  J,  their 
values ;  thus  we  shall  obtain  generally 

1_     1       _1_        A,  J,         _A_ 

^^w^^ 

where  Uie  series  on  the  right-hand  aide  extends  as  &r  as  the  term 
involving  jij,_j  inclusive;  and  by  putting  for p  in  succession  the 

vaJues  3,  3,  4,  we  determine  in  succession  A^,  A^,  A^,  ; 

and  we  see  that  these  quantities  are  independent  of  n  and  r. 

Weshall obtain ^,  =  1,  J  =O,J.=  -^,^=0,J.=  -i: 

'     6       '  ■       30       *  42 

It  is  remarkable   that  all  the   coefficients  with  even  suffixes 
J,,  A^,  A^, are  zero;  this  can  be  proved  as  follows  : 

In  the  original  assumed   identity  change  n  into  n-\,  and 
subtract;  thus 

»'.cK"-(>.-i)'")+j,(»'-(»-in+5j.(»'--(»-i)'-'i 

*TTT^''-i'''""-<"-')'"'!* 

Equate  the  coefficients  of  n^"",  putting  for  C  and  A^  tJieir 
values;  thua 


|£±1     2^     \^\Pzl     |3|£:i2     Wp-S 


|5|y-<    

The  result  formerly  obtained  may  be  expressed  thus, 


-^  \i\p-i 


15U^    

-  Hence,   by  subtracting  and  putting  for  p  in  succession  the 

values  3,  5,  7,  we  shew  in  succession  that  zero  is  the  value 

of^„  A„  A„  
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EXAMPLES  OP  THE   STHU ATIOK   OF  SEBIES. 

1.  Shew  that  the  sum  of  the  first  n  terms  of  the  seriee  of 
■which  the  M*  term  is  n(n•^-l)  {n  +  2)  ......  (n  +  m-l)  is  obtained 

by  placing  one  more  factor  at  the  end  of  this  expression,  and 
dividing  bj  the  number  of  factors  so  increased.  > 

2.  Give  the  formula  for  summing  the  series  of  which  the  n"" 
term  is  tho  reciprocal  ofn{n+l)(n  +  2) (n  +  m  —  l). 

Sum  the  following  five  seiiea  to  n  terms,  and  also  to  infinity  ; 


1.3.5     2.4.6^3.6.7     4.6.8     

4  7  10  13 

2.  3.  4  *  3.  4.  6  "*■  4.  6.  6  "^5.  6.  7     

Snm  ton  terms  1+3  +  6  +  10+ 

If  »  be  even,  shew  that 

_«(«  +  l)(>»  +  2) 


«  +  2(«-l)  +  3(n-2)  + +^g  +  l)  =  5 


10.  Sum  to  n  termao*+(«+l)'  +  (o  +  2)'+ 

11.  Sum  to  n  terms  l'  +  2'a!  +  3V  +  4V  + 

12.  If  the  terms  of  the  expansion  of  (a  + J)"  be  multiplied 

respectively  by  nr,  (n-l)r',  (^-2)/, ,  n  being  a  positive 

integer,  find  the  sum  of  the  tesultiiig  series. 

13.  Expand  j-       ,,_^ —  in  a  ueriea  of  ascending  powers  of  xt 
and  shew  that  the  coefficient  of  a^  is 

-.{-¥-<^=^-f^-<-=^-^^^r*^«:* }• 
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li.     Find  the  coefficient  of  a;"(/"  in  the  expansion  of 
a!(l-aa:) 

,,.     c,v       .^.,     2m      2w(2n+2)      2n(2ra+2)(2w4-4) 

15.  She^thatH-^^       ^^    ^.    '  +  ^    g' '^         '* 

'-H^^^^'^'^W^* }■ 

16.  If  J'p  denote  the  coefficient  of  af  in  the  expansion  of 

(1  +oi)',  ■where  n  is  a  positive  integer,  shew  that 

p,      2p.      3b.  np_      «  (m  + 1) 

Ci^  -^+.  X!  + +  -^  =      ;     „  ' ; 

Po        Pi  Pi  Vti-l  1  ■  ■» 


Pa      Pa  (—1)""'/'=      -.11  1 


17.    Sliewb 


2^3' 

f  ty  deTeloping  the  identity  ( ^  )  ~  Ti V"  ^^* 

«(''<-l) ("ty-l)     ^    (.-1) (.4.P-2) 

[g  1  ■  ^ 

."(--l)    (—2) (»<-f-3) 

1.2     ■  t 

IB  zero  when  n  and  p  are  positive  integers  and  n  greater  than  ;i. 

18.  If  shot  be  piled  on  a  triangular  base,  ea«h  side  of  whidi 
exhibits  9  shota,  find  the  whole  number  contained  in  the  pile. 

19.  Find  the  number  of  shot  contsuned  in  5  courses  of  an 
unfinished  triangular  pile,  the  number  in  one  side  of  the  base 
being  15. 

30.  The  number  of  balls  ccmtained  in  a  truncated  pile  of 
which  the  top  and  bottom  are  rectangular,  is 

^{'2p'  +  Z{m  +  n-\)p-^  &mw  -  3m -  3?n- 1}, 

where  m  and  n  reprraent  the  number  of  balls  in  the  two  sides  of 
the  top,  and  p  the  number  of  balls  in  each  of  the  Blunting  edges. 
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21.  Shew  that  l'+2*  +  3'+ +  n* 

22.  Shew  that 

(l+aw)(l+a!'«)(l+a^»') (l+x'v) 

(l-»)(l-a="){l-^)     '^^^ 

23.  In  the  expansion  of  {I +x)  (l  +  cx){l  ■l-<i'x){l +<?x)  ... 
the  number  of  factors  being  infinite  and  c  less  than  unity,  the  co- 
efficient of  a.'  b 


(l-cXl-.-Xl-o-) (I-.-)- 

2i.    If  J,  be  tie  coefficient  of  a:'  in  the  expansion  of 
(l+«)'(l+|y(l+j)'^l  +  |.)' adinJinUum, 

prove  that        ■^r  =  s; — j  (-^r-i  "*" -^f-*)"  and  that  ^4=-^=^  • 
S9.     If  n  be  any  multiple  of  3,  shew  that 

i-(„-i),(;lijL^)_(-3)(Y""-°>. M-i)-. 

LL     INEQUALITIES. 

673,  It  is  often  useful  to  know  which  is  the  gi'eater  of  two 
given  expressions ;  propositions  relating  to  such  questions  are 
usually  collected  under  the  head  Inequalities. 

"We  say  that  a  is  ffrealer  than  6  when  a  -  6  is  a  poHUve 
quantity.     See  Art  95, 
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673.  An  iatquality  v>JU  ttiU  hold  after  the  aame  gtiantiti/  hat 
been  added  to  each  member  or  taken/rom  each  mamiber. 

For  suppose  a>h,  therefore  a-b  is  positive,  therefore 
a<hc— (&^c)  is  positive,  therefore  a^ob^c. 

Hence  we  may  infer  that  a  term  may  be  removed  &om  one 
membw  of  an  inequality  and  affixed  to  the  other  wUk  its  si^ 
changed. 

674.  If  the  sifftu  of  all  the  terms  of  an  inequality  be  ohanged 
the  sign  ofineqimlity  must  be  reverted. 

For  to  change  all  the  Bigna  is  equivalent  to  removing  each 
term  of  the  first  member  to  the  second,  and  each  term  of  the 
second  member  to  the  first. 

675.  An  ineqwditf/  vnil  stUl  hold  afUr  eadt  mender  hag  been 
multiplied  or  divided  by  the  same  positive  quantity. 

For  BuppoBO  o  >  6,  therefore  a  -  i  is  positive,  therefore  if  m  be 
positive  m(a~b)  is  positive,  therefore  ma  >  m& ;   and  similarly 

—  (a—  b)  ia  positive,  and  —  >  — , 

In  like  manner  we  can  shew  that  if  each  member  of  an  ine- 
quality be  multiplied  or  divided  by  the  same  negative  qtumtity, 
the  Mgn  of  inequality  must  be  reversed. 

676.  If  a>b,  a'>b',  c!'>b", then 

o+a'4-a"+ >6+J'  +  J"+ 

For  by  Bupposition,  a—b,  a'^b',  <^' —  b", are  all  positive; 

thereforea  — 6  +  a'  — ft'  +  o"  — 6"+ ia  positive;  therefor© 

a  +  (^  +  a"+ >b  +  b'  +  b"+ 

677.  If  ffl>6,  a'>l/,  a">6",......andallthequaJititieflaw 

positive,  then  it  ia  obvious  that  aa'a" >bb'b" 

678.  If  a>(,  and  a  and  b  are  positive  then  <r>fi',  where  n 
is  any  positive  quantity. 

This  follows  from  the  preceding  Article  if  n  be  an  integer.    If  n 

be  fractional  suppose  it=^;  let  o'sA  and  A'=Jtj  Uien  h  is  >)^ 
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and  we  have  to  prove  that  fi?>  A*  j  this  we  can  prove  indirectly ; 
foTi£h'=^,  then  A=Aj  and  if  A'<^,  then  A<4;  both  of 
these  reaulfs  are  false;  hence  vre  must  have  h'>i?. 

If  n  be  a  TM^atiDS  qoantlty,  let  n=  —  m,  so  that  m  is  positive; 


679.    Let  T*  1   ^1   ^'  ■■•  i'  ^  ftactiona  cf  wHdi  the  do- 
Dominatora  are  all  of  the  same  lugn,  then  the  fraction 

a,  +  a,  +  a,+ +a 

6,  +6,  +  6J+ +  6, 

lies  in  magnitude  between  die  least  and  the  greatest  of  the  fractions 
«,     o,     «j         a, 
6.'  r,'  6,'"'  ft.' 

For  suppose  r^ ,  H t  ^,-..-^  to  be  in  (Mcent^nj)' order  (^  mag- 
nitude, and  suppose  that  all  the  denominators  are  poaUAoe;  then 


r*  >=J,  therefore  a. >i.x  ^  ; 
e,      0,  HI     jj 

t'  >  r' ,  therefore  o.>  6,  x  r^ : 
0,      0,  '  0, 


therefore,  by  addition, 

ffi  +  o,  +  o,+ +«,>{*, +  6, +  6,+ +^1*^1 

«,-»-g,  +  a,+ +a,     o^ 

6,  +  6,+&,+ +6  '^i,  ■ 

Similarly  wq  may  prove  that 

a,  +  a,  +  a,+ ■»-o.     a. 

6,+  6,  +  6,+ +*.     5ii* 

r..,,..,™.,Gt)t)gle 


4^  mEQDALITIES. 

In  like  manner  the  theorem  tubj  be  eetablished  wben  all  the 
denominators  are  supposed  negative. 

If  ^  ~  ^ ~^  =  --  >  *i'**^  ^'"'^  '^  these  fractionB  ia  equal  to 
the  fraction  whose  numerator  is  the  sum  of  ^e  numerators  and 
denominator  the  Bum  of  th«  denominators.     See  Art.  381. 

680.  Since  (as  -  y)'  or  aj*  -  2a!y  +  y*  ia  a  positive  quantity  or 
eero,  according  as  x  and  j/  are  unequal  or  equal,  we  have 

i(x'  +  p')>x!/, 
the  inequality  becoming  an  equality  when  x  =  y.     Hence 

that  is,  tLe  arithmetic  mean  of  two  quantities  is  greater  than  the 
geometric  mean,  the  inequality  becoming  an  equality  whmi  the 
two  quantities  are  equal 

681.  Ijet  there  be  n  positive  quantities,  a,  b,  c, ...  A;  then 


/a4  b-\-c+...+k\' 


>a6e...A, 


unless  the  n  quantities  are  all  equal,  and  then  the  inequality 
becomes  an  equality. 

For^<(if7,        »;<(lt^y; 

,       ,  ,    ,      /a  +  6    c  +  d\' 

therefore  abed  <  ( — s—  ■  —5—  1  ; 

therefore  abed<  ( j 1 . 

By  proceeding  in  this  way  we  can  shew  that  if  ji  be  any  posi- 
tive int^ral  power  of  2, 

,    ,      ,     .    ,      ,      /a  +  b  +  e  +  d-t-  ...\f 
oSca...  (pfactoni)<( 1 . 

,,       ,.                         ,,,o  +  6  +  c+rf+,..{n  terms)     ,        , 
How  let  p  =  n*r,  and  let 1 ■  —  t,  and 
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suppose  eaoh  of  the  rem&inuig  r  quaatitiefl  out  of  tJie  p  quantities 
to  be  equal  to  t  j  ve  have  then 

aJerf...  (nfectors)  X  ('</— j     jthatis,   <  g"" ; 

therefore  oicJ  ...  (m  fiictora)  <*";  that  is,  <( ~)- 

Thus  the  theorem  is  proved  whateTer  be  the  number  of  quan- 
tities a,b,e,d,...  The  inequality  becomes  an  equaJitf  when  all 
the  n  quantities  are  equaL 

We  may  also  write  the  tlieorem  thus, 

a*b  +  c  +  d+ ,  ,    ,     ,' 

>{aicd...)'  ; 

by  extending  the  signification  of  the  terms  arit/nnelieal  mean  and 
geometrical  mean,  vre  may  enunciate  tlie  theorem  thus  :  the  mritit- 
nteliaal  mean  of  cmy  nunbsr  of  positive  quantities  is  greater  titan 
the  geometrieai  mean. 

683.  The  following  proof  of  the  theorem  given  in  the  pre- 
ceding Article  will  be  found  an  instructive  exercise. 

Let  P  denote  {abed. A)",  and  Q  denote -'■'■'  -  . 

Suppose  a  and  h  respectively  the  greatest  and  least  of  the  n 
qnantitiea   a,   b,    C,   d,  k;    let   ai-bi  =  \{a  +  b),    and  let 

/',  =  (a,6,«i i)"  ;  then  since  i*,6,>  oi,  we  have  Pi  >-?".     Next 

if  the  fectors  in  i*,  be  not  all  equal,  remove  the  greatest  and  least 
of  them,  and  put  in  their  places  two  new  factors,  each  equal  to 
half  the  sum  of  those  removed ;  let  /*,  denote  the  new  geometrical 
mean  j  then  P^  >  P^.     1i  we  proceed  in  this  way,  we  obtain  a 

series  P,  P^,  /*„  P^, P^  each  term  of  which  is  greater  than 

the  preceding  term ;  and  by  taking  r  large  enough,  we  may  have 
the  &ctora  which  occur  in  /*,  as  nearly  equal  as  we  please  ;  thus 
when  r  is  large  enough,  we  may  consider  P^=Q;  therefore  P  is 
less  than  Q. 

683.     We  will  now  compare  Uie  quantities 

— ■^(-)-. 
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Wfl  mppose  a  and  b  positiTe,  and  a  not  loss  thttn  b. 

m{m - l){m~Z)(m~S)  fa  +  b\—*  (a - SV 

*         14  v"2 ;    1 2 ;  ■"■■ 


so  that  we  have  a  result  which  ia  arithmetically  intelligible  and 
true.     Henoe  if  m  he  negaiiw  or  any  potilive  integer,  it  follows 

that    — 5 — >(     _    J  .     If  m  be  posUtve  ami  less  than  unity, 

a^  +  6"     /a  +  6\" 

— n — ^1—2")  *    ^*  '®''""^"'  *"  oonaider  tlie  case  m  which  t» 

ii  poeiiive  and  greater  than  unit!/,  but  rwt  an  integer.    Suppose 

m  =  -,  where  j)ie  >  y,  andlet  a  =  a%  /S^ft*,  A  =  <^,  B=^.    Then 

__«>(,r<(^-^j,  according  aa-^«>or<(_-^j; 

— s-^)    ifl  >  or  <  — s-i-j  that   is, 

fA.  +  By  .  A'+BT      „    , 

aooording  as  I  — g —  1   is  >  or  <  — s — .    We  know  bj  what 

has  already  been  proved,  that  the  expresBion  on  the  left-hand 

side  is  the  greater,  since  -  ia  positive  and  less  than  unity  j  hence 

tC  +  b"  .        /a  +  b\'     ,  ...  ,  .      ,, 

— 2 —  IS  >  I —5— I    when  m  la  positiTe  and  greater  than  umty. 

684,     Let  there  be  n  positive  quantities  a,  b,  e, i;  theo 

g'  +  fc" -<■(?"+ +y      /a  +  t  +  e  + +/:\- 

when  m  is  negative,  or  positire  and  greater  than  unityj  but  the 
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reversa  holds  when  m  a  poBitiye  and  lees  tHau  unity.     The  in- 
equality becomes  an  equality  when  all  the  n  quantitiee  are  equal 

This  may  be  proved  by  a  method  Buullar  to  that  used  in 
Art.  681.     We  vill  suppose  m  negative,  or  positive  and  greater 

than  unity.     Then  <»"  +  J"  >  2  (^V,    c"  +  rf"  >  2  (^V; 
therefore        a"  +  6"  +  c"  +  d"  >  2  {(^)"'+  (^)"} 

,,      ,            (r  +  S'  +  c^  +  d-     /o  +  6  +  o  +  (A- 
therefore         -j > ) j I  . 

By  proceedii^  in  this  way  ve  can  establish,  the  tlxeQrem  in 
the  case  where  the  number  of  quantities  is  ji,  if  p  be  any  positive 
integral  power  of  2.  Now  let  ;>  =  »  +  r,  and  let  the  last  r  of  tJie 
p  quantities  be  ail  equal,  and  each  equal  to  t,  say,  where 

a_-|-_6-i-c  + {n  terms)  , 

therefore        --— —  >  ( |  , 

n  +  j-  \         n  +  T         / 

therefore         o"  +  6"  +  o"+ ■t-rr>(^  +  r){ 1  ; 

thatia,  >{n  +  r)f; 

therefore  a"'  +  &"  +  c"  + >Br; 

which  was  to  be  proved. 

In  a  BiTTiiliLr  way  we  may  establish  the  rest  of  the  theorem, 
namely,  that  when  m  is  positive  and  less  than  unity  the  reverse 
holds. 

The  theorem  of  this  Article  may  also  be  established  by  a 
method  gimilnr  {lo  that  used  in  Art.  683. 

685.  If  X  and  ^  are  pomtive  quantities,  and  «  and  ^x  lees 
thwi  unity,  (1  +  (e)P  is  less  than     _  -   .  , 
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We  have-in  fact  to  shew  that  (l  +  a:)"^  is  greater  than  l-0x. 
Now,  by  ihe  Binomial  Theorem, 

iu,Y..i-^,m±M^.m±m±s^, ; 

each  term  of  this  aeries  is  greater  than  the  Bucceeding  term,  fur 
- — =-!B  ia  less  than  unity,  since  x  and  jSa:  are  each  less  than  unity. 
Hence,  aa  in  Art,  058,  the  series  ia  greater  than  1  —jSx. 

686.  liet  y  be  a  positive  quantity  greater  tliaii  /3;   then 

1  +  ya:  is  greater  than  i— «-  provided  (1  +  ysc)(l-~  ^x)  is  greater 

than  1 ;  that  is  provided  (y  -  /J) «  is  greater  than  ^yos',  that  is 
provided  y—^  is  greater  than  0yx.  Hence  we  have  the  following 
result ;  if  a^  ft  and  y  are  positive,  and  y  gfeater  than  jS,  then  by 
taking  X  small  enough  we  can  mate  (1  +!c)S  leas  than  1  +ya!; 
this  holds  however  small  the  excess  of  y  over  j9  may  be. 

687.  If  X  be  positive  log  (1  +  x)  ia  less  than  x. 

For  suppose  y  =  log  (1  +  x),  then  1  +  »  =  «* ;  and,  by  Art.  542, 
,  which  is  greater  than  y  +  1. 

Ill  1 


As  an  example  put  for  x  in 
3  have  log2<3.    ^'^^<^'  '<«  " 


688.    If  X  be  positive  and  less  tbnn  unity  log  (1  -<-  x)  ia  greater 

.anx-^. 

x'     x"     x* 
For  log(l+a:)=a!--5-  +  o^  -  j  + ;  hence,  aa  in  Art  558, 

e  see  that  log  (I  +x)~{x--^]  is  a  finite  positive  quantity. 
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19.     If  0!  be  poaitive  and  lesa  than  unity  log-j ia  greater 


For    It^y 


tliana;. 

1 

log a;  is  a  finite  positive  quantity, 

690.     The  following  three  examples  will  illustrate  the  subject 
of  Inequalities,  and  famish  results  of  some  interest. 

■         2.4.C 2m  "         2.4.6 2).      ' 

llten  when  n  is  infinite  u_  is  zero,  v^  is  infinite  and  u,f,  ia  finite. 

Wehave  «.=  l.f.| ^ (1); 

therefore,  by  Art.  376,  «.<|.~.^ ^^ (2). 

Therefore,  by  multiplication,  "„'<= j  . 

Hence,  by  increasing  n  we  can  make  u^  leas  than  any  assigned 
quantity. 

o-    ■.    1                            3    5    7           2m +  1  ,„, 

Sm„l„ly,  -.-s-I-j -5J- (3); 

therefore,  by  Alt  376,  «.>i  .  ,  .  ? ?iij (4). 

2»+  2 
Therefore,  by  multiplication,  v„'> — 5 — ,  that  is,  >»  +  l. 

Hence,  by  increasing  n  we  can  make  v,  greater  than  any  a^ 
signed  quantity. 

Last,  by  (1)  and  (4)  we  see  that 

"»*»>«<; Ti  thatia,>-ii r.  and  therefore,  ffl/oritort,>7,  ; 

"2  2n+l'  2m +  1  2 

and  by  (2)  and  (3)  we  see  that  M,tf„<l. 
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II.     If  m,  n,  a  are  in  descending  order  of  magnikide,  then 

\m-a/  \n-a/ 

For  take  the  It^farithma  of  both  sidea ;  thua  we  have  to  compare 


1  +  2  /l*-\ 

ralog 2  will  «  logl  :  \; 


}"*2.{uj-i:+^i:+ }, 


and  the  first  of  these  is  less  than  the  second.     Hence  the  required 

result  follows. 

III.    Let  there  be  n  positive  quantities  a,b,o, k;  then 

I— I  IS  <a'¥<? **, 

unless  the  n  quantities  are  equal,  and  then  the  inequality  becomes 

an  equality. 

Let  there  be  two  unequal  quantities  a  and  6;  we  have   to 

fa  +  by*] 
shew  that  a°b  is  >  (  — s — I     • 

Suppose  a  greater  than  6;  let  a  =  c  +  a;,   6  =  c  -  a;. 

Weliave  toshew  that  n+-J     (l-")     ">!, 


that  is,  that 


i'-m- 


Now  the  logarithm  of  (r^J  (1  -  aO  » 
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and  thia  is  a  positive  qiiantity ;  and  as  the  logarithm  is  positive 
the  exprraeioii  is  greatet  than  unity. 

Tha  demonstration  is  then  extended  to  the  case  of  three  or 
more  quantities  by  a  method  airnilw  to  that  used  in  Art.  682. 

The  problems  in  the  next  three  Articles  are  analogotis  to  the   , 
subject  considered  in  the  present  Chapter. 

691.  Divide  a  given  number  2a  into  two  parts,  such  that 
their  product  shall  have  the  greatest  possible  value, 

X^et  X  denote  one  part  and  2a  — x  the  other  part,  and  let  y 
denote  tbe  product ;  then  we  have  to  determine  x  so  that  y  may 
have  the  greatest  possible  value.  Since  i/  =  x{2a  —  x),  we  hare 
ft^'-2aa;+^  =  0;  therefore  x  =  a^  J{a'—y).  Thus  since  x  must 
bo  real  y  cannot  be  greater  than  a',  and  x  =  a,  when  y  =  a'. 

692.  Divide  a  given  number  2a  into  two  parts,  such  that  the 
Sum  of  their  square  roots  shall  have  the  greatest  possible  value. 

Let  X  denote  one  part  and  2a  — x  the  other  part,  and  let  j/ 
denote  the  sum  of  the  square  roots  of  the  parts ;  then  we  have  to 
determine  x  so  that  y  may  have  the  greatest  possible  value. 

Since  Jx  +  J(2a-x)=y,    2a-x={i/~  ^x)' =  j^~2y  Jx  +  x, 

sad  Sas-SffVe+Z-^a-Oi  therefore  Jx  =  ^*^^^^^^. 

Since  Jx  must  be  real  y*  cannot  be  greater  than  4a,  thus 
S^aiB  the  greatest  value  of  y,  and  x  =  a  wheny=2,ya. 

ic'  +  a' 

693.  Knd  the  least  value  which  — —  can  have  whatever 

real  value  x  may  have. 

Put  ^±^*  :.=  y,  then  *•- xy  +  a' =  0 ;  thus  ar  =  I  *  ^Z^**^^ . 
Hence  y*  cannot  be  less  than  4a.' ;  or  2a  is  the  least  value  of  jf. 


put  thia  expression  in  the  form  (jx — r- j  +2a;  and  as  2a  i 
constant  the  least  value  of  the  whole  expression  will  bo  obtainei 
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when  the  positive  term  f^ic — ,-1   vanishes,  that  is,  when  a;  =  o. 

It  is  imneceasaiy  to  consider  negative  values  of  x,  because  

has  the  same  numerical  value  when  x  has  any  Tiegaliva  value  as 
when  X  has  the  corresponding  positive  value. 

EXAUPLEa   OP  INBQOAUTieS. 

la  the  following  examples  the  symbols  are  supposed  to  denote 
positive  quantities ;  and  the  hteqwalitiea  may,  in  certain  cases, 
become  eqiuUides,  as  in  some  of  the  Articles  of  the  text. 

1.  If  a,  i,  c  be  such  that  any  two  of  them  are  greater  than 
tiie  third,  2{ab  +  bc  +  ca)  >a'  +  l'  +  e'. 

2.  If  f +  m'  +  n*=l,  and  T  +  m'*  +  n"=  1,  then 

B'  +  mni'  +  nw'<l. 

3.  («  +  6-c)'+(o  +  c-6)'  +  (6  +  c-a)'><i4  +  6o  +  ca. 

*■  ©'-©'>>-^'- 

5.     ab(a  +  b)  +  bc{b  +  e)  +  ca(o  +  a)>6ahcBiid  <2{a'+b' +  <^). 
G.     (a  +  S)(6  +  c)(c4o)>8a6«. 

7.  Shew  that  iB*-8a!  +  22  is  never  less  than  6,  whatever 
may  be  the  value  of  x. 

8.  Which  is  greater,  Sie*  or  «  +  1  T 

9.  If  It  he  >  1,  then  x  +  —  ia>l+-,  ifa!be>l,  or<-  , 

(a  A-x)  (b  +  x\ 

10.  Find  the  least  value  of  ^-^^^-^^^^ '- . 

11.  '  Divide  an  odd  integer  into  two  other  integers,  of  which 
the  product  may  he  the  greatest  possible. 

12.  If  a>6,thcn  J{a'-b')  + ^(2ab-h')>a. 

13.  If  a,  h,  c,  d  are  in  harmonical  progression,  a  +  d>h  ■^  e. 

14.  If  a,  6,  c  are  in  harmonical  progression  and  n  a  positive 
integer,  <^  +  ^> 26*. 
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15.  If  o>S,  shew  ihat  -yy^ r-  is  >or  <— t-t — rrr ,  accord- 

J{!x^  +  a')  Jix' +  !>■)' 

ing  as  a:  18  >  or  <  J(ab). 

16.  Ho,  6,  e,  or  6,  o,  a,  or  c,  a,  h  are  m  descending  order  of 
magmtude,  o'6  +  6'c  +  c'a>o'c  +  6'a  +  c'6;  if  they  are  in  ascmding 
order  of  magnitude,  a'b  +  b*c  +ifa< a^c  +  h'a  +  e'b. 

17.  (^'  +  5'  +  C"+...)(a'  +  6'  +  c*  +  ...)>(Xa  +  £6  +  (7c  +  ...)', 

18.  3(o'  +  6*  +  <!')>(a  +  6  +  c)(a&  +  &c  +  ca). 

19.  9a6c<{«  +  6  +  c)(a'+6'  +  c'). 

31.  The  difierence  between  the  arithmetic  and  the  geometric 
mean  of  tvo  quantities  ie  less  than  one-eighth  of  the  squared 
difference  of  the  numbeis  divided  by  the  less  number,  but  greater 
than  one-eighth  of  snoh  squared  difference  divided  by  the  greater 
number. 


n. 


1.3.5... (2n-lj<n'. 

(-3(-S-(-^-=^)>l1- 


i*  +  b*  *■  c*>abc{a  +  b  +  c). 
>3. 


b  + 

{a  +  b+e)'>21abc  and  <  9  (a*  +  J*  +  c*). 
If  ^  and  q  be  each  less  than  unity, 

;^;;-j'i  is  <-7f-,.  -d  >p(iii>. 


31.  -1  + J  +  -a  + +-=*  +  -■-^-f-s>». 

32.  If  a  and  x  both  lie  betireen  0  and  1,  then  = 
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LII.     THEORY  OP  NUMBERa 

694.  Throughout  the  present  Chapter  the  word  number  is 
used  as  an  abhreviatiou  for  positive  integer. 

695.  A  number  which  can  be  divided  exactly  by  no  number 
except  itself  and  unity  is  called  a  prime  number,  or  shortly  apriToe. 

696.  Two  numbers  are  said  to  be  prime  to  each  other  when 
there  is  no  number,  except  unity,  wiiich  will  divide  each  of  them 
exactly.  Instead  of  saying  that  two  numbers  are  prime  to  each 
other,  the  same  thing  is  expressed  by  saying  that  one  of  them  is 
prime  to  the  other. 

697.  1/  a  numler  p  divides  a  product  ab,  (md  w  prifoe  to  one 
/aelor  a,  it  mitul  divide  the  other  faetor  b. 

Suppose  a  greater  than  p ;  perform  the  operation  of  finding 
the  great«8t  common  measure  of  a  and  p;  let  ^,  j^,  ^',  ...  be  the 
successive  qnotients,  and  r,  /,r",  ...  the  corresponding  remainders. 
Thus  o=pj  +  j',  ^^rg'  +  Z,  r-r'^'-^r",  ...  multiply 
each  member  of  each  of  these  equations  by  h,  and  divide  by  ji ; 

therefore  —  =  ftj  +  - 


tions  that  —  ia  an  integer ;  then  from  the  second  of  these  equations 


on.     But,  since  a  and  p  are  prime  to  each  otJier,  the  last  of  the 


is,  &  is  divisible  by  p. 

698.  yHien  the  numerator  and  dwumunator  qfafraetion  an 
prime  to  each  other  thefrcuAvm  cannot  be  reduced  to  an  equioaient 
fraction  in  lower  termt. 
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Suppose  that  a  is  prime  to  6,  and,  if  possible,  let  ^  be  equal 

to  r>  >  >i  fraction  in  lower  terms.     Since  v  =  r; .  we  hare  a'  —  —  : 
o  0     i  b 

therefore  b  divides  ab';  but  b  is  prime  to  a,  therefore  6  divides  b' 

(Art.  697) ;  but  this  is  impossible,  since  b'  is  less  than  b  bj  sup- 

pomtion.     Hence  -  cannot  be  reduced  to  an  equivalent  fraction 
in  lower  terms. 

699.  If  A  U  prime  to  b,  and-  =— ,,  then  a.'  and  h'  must  betha 
aajM  multipUi  of  a.  and  b  respectively. 

Since  i;  =  r  i  '"'^  h^-vo  a'  =  -=-;  but  b  is  prime  to  a,  therefore  b 
divides  b';  hence  b'=nb,  where  n  is  some  integer;  therefore  a'=na. 

700.  1/  a  prime  number  p  divides  a  product  abed...  it  must 
divide  one  of  IM  factors  of  that  product. 

For  since  ji  is  a  prime  number,  if  ^  does  not  divide  a  it  ia  prime 
to  a,  and  therefore  it  must  divide  bed...  (Art.  697).  Similartj,  if 
p  does  not  divide  b,  it  is  prime  to  b,  and  therefore  it  must  divide 
cd. . .  Bj  proceeding  in  this  waj  we  shall  prove  that  p  must  divide 
one  of  the  factors  of  the  product. 

701.  If  a  prime  number  divides  a",  ivliere  n  m  ani/  positive 
integer,  it  mttst  divide  a. 

This  follows  from  the  preceding  Article  by  supposing  all  the 
&ctors  equal. 

702.  If  a  number  n  is  divisible  by  p,  p',  p", ...  and  each  of 
these  divisors  is  prinie  to  all  the  otiiers,  n  is  also  diinsible  by  tha 
product  pp'p"... 

For  since  n  is  divisible  by  p,  we  have  n=pq,  where  5  is  some 
Since  p'  divides  pq  and  is  prime  to  p,  p'  must  divide  q ; 
-p'<f,  where  /  is  some  integer;  thus  n=pp'<f,  and  is 
therefore  divisible  by  pp'.  By  proceeding  thus  we  may  shew  that 
nia  divisible  bj pp'p"... 

T.  A.  ,-     28, 
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703,  Jf  a  <md  b  hi  each  cjf  them  jnime  to  o,  thm  ab  u  prwie 
to  c 

For  if  oi  is  not  prime  to  c,  Buppose  ai  =  nr  and  e  =  ns,  vhere 
n,  r,  and  i  are  integeta ;  then,  since  a  and  6  are  prime  to  e,  they 

are  prime  to  tu,  and  therefore  to  » ;  but  ab  =  nr,  therefore  ~  =  t  > 
therefore  6  is  a  multiple  of  n  (Art.  699).  Hence  h  ia  both  prime 
to  n  and  a  multiple  of  n,  which  is  impossible.  Therefore  ai  ia 
prime  to  c. 

70i.  I/a  and  b  are  prime  to  each  other,  a"  and  b"  are  prima 
to  each  other;  m  and  n  being  any  positive  integers. 

For  since  a  ia  prime  to  b,  it  follows  l^t  a  x  a  or  a*  is  prime 
to  b  (Art.  703) ;  similarly  a*  xa  or  a*  is  prime  to  6 ;  and  so  on  ; 
thus  a'  ia  prime  to  h.  Again,  since  a"  is  prime  to  b,  it  follows 
that  a"  ia  prime  to  6  x  6  or  6' ;  and  so  on. 

This  Article  establishes  the  result  to  which  reference  was  made 
in  Art.  242. 

705.  No  rational  integral  algebraical /ormula  can  represent 
prime  numherg  only. 

For,  if  possible,  Buppoae  that  the  formula  o  +  6a!  +  caj'  +  da?  +  ... 
represents  prime  numbers  only;  suppose  when  x  =  m  that  the 
formula  takes  the  value  p,  so  that  p  =  a  +  bm  +  cit^  +  dm'  +  ... 
Put  for  X,  in  the  formula,  m  +  np,  and  suppose  the  value  then 
to  be  _p'j  thua  p'  =  a  +  b (m  +  -Bp)  +  c {m  +  np)'  +  d (m  +  np}'  +  ... 
=!a  +  bm-t-cm'  +  dm'+ +  M {p)=p  +  M(p),  -where  M (p)  de- 
notes some  multiple  o/p ;  thus  p'  is  divisible  by  p,  and  is  therefore 
not  a  prime. 

706.  The  nwn^ier  of  prime  nwnbera  ia  infinite. 

For  if  the  number  of  prime  numbers  be  not  infinite,  suppose  p 

the  greatest  prime  number  ;  the  product  of  all  lie  prime  numbers 
up  to  p,  that  is,  2.Z.S.7  .ll....p  is  divisible  hj  each  of  these 
prime  numbers;  add  unity  to  this  product,  and  we  obtain  a 
number  which  is  not  divisible  by  any  of  these  prime  aumberaj  this 
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number  is  tlierefore  either  itself  a  prime  number,  or  is  diTisible 
by  some  prime  number  greater  tliiui  g ;  thus  p  is  not  the  greatest 
prime  number,  which  is  contrary  to  the  supposition.  Hence  the 
niunber  of  prime  numbers  is  infinite. 

T07.    1/  a.  it  prime  to  b,  and  the  quaaUities  a,  3a,  3a, 

(b  —  1)  a,  are  divided  by  b,  the  remainders  wili  all  be  differetU. 

For,  if  possible,  euppoae  that  two  of  these  quantities  via  and 
m'a  irhen  divided  bj  b  leave  the  same  remainder  r,  so  that 

ma=tii  +  r  and  m'a  =  n'b+ri 
then  (m-m')a={n-n')bi 

therefore  j  = , ; 

0     m-m 

hence  «t  —  m'  is  a  multiple  of  b  (Art.  699) ;  but  this  is  impossible, 

since  vt  and  m'  are  both  less  than  b. 

708.  A  nwnfier  can  b«  resolved  info  prime  /aotora  in  only 
one  viay. 

Let  N  denote  the  number;   suppose  N=abed ,  where 

a,h,  <s,d, are  prime  numbers  equal  or  unequal.     Suppose,  if 

posfuble,  that  ^1^  -afiyS  .  .,  where  a,  ;3,  y,  S,  ...are  other  prime 

numbers.      Then  ahcd =a^yS ;    henoe   a  must  divide 

f^cd ,  and  therefore  must  divide  one  of.  die  factors  of  this 

product ;  but  these  factors  are  all  prime  nnmbers  ;  hence  a  must 
be  equal  to  one  of  them,  a   suppose.     Divide  by  a  or  a,  then 

bed =/3y8 ;  from  this  we  can  prove  that  ^  must  be  equal 

to  one  of  the  factors  in  bed ;  and  so  on.     Thus  the  factors  in 

abtd cannot  be  different  from  those  in  a^yS 

709.  To  find  the  highest  poioer  of  a  prime  number  a  vAieh  is 
contained  in  the  product  \m. 

Let  /  ( — )  denote  the  greatest  integer  contained  in  — , 

let  /  (-^ J  denote  the  greatest  int^er  contained  in  -j , 

let  I  T-i]  denote  the  greatest  integer  contained  in  -| , 

and  so  on;  ,  ("'.nnolc 
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then  the  highest  power  of  the  prime  number  a  which  is  con- 
tained in  'im  is  ^(f)  +  -^(5)  +  -f  S)  + 

For  among  the  numbeiB  1,  2,  3, ...  m,  there  are  /  (~j  which 

contain  a  at  least  once,  namely  the  niunbers  a,  2a,  3a,  ia, 

Similarly  there  are  7(-^l  which  eontain  a'  at  least  once;  there 

are  ^(—A  which  contain  a'  at  least  once;  and  so  on.  The  sum 
■  of  these  expreesiona  is  ihe  required  highest  power. 

This  propoiiition  will  be  illustrated  by  considering  a  numerical 
exampla  Suppose  for  instance  that  m  =  li  and  a  =  2;  then  we 
have  to  find  the  highest  power  of  2  which  is  contained  in  [14. 

Here  / (p-\  =  7,  I (^\  =  3,  /  f~^  =  1 ;  thus  the  requii-ed 
power  ia  11.  That  is,  2"  will  divide  [li,  and  no  higher  power 
of  2  will  divide  [14.  Kow  let  us  examine  in  what  way  this  num- 
ber U  arises.     Of  the  factors  1,  2,  3,  4, 14  there  are  seven 

■which  we  can  divide  at  once  by  2,  namely  2,  4,  6,  8,  10,  12,  14, 
There  are  three  factors  which  can  be  divided  by  2  a  second  time, 
namely  4,  8,  12.  There  is  one  factor  which  can  be  divided  by  3 
a  third  time,  namely  8. 

Thus  we  see  the  way  in  which  7  +  3  +  1,  that  is  1 1,  arises. 

710.     T/ie  product   of  any   n  iwxeanve  integers  is  divisible 

Let  m  + 1  be  the  first  integer;  we  have  then  to  shew  that 
'"*'"'" -^g '•'^"' i.  „  mleger.     Multiply  both  ■>«„,. 

rator  and  denominator  of  this  expression  by  [m;  it  then  becomes 

Im  +  n  P 

at    a    be    any    prune 

denote   the  greatest   integers  in 


m  +  n     m  + 
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denote  the  greatest  integers  m  — ,  -,,  -, respectively;  and 

let  t,,  I ,  t , denote  the  g 


respectively.     Then  in  P  the  factor  a  occurs  raised  to  the  power 

rj+r,  +  r,  + ;  in  Q  the  factor  a  occurs  raised  to  the  power 

«,  +  *,  +  *,+ +  (|  +  i,+  (j+ Now  it  maybe  eaaily  shewn 

that  r,  is  either  equal  to  «,  +  i,  or  to  Sj  +  (,  +  1,  and  tiiat  r,  ia 
either  equal  to  «,  +  (,  or  to  «,  +  i,  + 1,  and  so  on.  Thus  a  occura 
iu  P  raised  t<i  at  least  as  high  a  power  as  in  Q.  Similarly  any 
prime  factor  which  occurs  in  Q  occurs  in  P  raised  to  at  least  as 
high  a  power  as  in  Q.     Thus  P  is  divisible  by  Q. 

711.  If  a.  he  a  prime  number,  the  ooe^cient  o/ evay  term  in 
the  expansion  qf{&  +  b)",  except  tkefirtt  and  last,  it  dtvitible  by  n. 

For  the  general  form  of  the  coefficients  excluding  the  first  and 
last  is  — ^ —■"."■'-- -,  where  r  may   have  any   value 

from  1  to  n  —  \  inclusiva  Now,  by  Ai-t.  710,  this  expression  is 
an  integer ;  also  siuee  n  is  a  prime  number  and  greater  than 
r,    no    factor    which    occurs    in  [r    can    divide    n ;     therefore 

(n-l)(n  — 2) (n-r  +  1)  must  be   divisible  by  [r.      Hence 

every  coefficient,  except  the  first  and  last,  is  divisible  by  n. 

712.  If  D  be  a  prime  «wm6er,  the  co^^^teient  of  every  lerni  in 

the  expansion  of  {a  +  b  +  c  +  d+ )°,  exeept  thoie  of  a",  b°,  c°, 

d", ,  t»  divisible  by  n. 

Put /9  for  b*a  +  d  + ;  then 

(«  +  6  +  c  +  d+ )"  =  (a  +  ^-. 

By  Art.  711,  every  coefficient  in  the  expansion  of  (a  +  ^'  is 
divisible  by  n,  except  those  of  a'  and  ^,  and  the  coefficient  of 
each  of  these  terms  is  unity.     Again, 

/3"  =  (fi  +  c  +  d+ )"=(*  +  y)"  suppose; 

and  every  coefficient  in  the  expansion  of  (i  ■*■  y)'  is  divisible  by 
n  except  those  of  b'  and  y'.  'By  proceeding  in  this  way  we  anive 
at  the  theorem  enunciated. 

r..„ .,Gt)t)gle 
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713.  ZJabtaprime  number, andTff  prime  ton,  ihtn  N*''  — 1 
is  a  multiple  of  a.     (Fenuat'a  Theorem.) 

Bj  the  precedii^  Article, 

{9  +  b  +  e+d+ +  i)"  =  a'  +  6*  +  <j*  +  d'+ *kr  +  M{n), 

vhere  J/  (n)  denotes  some  moltiple  of  n.     Let  each  of  the  quaati- 

tiea  a,  b,  c,  d, k  be  equal  to  imity,  and  suppose  there  are 

JP"  of  them;  thus  iV  =  ^"+ j«"(n);  therefore  JT  (if-'- I)  =.Jf(n). 

Since  N  is  prime  lo  n,  it  follows  that  if""'  —  !  ia  diyisible 
by  n. 

"We  may  therefore  aay  that  if""'=  \  +  pn,  where  p  is  Home 
positive  intc^r. 

714.  Since  n  is  a  prime  number  in  the  preceding  Article, 
l»— 1  is  an  even  number  except  when  n-2;  hence  we  may 

■write  the  theorem  thus,  (If~^-1){N~ +  l)  =  M{n);  therefore, 

either  JV^"—  1  or  iV"^+  1  ia  divisible  by  n,  so  that  -ff  '  =pn  + 1, 
or  else  =  pn  —  1,  where  p  is  some  positive  integer. 

719,  The  following  theorem  is  an  extension  of  Fermat's.  Let 
»  be  any  number;  and  let  1,  a,  h,  c, n  — 1,  be  all  the  num- 
bers which  are  less  than  n  and  prime  to  n ;  suppose  there  are  m  of 
these  numbers ;  then  will  aT  - 1  =  i/'  (n),  when  for  x  we  substitute 
any  one  of  the  above  m  numbers,  except  unity.  For  multiply  all 
the  m  numbers  by  any  one  of  them,  ezoept  unity,  and  denote  the 

multiplier  by  x;  thus  we  obtain  l.a^  ax,  bx,  ex, (n-l)aj; 

these  products  are  all  different  and  all  prime  to  n.  It  may  be 
easily  shewn  that  when  these  products  are  divided  by  n,  the  re- 
mtundera  are  all  different  and  all  prime  to  n ;  thus  the  remain- 
ders must  be  the  original  m  numbers  1,  a,  h,  c,  »  — Ij 

they  will  not  necesauily  occur  in  this  order,  but  that  is  imma. 
terial  for  the  object  we  have  in  view.     Hence  the  product  of 

the  new  series  of  m  numbers  x,  ax,  bx,  ex,  (n-l)av  <>*" 

only  differ  firom  the  product  of  the  original  m  nnmbera  by  tomt 
multiple  o/n;  thus 

oTabc (n-l)  =  o6c (n-l)  +  M{ni. 

r.,, ,ljOt)gle 
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Since  two  of  the  three  terms  wMoh  enter  into  thie  identity 

are  divisible  by  abc (i  — 1).  t^6  third  term  must  likewise  be  bo 

divisible,  and  aa  abc (m  -  1)  is  prime  to  n,  the  quotient  after 

M{n)  is  divided  by  abc (n—  1)  must  still  be  some  multiple  of 

n,  and  may  be  denoted  by  if{n) ;  thus 

3r-=l  +  M{n),  and  ar-I=:J/"(n). 

716.  We  will  now  deduce  Fermat's  theorem  from  the  result 
of  the  preceding  Article.     Suppose  n  a  prime  number ;  then  the 

numbers  1,  3,  3, n  — I,  toe  all  prime  to  n;  thus  m  =  n  —  l. 

Therefore  af"'— 1  =Jf{M),  where  jemaybe  any  number  less  than  n. 
Next  let  2/  denote  any  number  which  is  greater  than  n  and  prime 
ton,  then  we  can  suppose  y=pn  +  x,  where  ^  is  eome  integer  and 
X  is  leas  than  n.    Therefore 

y""  =  (yn  +  a!)'"'  =  iB"''  +  (n-l)a?"'pn  + =af"'  +  if(n); 

but  we  have  already  shewn  that  a;""'  =  1  +  Jlf  (n) ;  thus 

jr'  =  l+-«'(").  and  jT'- !  =  -«"(«).  , 

Thus  Fermat's  theorem  is  established. 

717.  If  n  be  a  prime  nwmier,  1  +|n  — 1  is  divisible  by  n. 
(Wilson's  Theorem.) 

By  Art.  549  we  have 
l«-l^(n-ir-(n-l){»-2)- 
(n-l){n-2)  («-l)(n-2)(^~3) 

■*- 172 t""^J 17273  <"    *'    * ' 

by  Fermat's  theorem  we  have 

(n-l)-'-l+p,n,     (n-2)-' =  !+;),«,     (n- 3)'*"' =  1 +;),«, 

where  p„p„p^, are  positive  integers.    Therefore 

,  (..-l)(»-2)     (.-l)(»-2)(»-3), 
1.2  1.3.3 

Ike  aariea  1  -  (n  - 1)  +  S^^lii^::!*  -  . . .,  of  »  - 1  tenm,  i«  eqn.1  lo 
{l-l)-'-(-l)-',  that  JH,  to  -1,  Binco  n-1  ia  an  even  numbor. 
Thoa  |«  - 1  =  jy(w)  - 1 ;  therefore  1  +|to-1  is  diviaibleby  n. 

r.,„ Gt)tH^lc   ■ 
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It  n  ha  not  It  prime  number,  I  +  ]»— 1  is  not  djvi^ble  hy  n. 
For  suppose  p  a  factor  of  n ;  then  p  is  less  than  »  —  1,  and  there- 
fore |n  — 1  is  divisible  by  p ;  hence  1  +  |w—  I  is  not  divisible  by 
p,  and  therefore  not  divisible  by  n. 

718.  The  following  inference  may  be  dravn  from  Wilson's 
Theorem;  K  2p+l  be  a  prime  number,  f£j'  +  {-l)'  is  divisible 
by  2p  + 1. 

By  Wilson's  Theorem,  since  2p  + 1  is  a  prime  number, 
l+[2p  ia  divisible  by  2p+\.     Put  n  for  2p  +  1,  then  [2p  may 

be  written  thns,  1  (n-l)  2(«-2)  3(ii- 3) p(n~p);  if  these 

factora  be  supposed  multiplied  out,  it  is  obvious  that  we  shall 
obtain  (-1)'1'2'3' p*  together  with  some  multiple  of  n. 

Hence  1  +  (—  1)'  (|pl'  must  be  divisible  by  n,  and  therefore 
[[£]'+  (-  ly  must  be  divisible  by  n. 

719.  Let  X  denote  any  positive  integer;  then  the  number  of 
positive  integers  which  are  less  than  x  and  prime  to  x  «ill  be 
denoted  by  L  (x). 

Consider,  for  example,  the  positive  integer  12;  there  are  i 
positive  int^ers  which  are  less  than  12  and  prime  to  12,  namely 
11,  7,  5,  1:  thus  £(12)  =  4. 

720.  I/ta  beprime  to  n  (Ae«  L (mn)  =  L (m)  x L (n). 

For  let  \,  a,h, m  —  1  be  the  positive  integers  which  are 

less  than  m  and  prime  to  m ;  then,  r  denoting  any  one  of  these, 
the  following  n  positive  int€^TS  are  all  less  than  mn  and  are  all 
prime  torn, 

f",     r  +  m,     r  +  2i7», r  +  (n  — l)jn. 

And  every  positive  integer  which  ia  less  than  mn  and  is  prime 
to  m  must  be  of  the  form  r  +pm,  where  p  is  lero  or  some  positive 
integer  less  than  n,  and  r  is  one  of  the  po^tive  integers  1,  a,  b,  ... 
m-1. 

Hence  we  see  that  the  number  <^  posidve  int^eis  less  than 
mn  and  prime  to  m  is  n  x  Z  (m). 

I..., ,Gt)i.H^lc 
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Out  of  tlie  positiv6  integera  which  are  less  than  mn  and  prime 
to  m  we  must  now  determine  those  which  are  also  prime  to  n. 

Let  r  have  the  same  meaning  as  before.  If  we  divide  each 
term  of  the  set 

r,    r  +  m,    r  +  2ni, r  +  (n  —  l)m 

bj  n  the  remainders  will  all  be  different ;  this  is  shewn  by  the 
method  of  Art.  707  :  thus  the  remainders  must  be  0, 1,  2, ...  n-l; 
though  they  will  not  necessarily  occnr  in  this  order.  If  a  re- 
mainder be  prime  to  n  the  corresponding  dividend  is  prime  to  n  ; 
and  convetBely  if  a  dividend  is  prime  to  n  the  cortespoudii^  re- 
mainder is  prime  to  n.  It  follows  therefore  that  out  of  the  n 
positive  integers  in  the  above  set  there  are  L  (n)  which  are  prime 
to  n.  And  since  this  holds  for  each  such  set  of  integeiB  as  we 
have  considered  it  follows  that  L  (mn)  =  L  (m)  x  L  (m). 

Hence  if  /,  m,  n  are  all  prime  to  each  other,  we  have 
H^n)  =  L{lm)^L{n)  =  Li}')^L{m)%L{n); 
and  a  similar  result  holds  for  any  number  of  factors  which  are  all 
prime  to  each  other. 

721.  To  find  ihe  number  of  poaUive  integers  vihieh  are  lest 
than  a  given  nuTiiber  and  prime  to  if. 

Let  If  denote  the  number,  and  first  suppose  J?=  o',  where  a 

is  a  prime  number.     The  only  terms  of  the  series  1,  3,  3,  4, JV 

If 
which  are  not  prime  to  JV  are  a,  2a,  3a,  4a, —  o;  and  there 

ore  —  of  these  terms.  Hence  after  rejecting  these  multiples  of 
a,  we  have  remaining  If—  —  terms,  that  is,  If(  1  —  J  terms  ;  thus 
there  are  If(l  —  J  porative  integers  which  are  less  than  If  and 
prime  to  N. 

IText,  suppose  If=a'W where  a,  h,c, are  all  prime 

Bombers. 

r..„ .,Gt)tH^lc 
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Then,  by  Art.  730, 

-('-^K>-9-('-;)« 

by  the  first  case. 

Thus  finally  if  N=tfb'<r^ Tpliere  a,h,e,d, are  all 

prime  numbers,  the  cumber  of  positiTe  int^era  vhich  are  leaa 
than  N  and  prime  ia  Nh 

-(■-30-D0-D(-J) 

It  will  be  obeerred  that  in  this  theorem  unify  ia  considered 
to  be  one  of  the  poaitiTe  integers  which  are  less  than  N  and  prime 
toiK 

722.  To  find  the  number  of  divisors  of  any  given  nvmber. 
Let  J^^denote  the  number,  and  suppose  N^=a'bV ,  where 

a,b,e, are  prime  numbers.    It  is  evident  that  N  will  be  diri- 

sible  by  any  number  which  is  formed  by  the  product  of  powers  of 

a,b,c, provided  the  exponent  of  the  power  of  a  be  comprised 

between  0  and  p,  the  exponent  of  the  power  of  (  between  0  and 
g,  the  exponent  of  the  power  of  c  between  0  and  r,  and  so  on  ; 
and  no  other  number  will  divide  it^.  Hence  ihe  divisors  of  JV 
will  be  the  various  t«rms  of  the  product 

(1 +(,  +  „■  +  ... +aP)  (1  +  6  + 6"+. ..+6')  (1  +  0  +  0'+.. .+.?)...; 
the  number  of  the  divisors  will  therefore  be  (p  +  1)  (q  +  l)(f  +  1)  ... 
This  includes  among  the  divisors  unity  and  the  number  iT  itself, 

723,  To  find  the  number  of  ways  in  mAmA  a  number  can  he 
resolved  into  two  factors. 

Let  If  denote  the  nimiber,  and  suppose  JVoia'ftV ,  where 

a,  b,  c, are  prime  numbers.     First,  sappose  ^  nol  a  perfect 

squEu^ ;  then  otia  at  least  of  the  exponents  p,  q,  r, is  an  odd 

number;  the  required  number  then  ia  J(p  +  1)(5'+ l)(r+ 1) , 

because  there  are  two  divisors  of  If  corresponding  to  every  way  in 
which  N  can  be  resolved  into  two  fiietors.     Kext  suppose  Jf  a 
r..„ .,Gt)t)gle 
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perfect  square,  then  all  the  exponents  p,  q,r, '.  are  even;  the 

reqtured  number  is  found  by  iaoreaaing  (p+l)(j+  l){r +  1) 

by  unity,  and  taking  half  the  result ;  for  in  this  case  the  aquare 
root  of  iV  ia  one  of  the  divisors,  and  If  this  be  taken  as  one  fiictor 
of  N,  the  other  &ctor  is  equal  to  it,  so  that  only  one  divisor  arises 
from  tiliifl  mode  of  resolving  JVinto  two  Actors. 

It  will  be  observed  that  in  thia  theorem  N'nl  a  counted  aa 
one  of  the  waya  of  r^olving  N  into  two  factors. 

724,     Tojimd  the  aum  o/t^  dhtsore  of  a  numher. 
With  the  notation  of  Art,  722,  we  have  the  mm  equal  to 
(l  +  a  +  a'-i-...  +  af){l  +  b  +  b'+...  +  b*){l  +  c  +  c'+...+<f)...; 

thaCia, 


ar*'~\     &'*■-!    e-'"-! 
o-l     ■    b-l    •    c-1    

725.  To  jmd  the  number  of  vtayi  in  which  a  number  can  be 
resolved  into  twojdetora  which  are  prime  to  each  other. 

Let  thennmberir=a''6'c'..,.  as  before.  Since  the  two  factors 
are  to  be  prime  to  each  other,  we  cannot  have  some  power  of  a  in 
one  &ctor,  and  some  power  of  a  in  the  other  factor,  but  a'  miist 
occur  in  one  of  the  Stctors.  Similarly,  V  must  occur  in  one  of  the 
factors ;  and  ao  on.  Hence  the  required  number  is  the  same  as 
half  the  number  of  divisoi-s  of  o6c...,,  and  is  therefore  2""',  where 
n  18  the  number  of  differ&tt  prime  factors  which  occur  in  W. 

SXAHFJ^a   or  THE  THEORT  OP  NUUBERS. 

1.  If  ;>  and  q  are  whole  numbers,  and  _p  +  j  ia  an  even  num- 
ber, then p-qia  also  even. 

2.  Find  the  least  multiplier  of  3234  which  will  make  the  pro- 
duct a  perfect  sqaara 

3.  Find  the  least  multiplier  of  1845  which  will  mate  the 
prodnct  a  perfect  cube. 

4.  Find  the  least  multiplier  of  6480  which  will  make  the 
product  a  perfect  cube. 
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5.  Find  the  lenat  multiplier  of  13168  whicli  will  make  the 
product  a  perfect  cube. 

6.  If  &e  sum  of  an  odd  square  number  and  an  even  square 
number  is  also  a  square  number,  then  the  even  square  number  iB 
divisible  by  16. 

7.  Every  square  number  is  of  the  form  5n  or  5n  ^  1. 

8.  Every  cube  number  is  of  the  form  7n  or  Tn*  1. 

9.  If  a  number  be  both  a  square  and  a  cube  it  is  of  the  form 
7n  or  7n  +  1. 

10.  No  square  number  is  of  the  form  3n  —  1. 

11.  Ko  triangular  number  is  of  the  form  3h  —  1. 

12.  If  »  be  any  number  whatever,  a  the  difference  between 
n  and  the  next  number  greater  than  »  which  is  a  square  number, 
and  b  the  difference  between  n  and  the  next  number  less  than  n 
wUch  ia  a  square  number,  then  n~abiB  b.  square  number. 

13.  If  the  difference  of  two  numbers  which  are  prime  to 
each  other,  be  an  odd  number,  any  power  of  their  sum  is  prime  to 
every  power  of  their  difference, 

1  i.  If  there  be  three  numbers  one  of  which  is  the  sum  of  the 
other  two,  twice  the  sum  of  their  fourth  powers  is  a  square  number. 

15.  Shew  when  n  is  any  prime  number,  that  a:'  —  1  and 
(a!  —  1)"  will  leave  the  same  remainder  when  divided  by  n. 

16.  If  2p+l  be  a  prime  number  and  the  numbers  1',  2',. --/»', 
be  divided  by  2p  +  1,  the  remaiudera  are  all  different 

17.  Every  even  power  of  every  odd  number  is  of  the  form 
8»-»-l. 

18.  Every  odd  power  of  7  is  of  the  form  8n—  1. 

19.  If  n  be  any  integer,  n'-n  +  l  cannot  be  a  square  number. 

20.  If  n  be  any  odd  integer,  n'+l  cannot  be  a  square  number. 

21.  If  a  and  x  are  integers,  the  greatest  value  of  ox  — 2a^  ia 
the  integer  equal  to  or  next  lees  than  -^ . 
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22.  Shew  that  n(n  +  \)  (2n  +  1)  ia  al-waya  divisible  by  6. 

23.  Ifnbeodd,  (n-l)n{n  +  l)  ia  divisible  by  24. 

34.     If  n  be  odd  and  not  divisible  by  3,  then  n*  +  5  is  divisible 
bye. 

25.  If  ?i  be  a  prime  numbei-  greater  than  6,  then  n*  -  1  b 
,  divisible  by  240. 

26.  Shew  that  jg-  ~  §4  **"  30  "*  "*  "''^K"'  if  ">  be, 

27.  Shew  liiat  n'  —  n  ia  always  divisible  by  42. 

28.  If  n  be  any  prime  number  and  x  aay  integer,  prove  that 
a^  and  x  when  divided  by  n  will  leave  the  same  remainder. 

29.  If  «be  any  prime  number  and  iV  prime  to  n,  then  JT"— 1 
is  di^-isible  by  »',  where  m  =  n{n~l). 

30.  If  n  be  any  prime  number  greater  than  2,  except  7,  then 
n'—  1  ia  divisible  by  5G. 

31.  If  n  be  any  prime  number  greats-  than  2  and  J^any  odd 
number  prime  to  n,  then  N'~'  —  1  is  diviaible  by  8n. 

32.  If  n  be  any  prime  number  greater  than  3  and  N  prime 
to  n,  then  A'"  -  JT  is  diviaible  by  Gn. 

33.  If  M  and  JV"  be  different  prime  numbers,  and  each  greater 
than  3,  then  N'~'  -  1  ia  diviaible  by  24n. 

34.  Shew  that  1 '  +  2"  +  3"  +  . . .  +  (rn)"  ia  a  multiple  of  w,  if  n 
be  any  prime  number  greater  than  2. 

35.  Shew  that  the  lO""  power  of  any  number  is  of  the  form 
llnorlln+l. 

36.  Shew  that  the  12'"  power  of  any  number  is  of  the  form 
13norl3n  +  I. 

37.  shew  that  the  9*^  power  of  any  number  is  of  the  form 
19nor  19n*l. 

38.  Shew  that  the  11'^  power  of  any  number  is  of  the  form 
23nor  23n±l. 

39.  Shew  that  the  20*  power  of  any  number  is  of  the  form 
25n  or  26«  +  1, 
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40.  Hov  mttaj  positive  integers  are  lees  than  140  and  prime 
toUOl 

41.  How  many  positive  inters  ore  less  than  360  and  prime 
to  360 1 

42.  How  many  positiTO  integers  are  less  than  1000  and  prime 
to  10001 

43.  How  many  positive  integers  toe  less  than  3'  x  7'  x  11  and 
prime  to  it! 

44.  How  many  positive  integers  are  less  than  10"  and  prime 
toitl 

45.  Find  the  number  of  divisors  of  140. 

46.  Find  the  number  of  divisors  of  1845. 

47.  Find  how  many  divisors  tliere  are  of  |9,  and  the  Emm  of 
these  diyison. 

48.  Find  the  number  of  ways  in  which  1845  can  be  resolved 
into  two  factors. 

49.  In  how  many  ways  can  a  line  of  100800  inches  long 
be  divided  into  equal  parte,  each  some  multiple  of  an  inch  t 

50.  In  how  many  ways  can  four  right  angles  be  divided- into 
equal  parts  bo  that  each  part  may  be  a  multiple  of  the  angular 
unit,  (I)  when  the  unit  is  a  degree,  (2)  when  the  unit  is  a  grade  } 

51.  How  many  different  positive  integral  solutions  are  there 
of  a^=10'I 

52.  If  iT  be  any  number,  n  the  number  of  ite  divisors,  and  P 

the  product  of  its  divisors,  shew  that  F-N":  shew  that  N'.ia 
in  all  cases  a  complete  square. 

53.  Find  the  least  number  which  has  30  divisors. 

54.  Find  the  least  number  which  has  64  divisors. 

55.  Suppose  a  prime  to  b,  and  let  the  series  of  quantities 
a,  2a,  3a, ...  (i-l)i»  be  divided  by  6;  prove  that  the  sum  of  the 
quotients  arising  from  any  two  terms  equidistant  jfrom  tiie  be- 
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ginning  Etnd  end  will  be  a  —  1,  and  that  the  sum  of  the  correapond- 
ing  remainder  will  be  b. 

fi6.     If  any  number  of  wjuare  nmnbera  be  divided  by  a  given 
number  n  there  cannot  be  more  than  ^  different  remainders. 

57.     Express  generally  the  rational  Tatues  of  x  aud  y  whicb 

satisfy  1400!=/. 

68.    If  r,  the  radix  of  a  scale  of  notation,  be  a  prime  nnmber 

r  +  1 
greater  thau  2,  there  are  -q-   different  digita  in  which  scjuare 

numbers  terminate  In  thai  soale. 

59.  If  any  number  n  can  be  resolved  into  the  sum  of  p  aquares, 
2(p—  l)noanbe  resolved  into  the  sum  of  p{p-l)  Hquarea, 

60.  If  nbe  any  positive  integer  2*"+ 15»—1  ia  divisible  by  9, 

61.  If  I'r  denote  the  sum  of  the  products  of  the  first  n  num- 
betB  taken  r  together,  1  +P^  +  r^  +  ...+P^_^  is  a  multiple  of  [n. 

63.    Bhew  that  the  100'"  power  of  any  number  is  of  the  form 
125«orl25n  +  l. 

LIII.     PROBABILITY. 

726.     If  an  event  may  happen  in  a  ways  and  fail  m  b  ways, 
and  all  these  ways  Me  equally  likely  to  occur,  the  probability 

of  its  happening  is  -,,  and  the   probability  of  its  foiling  is 

6 
-   -T .     This  may  be  regarded  as  a  definition  of  the  meaning  of 

the  word  pTobaMity  in  mathematical  works.  The  following  ex- 
planation is  sometimes  added  for  the  sake  of  shewing  the  consist- 
ency of  the  definition  with  ordinary  language  :  The  probability  of 
the-happening  of  the  event  muat,  from  the  nature  of  the  case,  be 
to  the  probability  of  its  failii^  as  a  to  5 ;  therefore  the  proba- 
bility  of  its  happening  is  to  the  sum  of  the  probabilities  of  its 
happening  and  failing  as  a  to  a  -f  6.  But  the  event  must  mther 
happen  or  fail,  hence  the  sum  of  the  probabilities  ofits  happen 
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ing  and  ffuling  ia  certainty.  Xherefbre  the  probability  of  its  hap- 
pening is  to  certainty  asatoa-t-(.  Soifwe  represent  certainty 
by  unity,  the  probability  of  the  happening  of  the  event  is  repro* 

Bented  by r-- 

^  a  +  b 

727.  Hence  if  jj  be  the  probability  of  the  happening  of  an 
event,  1  -p  is  the  probability  of  its  failing. 

728.  The  'word  chance  is  often  used  in  mathematical  works  as 
synonymous  with  probabiliiy. 

729.  When  the  probability  of  the  happening  of  an  event  is  to 
the  probability  of  its  failing  as  a  to  6,  the  fact  is  expressed  in 
popular  language  thus ;  the  odds  are  a  to  6  /or  the  event,  or  fi  to 
a  againil  the  event. 

730.  Suppose  there  to  be  any  number  of  events  A,  S,  C,  Ac, 
such  that  one  event  must  happen  and  only  one  can  happen  ;  and 
suppose  a,  h,  c,  &c.,  to  be  the  numbers  of  ways  in  which  these  events 
can  respectively  happen,  and  that  all  these  ways  are  equally  likely 
to  occur,  then  the  probabilities  of  the  events  are  proportional 
to  a,b,  c,  Ac.  respectively.  For  simplicity  let  ua  consider  three 
events,  then  A  can  happen  in  a  ways  out  of  a  +  b-¥c  ways  and 
fail  in  fi  +  c  ways;    therefore,    by  Art.  726,  the    probability  of 

A'b  happening  is  7 ,  and  the  probability  of  A'b  failing  is 

b  +  a  b 

,       .     Similarly  the  probability  of  5's  happening  is  — 7 —  , 

and  the  probability  of  C'b  happening  is  — — t —  • 

731.  We  will  now  exempliiy  the  mathematical  meaning  of 
the  word  probahUity. 

If  n  Iialls  A,  B,  C,...,  be  thrown  promiscuously  into  a' bag 
and  a  person  draw  out  one  of  them,  the  probability  that  it  will 

1  .    3 

he  A  is  -  ;  the  probability  that  it  will  be  either  A  or  ii  is  - . 
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The  same  supposition  being  made,  if  tioo  balls  be  drawn  out 
2 
tbe  probability  that  these  will  be  A  and  S  is     ,    _  .. .     For  the 

number  of  pairs  of  balls  is  the  same  as  tbe  number  of  combinations 

of  n  things  taken  two  at  a  time,  that  ia,  ^  n  (n  —  I) ;  and  one  pair 

is  as  likely  to  be  drawn  out  aa  another ;  therefore  the  probability 

of  drawing  out  an  assigned  pair  is  l-^^n(n—  1),  that  isi— ^ rr  • 

Again,  suppose  that  3  white  balis,  4  black  balls,  and  5  red  balls 
are  thrown  promiscuously  into  a  bag,  and  a  person  draws  out  one 

of  them;  the  probability  that  this  will  be  a  white  ball  is  yr,  the 

4 

probability  that  it  will  he  a  blact  ball  ia  j^. ,  and  the  probability 

that  it  will  be  a  red  ball  isy^.    But  suppose  (wo  balls  to  be  drawn 

out :  we  proceed  to  estimate  the  probabilities  of  the  different 
cases.     The  number  of  pairs  that  can  be  formed  out  of  12  things 

is  _  X  13  X  11,  that  is,  66.  The  number  of  pairs  that  can  be 
fbnned  out  of  the  3  white  balls  is  3  ;  hence  the  probability  of 
drawing  two  white  halls  is  — .  Similarly  the  probability  of  draw- 
ing two  black  balls  ia  ^ ;  and  the  probability  of  drawing  two  red 

10 

'66- 

each  black  ball,  the  number  of  pairs  consisting  of  one  white  ball 

and  one  black  ball  is  3  x  4,  that  is,  12  ;  hence  the  probability  of 

12 
drawing  a  white  ball  and  a  black  ball  is  — .     Similarly  the  pi-oba- 


bility  of  drawing  a  black  ball  and  a  red  ball  is  ^ ;  and  the  pro- 
.     The  sun 


bability  of  drawing  a  red  ball  and  a  white  ball  is  ^ .     The  aura 
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of  the  six  probabiHties  whicli  we  tare  just  found  is  unity,  as,  of 
course,  it  should  b& 

We  will  give  one  example  from  a  subject  which  constitutes  an 
important  application  of  the  theory  of  probability.  According  to 
the  Carlisle  Table  of  Mortality,  it  appears  that  out  of  6335  persona 
living  at  the  age  of  14  years,  only  6047  reach  the  age  of  21  years. 
As  we  may  suppose  that  each  indiridual  has  the  same  probability 

of  being  one  of  these  survivors,  we  may  say  that  is  the  pro- 

bability that  an  individtial  aged  14  years  will  reach  the  age  of 
21  years :  and  ^^w^  is  the  probability  that  he  will  not  reach  the 
age  of  21  years. 

732.  Suppose  that  there  are  two  independent  events  of  which 
the  respective  probabilities  are  known  :  we  proceed  to  estimate 
the  probability  that  both  will  happen. 

Let  a  be  the  number  of  ways  in  which  the  first  event  may 
happen,  and  6  the  number  of  ways  in  which  it  may  foil,  all  these 
ways  being  equally  likely  to  occur ;  and  let  a'  be  the  number  of 
ways  in  which  the  second  event  may  happen,  and  b'  the  number 
of  ways  in  which  it  may  fail,  all  these  ways  being  equally  likely  k> 
occur.  Each  case  out  of  the  a  +  b  cases  may  be  associated  with 
each  case  out  of  the  o'  +  6'  cases;  thus  there  are  (a +  6) (a' +6') 
compound  cases  whicli  are  equally  likely  to  occur.  In  oa'  of 
these  compound  cases  both  events  happen,  in  bb'  of  them  both 
evente  fail,  in  ab'  of  them  the  first  event  happens  and  the  second 
fails,  and  in  a'b  of  them  the  first  event  fails  and  the  second 
happens.     Thus 

1  the  probability  that  both  events  happen, 

<  the  probability  that  both  events  fail, 

(is  the  probability  that  the  first  event  happens  and 
the  second  event  fails, 

{is  the  probability  that  the  first  event  fails  and  the 
second  event  happens. 
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Thus  if  p  and  p'  he  the  respective  probabilities  of  tvo  inde- 
pendmt  events,  pp'  a  the  probabOitj  of  the  happening  of  both 
eventa 

733.  The  probability  of  the  conoun'ence  of  two  dependent 
events  is  the  product  of  the  probability  of  the  first  into  the 
probability  that  when  that  has  happened  the  second  will  follow. 
This  is  only  a  slight  modification  of  the  principle  established  in 
the  preceding  Article,  and  is  proved  in  the  same  manner;  we 
have  only  to  sappoae  that  a  is  the  number  of  ways  in  which 
afler  the  first  event  has  happened  the  second  vdll  follow,  and  b' 
the  number  of  ways  in  which  after  the  first  event  has  happened 
the  second  will  not  follow,  all  thesa  ways  being  supposed  equally 
likely  to  occur. 

734.  In  like  manner,  if  there  be  any  number  of  independent 
events,  the  probabiUty  that  they  will  all  happen  is  the  product  of 
their  respective  probabilities  of  happening.  Suppose,  for  example, 
that  there  sj-e  three  independent  events,  ajid  that  p,  p',  p"  are  their 
respective  probabilities.  By  Art.  732,  the  probability  of  the  con- 
currence of  the  first  and  second  events  is  pp' ;  then  in  the  same 
way  the  probability  of  the  concurrence  of  the  first  two  events  and 
the  third  is  pp'xp",  that  is,  pp'p".  Similarly  the  probability  that 
al!  the  events  fail  is  (1  -  p)  (1  -  p')  (I  -  p").  The  probability 
that  the  fii'st  event  happens  and  the  other  two  events  fail  is 
p  {\  - p')  (1  —  p") ;  and  so  on. 

735.  We  will  now  exemplify  the  estimation  of  the  probability 
of  compound  events. 

(1)  Bequired  the  probability  of  throwing  an  ace  in  the  first 
only  of  two  successive  throws  with  a  single  die.  Here  we  require 
a  compound  event  to  happen ;  namely  at  the  first  throw  the  ace 
is  to  appear,  at  the  second  throw  the  ace  is  not  to  appear.     The 

lirobability  of  the  first  simple  event  is  ^ ,  and  of  the  second  si:npio 
event  ^  ;  hence  the  required  probability  is  ^ . 

'■ "^stfi^'^' 
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(2)  Suppose  3  white  balls,  4  black  balls,  anil  5  red  balls  to  be 
thrown  [ToroiBcuouslj  into  a  bag  ;  required  the  probability  that  in 
two  Bucceasive  trials  two  red  balls  will  be  drawn,  ike  ball  Jirtt 
drawn  being  replaced  befoTe  t!ie  second  trial.     Here  the  probability 

of  drawing  a  red  ball  at  the  first  trial  ia  ^ ,  and  the  probability- 
is  the  same  of  drawing  a  red  ball  at  the  second  trial ;  hence  the 
probability  of  drawing  two  red  baits  is  {  i  .s  )  ■ 

(3)  Suppose  now  that  we  require  the  probability  of  drawing 
two  red  balls,  ike  ball  first  drawn  not  being  repkteed  before  t/te 
second  trial.     This  will  be  an  example  of  Art.  733.     Here  the 

probability  of  drawing  a  red  ball  at  the  first  trial  ia  -^  ;  if  a  red 

hall  be  drawn  at  first,  out  of  the  eleven  halls  which  remain  fotir 
are  red,  and  therefore  the  probability  that  a  second  triaJ  will  give 
i 

a  red  ball  ib  tvj  hence  the  probability  of  drawing  two  red  balls  ia 

jg  X  yy.     This  is  the  same  result  as  we  found  in  Art.  731,  for 

the  probability  of  drawing  two  red  balls  aimultaneoutlt/;  and  a 
little  consideration  will  shew  that  the  results  ought  to  coincide. 

(4)  Eequired  the  probability  of  tbi'owing  an  ace  with  a  single 
die  in  two  trials.  The  probability  of  failing  the  first  time  is  7; , 
and  the  probability  of  failing  the  second  time  is  also  ^ ;  hence  the 
probability  of  foiling  twice  is  ( ^  1 ,  that  is,  ^  .  Hence  the  pro- 
bability of  Mot  failing  twice  is  1-::^,  that  is,  ;  this  is  thero- 
fore  the  probability  of  succejiling, 

(5)  In  how  many  trials  will  the  probability  of  throwing  an 
ace  with  a  single  die  amount  ^   «'     Suppose   x  the   number 
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of  trials ;  therefore  the  probability  of  failing  x  times  in  sncces- 
aioii  is  Is)  ,  by  Art.  73i.     Hence  the  probability  of  sacceeding 

is  I  -  (fi)  ;  therefore  1  -  (g)  =2'  ^^""^  ipj  =5)  !»«"» 
a;  log  ^  =  log  g  ,  therefore  x  =  — ^- — - .     By  using  the  Tolues 

of  the  logarithms,  we  find  x  =  3'8  nearly.  Thus  we  conclude  that 
in  3  trials  the  probability  of  success  is  less  than  J,  and  that  in 
4  triala  it  ia  greater  than  J. 

(6)     In  how  many  triala  is  it  an  even  wager  to  throw  aixea 
with  two  dice  I     The  probability  of  sixes  at  a  single  throw  with 

two  dice  ia  ^  X  - ,  that  is,    -^  ;  hence  the  probability  of  not  having 

.     35 

sixes  IS  ;r^ .     Suppose  x  the  number  of  triala ;    then  we  have 


'-©■5' '"'"'  Q- 


;    therefore    , 


log  2 


-  log  35 ' 

By  uaing  the  values  of  the  logarithms,  we  find  x  liea  between  21 
and  25,  which  we  interpret  as  before. 

(7)  To  find  the  probabUity  that  two  individuals,  A  and  S, 
whose  ages  are  known,  will  be  alive  at  the  end  of  a  year.  Let  p 
bo  the  probability  that  A  will  be  alive  at  the  end  of  a  year,  p'  the 
probability  that  S  will  be  alive ;  then  pp'  ia  the  probability  that 
both  will  be  alive  at  the  end  of  a  year.  The  values  of  p  and  p' 
can  be  found  from  the  Tables  of  Mortality  in  the  manner  exempli- 
fied in  Art.  731. 

(8)  To  find  the  probability  that  one  at  least  of  two  indivi- 
duals, A  and  £,  whoae  ages  are  known,  will  be  alive  at  the 
end  of  a  given  number  of  years,  liOt  p  be  the  probability  that  A 
will  be  alive  at  the  end  of  the  given  number  of  years,  p'  the 
probability  that  B  will  be  alive.  Then  I  —p  is  the  probability  that 
A  will  be  dead,  and  1  -p'  is  the  probability  that  B  will  be  dead. 
Hence  (1  —p)  (1  —p")  is  the  probability  that  both  will  be  dead. 
The  probability  Uiat  both  will  not  be  dead,  that  is,  that  one  at 
least  will  be  alive,  is  1  -  (I -p)(l -?'')'  t^**  ""i  P+i''-^''* 
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736.     If  an  event  may  liappen  in  different  independent  ways, 

the  probability  of  its  happening  ia  the  sum  of  the  probabilities 
of  it3  happening  in  the  different  independent  ways. 

If  the  independent  waya  of  happening  are  all  equally  probable, 
this  proposition  is  merely  a  repetition  of  the  definition  of  proba^ 
bllity  given  in  Art.  726;  and  if  they  are  not  all  equ^y  probable, 
the  proposition  seema  to  follow  bo  naturally  &om  that  definition, 
that  it  ia  often  assumed  without  any  remark.  The  following 
method  of  illustrating  it  is  sometimes  given  ;  Suppose  two  urns 
A  and  B-  let  A  contain  2  white  balls  and  3  black  balls,  and  let 
B  contain  3  white  balls  and  4  black  balls  ;  required  the  pro- 
bability of  obtaining  a  white  ball  by  a  single  drawing  from  one  of 
the  urns  taken  at  random.     Since  each  um  is  equally  likely  to  be 

taken,  the  probability  of  taking  the  um  A  ia^,  and  the  proba~ 

2 
bility  then  of  drawing  a  white  ball  from  it  ia  v ;  hence  the  probor 

bility  of  obtaining  a  white  ball  so  &r  as  it  depends  on  J  is 
5  X  =.  Similarly,  the  probability  of  obtaining  a  white  ball  ao  fdr 
as  it  depends  on  B  ia  -xj.  Hence  the  proposition  asserts  that 
the  probabUity  of  obtaining  a  white  ball  Js^xt+s*'-.  that  "s. 


1  /2     3\ 


Tlie  accuracy  of  this  result  may  be  confirmed  by  the 
following  steps  :  First,  without  affecting  the  question,  we  may  re- 
place the  urn  J.  by  an  urn  A',  containing  any  number  of  balls  we 
pleaae,  provided  the  rolio  of  the  \ekite  baUe  to  the  black  balU  he  thai  of 
2  to  3  ;  and  similarly,  we  may  replace  the  um  £  by  an  um  S, 
containing  any  number  of  balla  we  please,  provided  the  raiio  of  lint 
vAite  bdU  to  the  black  balU  be  that  of  3  to  i.  Let  then  A'  contain 
14  white  balla  and  21  black  balls,  and  let  B'  contain  15  white  baUs 
and  20  black  balle;  thus  A'  and  S"  each  contain  35  balls. 
Secondly,  without  affecting  the  question,  we  may  now  supixjse  the 
balls  in  A'  and  B'  collected  in  a  single  um ;  thus  there  will  bo 
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70  balls,  of  which  29  are  white.  The  probability  cf  drawing  a 
white  ball  will  tlierefore  be  — ;  that  is,  - — ^ — ;  that  is, 
1 


/U      15\     ^,    ^  .     W2-    3\ 
(3-5  ^35)*'^^*  ■^2(^7)- 


737.  The  probability  of  the  happening  of  one  or  other  of  two 
events  which  cannot  concur  is  the  aum  of  their  separate  pro- 
babilities. For  the  complete  event  we  are  considering  occurs  if 
the  first  event  happens,  or  if  the  second  event  happens ;  thus 
the  propoMtion  is  a  case  of  the  preceding  proposition. 

738.  The  probability  of  the  happening  of  an  event  in  one 
trial  being  known,  required  the  probability  of  its  happening  once, 
twice,  three  times,  4c,,  exactly  in  n  trials. 

Let  p  denote  the  probability  of  the  happening  of  the  event  in 
one  trial,  and  q  the  probability  of  its  failing,  so  that  5-=!-^.  The 
probability  that  in  n  trials  the  event  will  occur  in  one  assigned 
trial,  and  fail  in  the  other  ji-1  trials  is  py""' {Art.  734);  and  since 
there  are  n  trials,  the  probability  of  its  happening  in  some  one  of 
theee  and  falling  in  tlie  rest  is  npq"~'.  The  probability  that  in  n 
trials  the  event  will  occur  in  two  assigned  trials,  and  fail  in  the 

other  n—  2  trials,  is  p'q'~' ;  and  there  are  -  . — .-    ways  in  which 

the  event  may  happen  twice  and  fail  re  -  2  times  in  n  trials;  there- 
fore the  probability  that  it  will  Lappiin  exactly  twice  iu  n  tiiala  ia 

— ■-    .)— p'g'~'-     Similarly  the  probability  that  the  event  will  hap- 
pen exactly  three  times  in  n  trials  is r~o    i p'9'~'>  ^'^^ 

the  probability  tliat  it  will  htippen  exactly  r  times  in  n  trials  is 

■■,.-i)..^(-».)^.^-, 

Similarly,  the  probability  that  the  event  will  fail  exactly  r 
times  in  n  trials  is  ■  ^ Li:J-'- -"--*■_ — -¥"''!' 

739.  Thus  if  (?  +  ?)'  be  expanded  by  the  Binomial  Theorem 
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in  the  aerieB  p*  +  »p'~'q  +  Ac.,  tie  terms  will  represent  respectively 
the  probabilities  of  the  happening  of  the  event  exactly  n  times, 
n  — 1  times,  n— 2  times,  Ac,  in  n  trials.  Hence  we  may  de- 
termine 'what  is  the  most  probable  number  of  suocesses  and 
&ilures  in  n  trials ;  we  have  only  to  ascertain  the  greateet  term  in 

the  above  series.     Let  ns  Buppose,  for  example,  that  p  =  ■■■■■■;  , 

y  = T,  n  =  m(a  +  b),  whera  a,  6,  and  m  are  integers;  then,  by 

Art.  511,  the  moat  probable  case  is^  that  of  r  lailnres  and  n  —  r 

successes,  where  r  is  the  great«st  int^ear  contained  in  ^^— ,  that 

^+1 

is,  in  mb  + r!   so   that    r  =  mb,    and  it~r=ma.     The  most 

a  +  o 

probable  case  therefore  is,  that  in  which  the  numbers  of  successes 

and  failures  are  proportional  to  the  probabilities  of  success  and 

failure  respectively  in  a  single  trial 

740.     The  probability  of  the  happening  of  the  event  at  leatl  r 

times  in  n  trials  is 

.-,        ^'(rt-i)    .,, 
p   +np     J+       ^  -y-y'    2  + 

for  if  tlie  event  happen  every  time,  or  fail  only  once,  twice, 

(n—  r)  times,  it  happens  t  times;  therefore  the  probability  of  the 
happening  of  the  event  at  least  r  times  is  the  snm  of  the  proba- 
bilities of  its  happening  every  time,  of  failing  only  once,  twice, 

n  —  r  times;  and  the  sum  of  these  is  the  expression  given  above. 

For  example;  in  five  throws  with  a  single  die  what  is  the 
probability  of  throwing  exactly  three  acesi  and  what  is  the  pro- 
bability of  throwing  at  ka»t  three  aces  1 

Here  p  =  7i,  ^  =  t,,    n-  5,    r=3;    thus    the  probability  of 

„      ,  .    B.i.SmVSV    ,,    ^  .      250 

throwing  exactly  three  aces  is  j—^    „  I  g  1  1^1  ,  that  is,  yj=g  ; 
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tmd    the     probability    of    throwing     at     least     three     aces    is 

{d^^{v  l^nifi)  [b)''^'  "^fm- 

The  following  four  Articles  contain  problems  illustrating  the 
subject, 

741.  A  and  B  play  a  set  of  games,  in  which  A'b  probability 
of  winning  a  single  game  is  p,  and  S's  probability  is  q ;  required 
the  probability  of  A's  winning  m  games  out  of  n*  +  n. 

If  A  vins  in  exactly  m-*-r  games  ho  must  win  the  last  game 
and  m  —  1  games  out  of  the  preceding  j»  +  r  —  1  games ;  the  proba- 
bility of  this  is  Mp''~'q'p,  where  M  is  the  number  of  combinations 
otm+r—l  things  taken  nt— 1  at  a  time  j  that  is,  the  probability  is 

Nf-i  .._ 

Now  in  order  that  A  may  win  m  games  out  of  m  4-  n,  he  must 

win  m  games  in  exacUy  m  games,  or  in  exactly  m  +  l  gajues,  , 

or  in  exactly  m  +  n  games.     Hence  the  probability  required  is  the 

Bura  of  the  aeries  obtained  by  giving  to  r  the  values  0,  1,  2, n 

|m+r-l 
in  the  expression  -p-^y^p"9',  that  is,  the  required  probability  is 

If  j1  in  order  to  wui  the  set  must  win  m  games  bfjore  B  wins 
n  games,  A  must  win  m  games  out  of  m.  +  n  -  1 ;  the  probability 
of  this  event  is  given  by  the  preceding  expression  with  the  omis' 
ejon  of  the  last  term.  Similarly,  the  probability  of  if'a  winning  n 
games  out  of  m  +  n- 1  ia 

^{i.»..ife±l)/. ."'-"■^"--'-V-}. 

This  problem  is  celebrated  in  the  history  of  the  theory  of 
probabilities,  as  the  first  of  any  difficulty  which  was  discussed; 
it  was  proposed  to  Pascal  in  1654,  with  the  simplification  however 
which  arises  from  supposing  p  and  q  tohe  equal, 
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It  appears  from  tUo  p-.-eceding  mveatigntion  that  the  probability 
of  ^'a  winning  r  ganiea  out  of  n  is 


1.2 


9  + 


but  this  probability  must  from  the  nature  of  the  question  bo  tbe 
S3jne  as  the  probability  of  the  happening  of  an  event  at  least  r 
times  tn  n  trials  when  the  probability  of  the  event  is  p.  Thus  the 
expression  just  given  must  be  equivalent  to  that  given  in  Art.  7  40 ; 
we  may  verify  this  as  follows  :  Denote  the  expression  just  given 
by  »„  and  that  given  in  Art.  740  by  «,,  and  let  «_^^,  and  m_^, 
denote  respectively  what  they  become  when  n  is  changed  to  n  ■•- 1 ; 
then  we  shall  shew  that  if  u_  =  v^  when  n  has  any  specific  value, 
then  also  m,^,  =*.+i- 

We  have  m,  =  w_  (p  +  g) ;  now  «.__  (p  4-  q)  gives  two  series,  and 
when  the  like  terms  in  these  two  series  are  united  we  obtain 
«.(?  +  ?)  =  ".4. 

_(n.l)..    .■.(r.l)^.^.,..^.(«-n......f..l)^.^„._,. 


(»-r 

) 

.r 

|m  + 

l-r 

i"rJ). 

^^ 

?'l'* 

-, 

and  obviously  t 


This  shews  that  w__^,  =11^^,  ifM^  =  w_.  Now  obviously  «_  is  equal 
to  e,  when  re  =  r ;  therefore  m,  is  equal  to  w,  for  every  value  of  » 
greater  than  r. 

For  some  more  remarks  on  this  problem  the  student  is  re- 
ferred to  the  HUtory  of  ProbabUUjf,  page  98. 

742.     A  bag  contains  n  +  1  tickets  which  are  marked  with  the 

numbers  0,  I,  2,  n,  respectively.     A  ticket  is  drawn  and 

replaced :  required  the  probability  that  after  r  drawings  the  sum. 
of  the  numbers  drawn  is  s. 

The  number  of  drawings  which  can  occur  is  (n  +  1)',  for  any 
one  of  the  tickets  may  be  drawn  each  time.     The  number  of  ways 
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in  wluch  the  sum  of  the  drawings  iriil  amount  to  s  is  the  coeffi- 
cient of  (b"  in  the  expansion  of  (a;*  +  a:' +  a;*  + +  *")';  because 

this  coefficient  arises  from  the  different  modes  of  forming  s  by  the 

addition  of  r  numbers  of  the  series  0,  1,  2, n.     Thus  the  pro^ 

bability  required  is  found  by  dividing  this  coefficient  by  («+  1)'. 

The  above  coefficient  may  be   obtained  by  the  Multinomial 
Theorem  ;  or  we  may  proceed  thus : 

(«'+«'-"^+ *=?)'. {if^'}'.(i-«-)-(i-»r; 

It 


ma  {l-«'*')'=l-rj^*'  +  -y- 


i.a.3 


We  must  therefore  find  the  coefficient  of  a;*  in  the  product  of  these 
two  series  :  it  is 


this  series  is  to  stop  at  the  (i  +  1)"^  term,  where  i  is  the  greatest 
intt^er  contained  in  ■ — -y ;  then  the  required  probability  is  ob- 
tained by  dividing  this  series  by  (n  +  1)'. 

It  is  not  difficult  to  determine  the  probability  that  after  r 
drawmgs  the  sum  of  the  numbers  drawn  shall  not  exceed  « j  see 
HUtory  of  Probability,  page  208. 

743.  A.  box  has  three  equal  compartments,  and  four  balls  are 
thrown  in  at  random :  determine  the  probability  of  the  different 
arrangements,  assuming  that  it  is  equally  likely  that  any  ball  will 
&U  into  any  compartment. 

Since  it  is  equally  likely  that  a  ball  will  &I1  iut«  any  (xan- 
partment  there  are  3  equally  likely  casee  for  each  ball ;  and  on 
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the  whole  there  are  3*  equally  likely  eases.     Now  there  aro  foar 
possible  arrangemente. 

I.  All  the  balls  may  be  in  one  compartment ;  this  can  happen 
in  3  ways. 

II.  Any  three  of  the  balls  may  be  in  any  one  of  the  eom- 
partments,  and  the  remaining  ball  in  eiiher  of  the  remaining 
compartments;  this  can  happen  in  4.3,2  ways. 

III.  Any  two  of  the  balls  may  be  in  any  one  compartment, 
and  one  of  the  remaining  balls  in  one  of  the  remaining  compart- 
ments and  the  other  in  the  other  ;  this  can  happen  in  G .  3 . 2  ways. 

IT.  Any  two  of  the  balls  may  be  in  any  one  compartment, 
and  the  other  two  halls  in  either  of  the  remaining  compartments ; 
this  can  happen  in  6 .  3  ways. 

Thus  the  probabilities  of  tho  different  ammgements  are  re- 

q        gi       og       ]g 

spectively  ^^  ,   ^y ,  -g-j- 1    st  i  ^^^  ^'^'•'  "^  these  fractions  is,  of 
ol      ol      ol      ol 

course,  unity. 

In  the  preceding  solution  the  point  which  deserves  particular 
attention  is  the  statement  that  there  are  81  equally  likely  cases ; 
for  when  this  is  admitted  all  the  rest  follows  necessarily.  If  this 
is  not  admitted  and  the  student  substitutes  any  other  statement  in 
the  place  of  it,  he  will  be  really  taking  another  problem  instead  of 
the  one  intended.  In  iact  in  a  problem  which  relates  to  permuta- 
tions, combinations,  or  probabilities,  it  ia  not  unfrequeutly  found 
that  different  results  are  obtained  because  different  meanings  have 
been  attached  to  the  enunciation ;  especial  care  is  necessary  in 
these  subjects  to  ensure  that  whatever  meaning  is  given  to  the  enun- 
ciation shoidd  be  consistently  retained  throughout  the  solution. 

We  will  next  consider  the  general  problem  of  which  the  present 
is  a  particular  case. 

744.  A  box  is  divided  into  m  equal  compartments.  If  »  balls 
are  thrown  in  promiscuously,  required  the  probability  that  there 
will  be  a  compartments  each  containing  a  balls,  b  compartments 
each  containing /3  balls;  and  so  on,  where  oa -]- 6^ -t- cy  + •>». 
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Since  any  ball  maj  fall  into  any  compartment,  there  are  m" 
oases  equally  likely  to  occur.  We  sliall  first  shew  that  the  num- 
ber of  different  ways  in  which  the  n  balb  can  be  divided  into 

a  +  6  +  c  + parcels  containing  a,  p,  y, balls  respectively  in 

fcriifl'tor--t!i»i^ "'^'  "^' 

For  consider  first  in  Low  many  ways  a  paivel  of  a  balls  can  be 

selected  from  n  balb ;  the  result  is  — "■'-.  ■"    ■■■  ways. 

Then  consider  in  how  many  ways  a  second  parcel  of  a  balls 
can   be  selected   irom    the  remaining  n^^a.  balls ;  the  result  is 

^ — ^^ —  '" '-  .     Similarly   a   Odrd   parcel    of 

a    balls    can    be    selected    ivam    the    remaining    n  -  2a  balls   in 

i '-^~ 1^' ^ ■- — '-  w-ays.     We  might  then  at 

first  infer  that  the  number  of  ways  in  which  three  parcels  of  o  balls 

each  can  be  selected  from  n  balls  is  -— ^- ■|'"|'  | — - , 

and  this  is  coiTect  in  a  certain  sense ;  but  each  distinct  group  of 
three  pamjels  has  in  this  way  occurred  |3  times,  and  we  must  there- 
fore divide  by  [3  in  order  to  obtain  the  number  of  different  ways 
in  which  three  parcels  of  a  balls  each  can  be  selected  from  n  balls. 
Similarly  the  number  of  different  ways  in  which  a  parceb  of  a  balls 

each  can  bo  selected  fi'om  n  balls  is  — jpiTi^ ' — ~    ■ 

By  proceeding  thus  we  obtain  the  proposed  result 

Now  the  number  of  ways  in  which  the  parcels  can  be  arranged 

in  the  m  compartments  is  m{m— l){ni  — 2) (to— a+  1),  where 

s  =  o  +  6  +  c  + Hence,  the  probability  required  ia 

JVi»(m-l)(m-2) (m-.^l) 

For  example,  suppose  six  balls  thrown  into  a  box  which  has 

three  oompartmeuts.      The  seven  possible  modes  of  distribution 
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M^  6,  0,  0;  1,  5,  Oj  2,  4,  0;  3,  3,  0;  1, 1,  4;  1,  2,  3;  2,  3,  2  ; 
and  their  reepectivB  proliBbilities  are  fractdtms  whcee  comimon. 
d^iominator  ia  243,  and  numeratoiB  1,  12,  30,  20,  30,  120,  30. 

715.  If  p  represent  a  person's  chance  of  success  in  anj  trans- 
action, and  m  the  Bom  of  money  which  he  will  receive  in  case 
of  success,  then  the  sum  of  money  denoted  by  pni  is  called  his 
expedatum.  This  is  a  definition  of  the  meaning  we  shall  attach  to 
Uie  word  expectation,  and  mi^t  of  course  be  stated  arbittBrily 
without  any  further  remark ;  it  is  however  usual  to  illustrate  the 
propriety  of  the  definition  as  follows.  Suppose  that  there  are 
m  +  n  sUpa  of  paper,  each  having  the  name  of  a  peraon  written 
upon  it,  and  no  name  recurring ;  let  these  be  placed  in  a  bag,  and 
one  slip  drawn  at  rtmdom,  and  suppose  that  the  person  whose 
name  is  drawn  is  to  receive  £a.  Now  all  the  expectations  must 
he  of  equal  value,  because  each  person  has  the  tame  chance  of 
obtaining  the  prize ;  and  the  sum  of  the  expectations  must  be 
worth  £a,  because  if  one  person  bought  up  the  interests  of  all  the 
persons  named,  he  would  be  certain  of  obtaining  £a.  Hence,  if 
£x  denote  the  expectation  of  each  person,  we  have  (m  +  n)x  =  a; 

thus  X  = . 

m  +  n 

Also,  it  is  evident  that  tlie  value  of  the  expectation  of  two  per- 
sons is  the  sum  of  the  values  of  their  respective  expectations  ;  and 
BO  for  three  or  more  persons.     Hence  the  value  of  the  expectation 

of  m  pei-sons  ia  .      Now  suppose  that  one  person  has  his 

name  on  m  cf  the  slips ;  then  his  expectation  is  the  same  as 
the  sum  of  the  expectations  of  m  persons,  each  of  whom  has  his 

name  on  one  slip;  that  is,  his  expectation  is ,      But  his 

chance  of  winning  the  prize  is ,  since  he  has  m  cases  out  of 

m  +  n  in  his  favour ;  thus  his  expectation  is  the  product  of  his 
chance  of  success  into  the  sum  of  money  which  he  will  receive  in 
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716.  An  event  has  happened  whiolx  must  luive  arisea  from 
Bome  oae  of  a  given  number  of  causes :  required  the  probability 
of  the  existence  of  each  of  the  causes. 

X«t  tbere  be  n  canaes,  and  suppose  that  the  probability  of  the 
existence  of  these  causes  was  estimated  at  i*,,  P^,...P,  respectively, 
b'/ore  the  event  took  place.  Let  p^  denote  the  probability  of  the 
event  on  the  hypothesis  of  the  existence  of  the  firat  cause,  let 
j»,  denote  the  probability  of  the  event  on  the  hypothesis  of  the 
existence  of  the  second  cause,  and  so  on.     Then  the  probability  of 

the  existence  of  the  r*  cause,  estimated  ajler  the  event,  is  --'^' , 
■where  %Pp  stands  for  Pj>,+  Pj)^  +  ...  +P,p.- 

From  our  first  notions  of  probability  We  must  admit  that  the 
probability  that  the  r""  cause  was  the  true  cause  is  proportional 
to  Uie  antecedent  probability  that  the  event  would  happen  &om 
this  cause,  and  may  therefore  be  represented  by  CP,p^  And 
since  some  one  of  the  causes   must  be  the  true  cause  we  have 

C{P,p,+P,p,+ ...4  i',pj  =  l,  thei-efore  C==p-;  therefore  the 

probability  that  the  r*  cause  was  the  true  cause  is  =jj- . 

747.  The  preceding  Article  will  require  some  illustration  before 
it  will  be  fully  appreciated  by  the  student.  Let  there  be,  for 
example,  two  urns,  one  containing  7  white  balls  and  3  black  balls, 
and  the  other  5  white  balls  and  1  black  ball  j  suppose  that  a 
white  ball  has  been  drawn,  and  we  wish  to  know  what  the  probability 
is  that  it  came  from  the  first  urn,  and  what  the  probability  is  that 
it  came  from  the  second  urn.  It  must  have  come  from  one  of  the 
two.  urns,  so  that  the  sum  of  the  required  probafailitiea  is  unity. 
Instead  of  the  given  urns  let  us  substitute  two  others  which  have 
the  whole  number  of  balb  the  same  in  each  um,  and  such  that 
eiich  um  has  its  white  and  black  balls  in  the  same  proportion 
as  the  um  which  it  replaces.  Thus  we  may  suppose  one  um  with 
21  white  balls  and  9  black  balls,  and  the  other  with  25  white  balls 
and  5  black  balls,  Each  um  now  contains  30  balls,  and  the  chance 
r..„ ,Gt)tH^lc 
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of  each  ball  being  drawn,  is  the  same.  Since,  by  Bupposition, 
a  wMt6  boll  M  drawn  we  may  suppose  tlie  black  balls  to  have 
been  removed,  and  all  the  white  balh  put  into  a  new  um.  Thua 
there  would  be  40  white  balla ;  and  the  probability  that  the  white 

ball  drawn  was  one  of  the  21  is  j^  ,  and  the  probability  that  it 

was  one  of  the  25  ia  —  .     Now  here  J'l  =  ttt >  and  Pt=  Ei  tHua 

— ^*—  =  rr;  ,  and  — ^ —  =  -ri  .  Thus  the  result  ajrrees  with  that 
2>,  +  p,     46  pt  +p,      46 

given  by  the  theorem  in  Art.  746,  supposing  that  P^  and  P,  are  equal. 

Next,  suppose  that  there  had  been  4  urns,  each  having  7 
white  balls  and  3  black  balls,  and  3  urns,  each  having  5  white 
balls  and  1  black  ball.  In  this  case,  by  proceeding  in  the  manner 
just  shewn,  wo  inny  deduce  that  the  probability  that  a  white 
ball  which  was  drawn  came  from  the  group  of  4  similar  urns  is 

4  X  21 
2 — 01  """q — q^'  ^^^  '^^  probability  that  it  came  from  the  group 

of  3  similai'  urns  ia  -■■„■■ — 5 — ^^  .  Now  let  us  apply  the  theorem 
of  Art.  746  to  estimate  the  probability  that  the  white  ball  cama 
ftom  tlie  firet  group  and  the  probability  that  it  came  from  the 
second  gi-oup.     Since  there  are  7  urns,  of  which  i  are  of  the  first 


kind  and  3  of  the  second,  we  take  A  =  = , 

•MP.-j-, 

and  J),  =  jT .     Thus 

4      7 

3     5 

C           '"'"           C 

7  "g 

*■    4       7       3      6 '  '■  ■  4       7       3     5 
7  "  10  *  7  "  6            7  "  10     7  "  6 

and  tkeae  results  agree  with  those  which ' 

we  have  alrea 

748.  It  is  usual  to  call  the  quantities  P„  P„  ...  P,of  Ai-t.  746 
the  a  priori  probabilities  of  the  existeace  of  the  respective 
causes;  and  (?,,  Q„  ...  §.  the  a  posteriori  probabilities.     Students 

r..„ ^,Gt)t)^le 
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are  aometimes  perplexed  in  endeavouring  to  eatimateP,,  F^,  ■•■P.; 
the  safest  plan  ia  to  observe  that  the  product  P,p,  denotes  the 
probability  that  the  event  will  happen  as  the  result  of  the  »*  cause; 
and  the  correctness  of  the  product  is  the  important  part  of  tho 
solution,  because  P,  ^^^  Pt  do  not  occur  separately  in  the  results. 
The  vhole  proposition  may  be  beet  understood  if  arranged  in  the 
following  order.  First  suppose  the  different  causes  all  equally 
probable  be/ure  the  observed  event;  let  «r,  denote  the  probability 
of  the  occurrence  of  the  event  on  the  hypothesis  of  the  existence 
of  the  r"  cause ;  then  the  probability  of  tho  j^  cause,  estimated 

after  the  occurrence  of  the  observed  event,  is  ^-^ ,     This  seems 

nearly  self-evident,  and  if  any  doubt  remains  it  may  be  removed 
by  the  mode  of  illustration  given  in  the  first  part  of  Art,  747, 
Secondly,  suppose  that  the  terms  in  2ct  can  be  arranged  in  groups ; 
suppose  there  to  be  /i^  terms  in  the  first  group,  and  that  each 
term  is  equal  to  p^ ,  suppose  there  to  be  /i,  terms  in  tlie  second 
group,  and  that  each  term  is  equal  top^,  and  so  on,  the  last  group 
consisting  of /».  tenna,  each  equal  to  p..  Then  Set  may  be  written 
^/ip,  where  the  series  ^/^p  consists  of  n  terms.  Thus  the  proba- 
bility of  the  r*  cause  is  ^-^  -  -^^  ^^  probability  of  the  first 
group  of  causes  is  the  sum  of  the  separate  probabilities  of  the 
members  of  that  group,  that  ia,  ^^ ,     Similar  espressions  hold 

for  the  probabilities  of  the  other  groups.  Thus  we  fin.illy  arrive 
at  the  results  given  in  Art  746,  where,  in  fact, 

2/ip'      "•   Vi* 

749.  When  an  event  has  been  observed,  we  may,  by  Art.  746, 
eetimato  the  probability  of  each  cause  &om  which  that  event 
could  have  arisen ;  we  may  then  proceed  to  estimate  tlie  pro- 
bability tJtat  the  event  will  occur  again,  or  that  some  other  event 
will  occur.  For  by  Art.  736  we  multiply  the  probability  of  each 
cause  by  the  probability  of  the  h^ippening  of  the  required  event  on 

T.*.  ,.     30. 

r..„ ^,Cjt)t)gle 


466  PRORIBILITY. 

tlie  hypothesis  of  the  existence  of  that  cause,  and  the  sum  of  all 
Buch  products  is  the  probability  of  the  happening  of  the  required 

For  example,  a  bag  contains  3  balbi,  and  it  is  not  known  how 
many  of  those  are  white;  a  white  ball  has  been  drawn  and 
replaced,  what  is  the  probability  that  another  drawing  will  give 
a  white  ball  1 

There  are  three  possible  hypotheses  :  (1)  all  the  balls  may  be 
white,  (2)  only  two  of  the  balls  may  be  white,  (3)  only  one  of  the 
balls  may  be  white.  We  have  first  to  find  the  probability  of  each 
hypothesis  by  the  method  of  Art.  746.  On  the  first  hypothesis, 
the  observed  erent  is  certain,  that  is,  the  probability  of  it  is  1 ;  on 

the  second  hypothesis,  the  probability  of  the  observed  event  is  ■= ; 
on  the  third  hypothesis,  the  probability  <rf  the  observed  event  ia 
s .  Hence,  assuming  that  before  the  observed  event  the  three 
hypotheses    were  equally  probable,   we  have  after  the  observed 


probabidity  of   first  hypothesis  =  1 

probability  of  second  hypothesis  =  ^ 
1 


3      3J 


3^3/ 
2      1) 


1 


probability  of  third  hypothee 

The  probability  that  another  drawing  will  give  a  white  ball  is 

1  12 

^  X  1,  so  far  as  it  depends  on  the  first  hypothesis ;  it  is  ^  x  ^ ,  so 

fer  as  it  depends  on  the  second  hypothesis ;  and  it  is  ^  x  s ,  so  far 
as  it  depends  on  the  third  hypothesis.  Hence  the  required  pro- 
bability is  ^ +-+— ;  that  is,  ^. 

Suppose  that  in  the  enunciation  of  this  problem  instead  of  the 
words  "  it  is  not  known  how  many  of  these  are  white  "  we  had  the 
words  "  it  IB  known  that  each  ball  is  either  white  or  black."     We 


.,Gt)t)gle 


PBOBABILITT.  4C7 

ma;-  lutderstand  the  uew  enunciation  as  equivalent  to  the  old, 
and  80  give  the  same  solution  as  before.  We  may  however,  and 
perhaps  most  naturally,  underatajid  the  new  enunciation  differ- 
ently, namely  that  the  probability  that  each  ball  is  white  is  to  be 

taken  as  -^  before  the  observed  event.  In.  this  case  we  cannot  as- 
sume that  the  three  hypotheses  are  equally  probable  before  tlie 
observed  event ;  the  probabilities  must  be  ^ ,  3 ,  and  5  respec- 
tively by  Art  734.  Then  aJUft  the  observed  event  we  shall  obtain 
-. ,  o ,  and  y  respectively  for  the  probabilities.  And  the  proba- 
bility that  another  drawing  will  give  a  white  ball  is  j  ■*■  5  *  T5  ■ 

750.  We  give  another  example.  Suppose  a  bag  in  which 
the  ratio  of  the  number  of  white  balls  to  the  whole  number  of 
balls  is  unknown,  and  it  is  equally  probable,  a,  priori,  that  the  ratio 

is  any  one  of  the  following  quantities  a;,  2x,  $x,  na;  suppose 

a  white  ball  to  be  drawn  and  replaced :  required  the  probability 
that  anoder  drawing  will  give  a  white  baU. 

Here  m  hypotheses  can  be  formed.  On  the  first  hypothesis  the 
probability  of  the  observed  event  is  a;,  on  the  second  hypothesis  it 
is  2x,  on  the  third  3a;,  and  so  on.  Hence  the  probability  of  the 
tot  hrpolh«i.  b  j^j-^Ji— -^i  lh.l  i.,  ;^^ .  lie 
probability  of  the  second  hypothesis  is  -.  .    The  probability 

of  the  third  hypothesis  is  ■■  "  .■  .  And  bo  on.  Hence  the 
probability  that  another  drawing  will  give  a  white  ball  is  -  .        -; 


a  the  third,  ajid  bo  on.     Hence  the  required  probability  is 
(l'  +  2'+ +«'}; 
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Wlien  n  is  vety  great  tliis   approzimates  to  -^ .     If  the 

ratio  of  tlie  number  of  the  white  balls  to  the  whole  number 
of  balls  is  equally  likely,  a  ptiori,  to  have  any  value  between 
sero  and  unity,  then  x  is  indefinitely  small  and  na;  =  1,  bo  that  the 

2 
required  probability  is  ^ . 

751,     The  following  problems  will  illustrate  the  subject. 

(1)  A  bag  contains  m  white  balls  and  n  black  balls ;  iS  p  +  q 
balls  are  drawn  out,  what  is  the  probability  that  there  will  be  p 
white  balls  and  g  blade  balls  occurring  in  an  atngned  order  t  We 
suppose  p  less  than  m  and  q  less  than  n ;  and  the  balls  are  not 
replaced  in  the  bag  after  being  drawn  out. 

Suppose,  for  example,  that  the  first  ball  is  required  to  be  white, 
the  second  to  be  blat^  the  third  to  be  black,  the  fourth  to  be 
white,  and  so  on  in  any  asMgned  order.  Then  the  required  proba- 
bility is  the  product  of 

m  n  n-1  ni-l 


therefore  the  required  probability  is 

m(«-l)(»-2)...(m-p<.l)»(.-l)(„-2)...(„-,tl). 

^    («  +  »)(»  +  . -l)(»+»-2)...(m  +  «-y-,+  l)         ' 

and  it  will  be  observed  that  so  long  as  p  white  balls  and  q  black 

balls  are  required,  the  probability  is  tbe  same  whatever  may  be  the 

assigned  order  in  which  they  are  to  occur. 

(2)  The  suppositions  being  the  same  as  in  (1),  what  is  the 
probability  of  p  white  balls  and  g  black  balls  occurring  t»  any 
order  whatever  ? 

XiOt  /f  represent  the  number  of  different  orders  in  which  p 
white  balls  and  q  black  balls  can  occur ;  then  the  required  proba- 
bility is  obtained  by  multiplying  the  probability  found  in  (1)  by 
J.E±1 


And  y=  -i-!—. 

\r\i 
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The  problems  (1)  and  (2)  are  inttodoctory  to  one  Thicli  we  shall 
now  consider. 

(3)  A  bag  contain.^  m  b.ilb  which  are  known  to  be  all  either 
wbite  OF  black,  but  how  many  of  each  kind  ia  nnknowK ;  soppose 
p  white  balls  and  q  black  balls  have  been  drawn  and  not  replaced-; 
find  the  probatbility  that  another  drawing  will  give  a  white  balL 

The  observed  event  here  is  the  drawing  of  p  white  balls  and  q 
black  balls.  To  render  this  possible,  the  original  number  of  white 
balls  ipay  have  been  any  number  irouL  m  —  q  to  p  inclu^ve,  and 
the  number  of  black  balls  any  number  from  g  to  m  —  p  inclusive. 
Let  us  denote  the  hypothesis  of  m  —  q  white  and  q  black  by  Hi, 
and  the  hypothesis  of  m  —  g  —  1  white  and  q+\  black  by  21^,  and 
so  on.     Then  II ^  gives  for  the  probability  of  the  observed  event 

(m-,)(m-;-l) (^-;-y  <- 1)  1  .  2.  3 } 

-("■-1) (m-5-p  +  l) 

where  M  denotes  the  number  of  different  ways  in  which  p  white 
balls  and  q  black  balls  can  be  combined  in  ^  +  g  trials.      Put  p  for 

M 

^{^-\) (m~q-p^\)' 

then  ZT,  gives  for  the  probability  of  the  observed  event  CP,Qi, 
where         P^=  (m- g)  {m-q -I)  .,..,..  (nt.-  <?  -p  +  1), 
and  <?,  =  1.2.3 q. 

Also,  H,  gives  for  the  probability  of  the  observed  event  CP^Qt, 

where  P,  =  (m-q-\) (m     q  —  p), 

and  l?,  =  2.3.4 ?{?  +  !)■ 

Thus,  if  n  =  m—p~q  +  2,  we  find  for  the  probability  of  Bi, 
PiQ^  ...  J      .   u    P>Q^ 

PM-^^.e.+ +i'-,e-. '         '"  "^^  ^  '^'" 

Similarly  the  probability  of  f  ,  is  -~ ;  and  so  on.     Kow  the 

probability  of  drawing  a  white  ball  on  another  trial 

<m  ths  hypothKb  S,  i.  ^^"-P-l 
6        m~p-q 

,  P.Q.'j^-p-s-l. 


on  the  hypothcsia  i/.  L      „      . 
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and  HO  on.     Thus  the  whole  probability  of  drawing  a  white  ball  is 

The  series  in  brackets  is  of  the  same  kind  as  S  with  p+l 
written  instead  of  ^,  the  number  of  terms  being  one  less  than  in  S. 


Nowby  Art;.  670,     ,5=,  -^- 


hence  the  series  within  brackets  ii 
and  the  required  probability  i; 


•J[2  1 


•4-1  w-2  p+l 


p+q+2     m—p-q     p+q+2 
For  a  more  general  investigation  connected  with  this  import- 
ant problem  the  student  is  referred  to  the  EUtory  of  FrobabilUy, 
page  454. 

752.  The  mathematical  theory  of  probability  has  been  applied 
to  estimate  the  probability  of  statements  which  are  supported  by 
assertions  or  by  arguments.     We  will  give  some  examples. 

The  probability  that  A  speaks  truth  is  p,  and  the  probability 
that  B  speaks  trutih  is  ;/;  what  is  the  probability  of  the  truth  of 
an  assertion  which  they  agree  in  making !  There  are  two  possible 
hypotheses ;  (1)  that  the  assertion  is  true,  (3)  that  it  is  not.  If 
it  be  true,  the  chance  that  they  both  make  the  assertion  is  pp' ;  if 
it  be  false,  the  chance  that  they  both  make  it  is  (1  ~p)  (1  —p'). 
Hence,  by  Art.  746,  the  probabilities  of  the  truth  and  the  falsehood 
of  the  assertion  are  respectively 

pp'        ^^j   a-p){i-p') 

pp'*{i  -p)  {i-p)      pp'+  (I  -p)  (1  -;■') 

Similarly,  if  the  assertion  be  also  made  by  a  third  person  whose 
probability  of  speaking  truth  is  p",  the  probabilities  of  the  truth 
and  the  felsehood  of  the  assertion  are  respectively 

p^ ^^     (1  -p)  (1  -p')  (1  -p'O     . 

PP'p"+{\  ~p)  (1  -p)  (1  -p")       pp'p"+{^  -pXi-p')  (I-/') ' 

and  so  on  if  mpre  persons  join  in  the  assertioa, 
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753.  We  will  make  a  few  remarks  on  the  preceding  Article; 
When  we  say  that  the  probability  of  A'b  speaking  truth  is  p, 

we  mean  that  out  of  a  large  number  of  statements  made  by  A,  the 
ratio  of  the  number  that  are  true  to  the  number  that  are  not  true 
is  that  of  jt  to  1  — p ;  ■  thus  the  value  of  p  depends  on  the  correct- 
ness  of  A'b  judgement  as  well  as  on  his  veracity. 

The  residt  in  Art.  753  gives  the  probability  of  the  truth  of  the 
assertion,  so  tax  as  that  truth  depends  solely  on  the  testimony  of 
the  witnesses  considered  ■  there  may  be  from  other  sources  addi-  ' 
tional  evidence  for  or  against  the  assertion.  Thus  the  person  who 
is  estimating  the  probability  may  himself  have  a  conviction  more 
or  less  decided  in  favour  of  the  assertion  which  is  independent  of 
the  testimony  he  receives  from  the  witnesses.  It  has  been  proposed 
to  combine  this  conviction  with  the  testimonies  which  are  con- 
sidered in  the  problem.  Thus,  if  there  be  two  witnesses  with  pro- 
babilities p  and  p'  respectively  of  speaking  the  truth,  and  a  third 
person  estimates  the  probability  of  the  truth  of  the  assertion  at  p' 
from  his  own  independent  sources  of  belief,  then  to  him  the  odds 
in  fiivour  of  the  truth  of  the  assertion  are 

pp'p"  to  (1  -p)  (1  -;.')  {1  -p"). 

Still  the  result  is  considered  unsatis&ctory  by  some  writers, 
who  object  with  great  reason  to  the  solution  on  the  ground  that  it 
omits  all  consideration  of  the  circumstance  that  it  is  the  soma 
occurrence  to  which  the  several  testimonies  are  offered.  In  tihe 
following  problem  this  circumstance  is  expressly  considered. 

754.  Two  persons,  whose  probabilities  of  speaking  the  truth 
are  p  and  p'  respectively,  aasert  that  a  upedfied  ticket  has  been 
drawn  out  of  a  bag  containing  n  tickets :  required  the  probability 
of  the  truth  of  the  assertion. 

The  observed  event  here  is  the  coincident  testimony  of  A  and  B 
in  favour  of  a  specified  ticket. 


be  drawn.     The  probability  of  the  observed  event  on  the  hypo- 
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thesis  that  the  specified  ticket  waa  drawn  ia  then  — .     The  pro- 
bability of  the  observed  event  on  the  hypothesis  that  it  was  not 

drawn  might  at  first  be  supposed  to  be  (1  —p)  (1  — p*) ;  but 

if  the  persons  have  no  inducement  to  select  the  specified  ticket 
among  those  reallj  vmdrawn,  this  expression  must  be  multiplied  by 

-. yY»'  ■"■^oli  is  tl»e  probability  of  their  selecting  the  specified 

ticket  among  the  undrawn  tickets.     Thus  the  probability  of  the 
observed  event  on  the  second  hypothesis  is  ^ i\       •     Thua 

the  odds  in  favour  of  the  truth  of  the  assertion  are 

755.  The  question  in  Art.  752  is  respecting  the  truth  of 
eonemrent  testimony;  we  may  now  consider  the  trutli  of  tra- 
ditumary  testimony.  A  says  that  £  says  that  a  certain  event 
took  place :  required  the  probability  that  the  event  did  take  place, 
Iiet  p  and  p  be  the  probabilities  of  speaking  the  truth  of  A 
and  £  respectively.  The  event  did  take  place  if  they  both  speak 
truth,  or  if  they  both  speak  falsehood ;  and  the  event  did  not 
take  place  if  only  one  of  them  speaks  truth.  Thus  the  odda  that 
the  event  did  take  place  are 

TV  +  (1  ~p)  (I  -p)  to  ;.  (1  -p')  +p  (1  -p). 

756.  If  there  be  n  witnesses,  each  of  whom  has  transmitted  a 
statement  of  an  occurrence  to  the  next,  and  if  p  be  the  probability 
of  speaking  the  truth  of  each  witness,  the  probability  of  the  truth 
of  the  statement  is  to  the  probability  of  its  falsehood  as  the  sum  of 
the  odd  terms  of  the  expansion  of  (p  +  g)"iato  the  sum  of  the  even 
terms,  g  being  put  equal  to  1  —p. after  the  expansion  has  been 
efibcted.  For  the  statement  b  true  if  all  the  witnesses  speak  truth, 
or  if  two,  or  four,  or  any  euen  number  speak  falsehood. 

757.  Suppose  that  certain  arguments  are  logically  Bound, 
and  tliat  t^  probabilities  of  the  buth  of  their  respective  premises 
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are  known  :  required  the  probability  of  tlie  truth  of  the  concluoioa. 
For  example,  auppoae  that  there  are  three  arguments,  and  let 
Pi  P''  P"  denote  the  respective  probabilities  of  their  premises.  The 
conclusioa  is  valid  unless  all  the  arguments  fail.  The  chance  that 
they  all  lail  is  (1  —p)  (1  —p')  (1  ~p")  ;  hence  the  chance  that  they 
do  not  all  fiiil  is  1 -(1 -p)  (I -p'){l  ~P")'  which  is,  therefore, 
the  required  probability. 

758.  Of  such  an  extensive  subject  as  the  Theory  of  Proba- 
bility only  an  outline  can  be  given  in  an  elementary  ■work  on 
Algebra.  The  student  who  is  prepared  for  further  investigation 
will  find  a  list  of  the  necessary  books  in  the  article  ProbaiUity  in 
the  Eiiglitli,  Cyelopadia ;  to  that  list  may  be  added  the  work  of 
Professor  Boole  on  the  Laws  of  Thought.  For  a  discuBsion  of 
the  first  principles  of  the  subject  the  student  may  consult  De 
Morgan's  Formal  Logic,  Chapters  ix.  and  x,  and  Venn's  Logic  of 
Chance.  We  may  also  refer  to  the  History  of  the  Matliematicai 
Theory  of  ProhahUily,  from  ihe  time  of  Pascal  to  that  of  Laplace; 
this  work  introduces  the  reader  to  almost  every  process  end  every 
species  of  problem  which  the  literature  of  the  subject  can  furnish. 

BXAHPLE8   OK    PKOBABIUTT. 

1.  The  odds  against  a  certain  event  are  3  to  2 ;  and  the  odds 
in  favour  of  another  event  independent  of  the  former  are  4  to  3. 
Find  the  odds  for  or  against  their  happening  together. 

2.  Supposing  that  it  is  8  to  7  against  a  person  who  is  now 
30  years  of  age  living  till  he  is  60,  and  2  to  1  against  a  pereon 
who  ia  now  40  living  till  he  is  70  :  find  the  probability  that  one 
at  least  of  these  persons  will  be  alive  30  years  hence^ 

3.  A  party  of  23  persons  take  their  seats  at  a  round  table: 
show  that  it  ia  10  to  1  against  two  specified  individuals  sitting 
next  to  each  other. 

4.  The  chance  that  A  can  solve  a  certain  [MYtblem  is  7 ;  the 
chance  that  S  can  solve  it  is  ^  :  find  the  chance  that  the  problem 
will  be  Bolred  if  they  both  try. 
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5.  Find  the  chance  of  drawing  two  black  balls  and  one  i-ed 
from  an  um  containing  five  black,  three  red,  and  two  white. 

6.  Find  the  probability  that  an  ace  and  only  ono  will  be 
thrown  in  two  trials  with  one  die. 

7.  Find  the  probability  of  throwing  ono  a43e  at  laast  in  two 
triab  with  one  die. 

8.  Find  the  odds  against  throwing  one  of  ULe  two  numberB 
7  or  11  in  a  single  throw  with  two  dice. 

9.  Two  purses  contain  the  same  number  of  sovereigns  and  a 
different  nvunber  of  shillings ;  one  purse  is  taken  at  random  and  a 
coin  is  drawn  out ;  shew  that  it  is  more  likely  to  be  a  sovereign 
than  it  would  be  if  all  the  coins  bad  been  in  one  purse. 

10.  There  are  four  men,  A,  B,  C,  D  whose  powers  of  rowing 
may  be  represented  by  the  numbers,  6,  7,  8,  9,  respectively  ;  two  of 
them  are  placed  by  lot  in  a  boat,  and  the  other  two  in  a  second 
boat.  Find  Uie  chance  which  each  man  has  of  being  a  winner  in 
a  race  between  the  boats, 

11.  In  one  throw  with  a  pair  of  dice  find  the  chance  that 
there  is  neither  an  ace  nor  doublets. 

12.  If  from  a  lottery  of  30  tickets  marked  1,  2,  3,   

four  tickets  be  drawn,  find  the  chance  that  1  and  2  will  be  among 

13.  A  has  3  shares  in  a  lottery  where  there  are  3  prizes 
and  6  blanks ;  B  has  1  share  in  another  where  there  is  but  1  prize 
and  2  blanks.  Shew  that  A  has  a  bettor  chance  of  getting  a  prize 
than  B  in  the  ratio  of  16  to  7. 

14.  Two  bags  contain  oach  4  black  and  3  white  bolls;  a 
person  draws  a  ball  at  random  from  the  first  bag,  and  if  it  be 
white  he  puts  it  into  the  second  bag  and  then  draws  a  ball  from 
it :  find  the  chance  of  his  drawing  two  white  balls. 

15.  A  coin  is  thrown  up  n  times  in  succession :  find  the 
chance  that  the  head  will  present  itself  an  odd  number  of  times. 

16.  When  m  coins  are  tossed  up,  find  the  diance  tihat  one 
and  only  one  will  turn  up  head, 
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17.  Supposing  the  House  of  Commona  to  conBiBt  of  m  Tories 
and  n  Whigs,  £nd  tlie  probability  tha,t  a  committee  ot  p  +  q 
selected  by  lot  may  consist  o{p  Tories  and  q  Wbigs. 

18.  Find  tlie  chance  that  a  person  with  two  dice  will  throw 
aces  at  least  four  times  in  six  trials. 

19.  Find  the  chance  of  throwing  an  ace  with  a  single  die 
once  at  least  in  six  trials. 

20.  If  on  an  average  9  ships  out  of  10  return  safe  to  port, 
find  the  chance  that  out   of  5  ships  expected  at  least  3  will 

21.  In  three  throws  with  a  pair  of  dice,  find  the  probability 
of  having  doublets  one  or  more  times. 

22.  Find  the  chance  of  throwing  double  sizes  once  or  oflener 
in  three  throws  with  a  pair  of  dice. 

23.  In  a  lottery  containing  a  large  number  of  tickets  where 
the  prizes  are  to  the  blanks  as  1  to  6,  find  the  chance  of  drawing 
at  least  2  prizes  in  5  trials. 

24.  If  four  cards  be  drawn  from  a  pack,  find  the  probability 
that  there  will  be  one  of  each  suit- 

25.  If  four  cards  be  drawn  from  a  pack,  find  the  probability 
that  they  will  be  marked  one,  two,  three,  four,  of  the  same  suit. 

26.  If  A'e  skill  at  any  game  be  double  that  of  S,  the  odds 
against  A'b  winning  i  games  before  £  wins  2  are  131  to  112, 

27.  Two  persons  A  and  S  engage  in  a  game  in  which  .^'s 
skill  ia  to  ^'s  as  2  to  3,  Find  the  chance  of  A'a  winning  at  least 
2  games  out  of  5, 

28.  Three  white  balls  and  five  black  are  placed  in  a  bag,  and 
three  persons  draw  a  ball  in  succession  (the  balls  not  being  re- 
placed) until  a  white  ball  is  drawn.  Shew  that  their  respective 
chances  are  as  27,  18  and  11, 

29.  In  each  game  that  is  played  it  i»  2  to  1  in  ftivour  of  the 
winner  of  the  game  before.  Find  the  ohance  that  he  who  wins  the 
first  game  shall  win  three  or  more  of  &e  next  four. 
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30.  A  certain  stake  ia  to  be  won  by  the  first  person  -who 
throws  ace  with  a  die  of  n  faces.  If  there  be  p  persons,  find  the 
chance  of  the  r*  person. 

31.  There  are  3  parcels  of  books  in  another  room  and  a  parti- 
cular book  is  in  one  of  them.  The  odds  that  it  is  in  one  particular 
parcel  are  3  to  3 ;  bnt  if  not  in  that  parcel  it  is  equalljr  likelj  to 
be  in  either  of  the  others.  If  I  send  for  this  parcel  giving  a 
description  of  it,  and  the  odds  I  get  the  one  I  describe  are  2  to  1, 
find  my  chance  of  getting  the  "book  I  want. 

32.  In  a  purse  ore  ten  coins,  all  shillings  except  one  which  is 
a  sovereign ;  in  another  are  ten  coins  all  shillings.  N^ine  coins  are 
taken  from  the  former  purse  and  put  into  the  latter,  and  then 
nine  coins  are  taken  from  the  latter  and  put  into  the  former. 
A  person  is  now  permitted  to  take  whichever  puise  ha  pleases : 
find  which  ho  should  choose. 

33.  One  um  contained  5  white  balls  and  S  black  balls;  a 
second  um  contained  10  white  balls  and  10  black  balls;  a  ball,  of 
which  colour  is  not  known,  was  removed  from  one  um,  but  which 
is  not  known,  into  the  other.  A  drawing  being  now  made  from 
one  of  the  urns  chosen  at  random,  what  is  the  chance  that  it  will 
give  a  white  ball  ? 

34.  Find  the  jdianoe  of  throwing  15  in  one  throw  with  3  dice. 

35.  Fi^  the  chance  of  throwing  17  in  one  throw  with  3  dice. 

36.  Find  the  chance  of  throwing  not  more  thfm  10  with  3  dic& 

37.  When  2n  dice  are  thrown,  prove  that  the  sum  of  the  num- 
bers turned  np  is  more  likely  to  be  7n  than  any  other  number. 

38.  When  2n  + 1  dice  are  thrown,  prove  that  the  chance 
that  the  sum  of  the  numbers  turned  up  is  7n+i  equals  the 
chance  that  the  suni  of  the  numbers  turned  up  is  7n  +  3,  and 
that  the  chance  is  greater  than  the  chance  that  the  sum  is  aay 
other  number, 

39.  Out  of  a  set  of  cards  numbered  from  1  to  10  *  card  is 
drawn  and  replaced :  after  ten  such  drawings  what  is  the  proba- 
bility liiat  the  sum  of  the  numbers  drawn  is  24 1 
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40.  Connters  numbeped  0,  1,  2, n,  are  placed  in  a  box  ; 

after  one  is  drawn  it  ia  put  back,  and  the  proceas  u  repeated. 
Find  tbe  probability  tbat  m  drawingB  mil  give  the  couBter  marked  *. 

41.  Tbere  are  10  tickets  5  of  wbicb  aj-e  blanka  and  the  others 
are  marked  1,  2,  3,  4,  5  :  fiad  the  probability  of  drawing  10  in 
three  trials,  the  tickets  being  replaced. 

43.  Find  the  probability  in  the  preceding  Example  if  the 
tickets  are  not  replaced. 

43.     From  a  bag  containing  n  balls  p  balls  are  drawn  cot  and 
replaced,  imd  then  q  balls  are  drawn  out.     Shew  that  the  proba- 
bility of  exactly  r  balls  being  common  to  the  two  di-awings  ia 
\£]q[n-p\n-g 
\»\r\p-r\q~r\n-p~q  +  r- 
■  44.     Eight  persons  of  equal  skill  at  chess  draw  lots  for  part- 
ners and  play  four  games ;  the  four  winners  draw  lots  again  for 
partners  and  play  two  games ;  and  the  two  winners  in  these  play 
a  final  game  :  find  the  chance  that  two  assigned  persons  will  have 
played  together, 

45.  In  a  bag  are  m  white  balls  and  n  black  balls.  Find  tho 
chance  of  drawing  first  a  white,  then  a  black  ball,  and  so  on 
alternately  until  the  balls  remaining  are  all  of  one  colour. 

If  m  balls  are  drawn  at  once,  find  the  chance  of  drawing  all  the 
white  balls  at  the  first  trial. 

46.  In  a  beg  are  n  balls  of  m  colours,  pi  being  of  the  fii'st 
colour,  j>,  of  the  second  colour,  ...p„  of  the  m"'  colour.  If  the 
balls  be  drawn  one  by  one,  find  the  chance  that  all  the  balls  of  the 
first  colour  will  be  first  drawn,  then  all  the  balls  of  the  second 
colour,  and  so  on,  and  lastly  all  the  balls  of  the  m"*  colour. 

47.  A  b^  contains  n  balls ;  a  person  takes  out  one  and  puts 
it  in  again ;  he  does  this  n  times  :  find  the  probability  of  bis  hav- 
ing had  in  his  hand  eveiy  boll  in  the  bag, 

48.  Two  players  of  equal  skill,  A  and  £,  are  playing  a  set  of 
games.  A  wants  2  games  to  complete  the  set,  and  S  wants  3 
games.     Compare  the  chances  of  A  and  B  for  winning  the  set. 
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49.  If  three  perBons  dine  together  find  in  how  many  different 
ways  they  can  be  seated  in  a  row.  When  they  have  dined  toge- 
ther exactly  so  many  times,  taking  their  places  by  chance,  find  the 
probability  that  they  will  have  sat  in  every  possible  arrangement. 

50.  J^  is  a  given  number ;  a  lower  number  ia  selected  at  ran- 
dom, find  the  chance  that  it  will  divide  iT. 

51.  A.  handful  of  shot  is  t:i,kea  at  random  ont  of  a  bag: 
find  the  chance  that  the  number  of  shot  in  the  handful  ia  prime  to 
the  number  of  shot  in  the  bag.  For  example,  suppose  the  number 
of  ehot  in  tbe  bag  to  be  105. 

62.  If  n  =  a'',  and  any  number  not  greater  than  n  be  taken 
at  lundom,  the  chance  that  it  contains  a  as  a  factor  t  times  and  no 

.     1         1 

more  is  -  — ^, . 

53.  Two  persons  play  at  a  game  which  cannot  be  drawn, 
and  agree  to  continue  to  play  until  one  or  other  of  them  wins 
two  games  in  succession  :  given  the  chance  that  one  of  them  wins 
a  single  game,  find  the  chance  that  be  wins  the  match  described. 
for  example,  if  the  odds  on  a  single  game  be  2  to  1,  the  odds  on 
the  match  will  be  16  to  5. 

54.  A  person  has  a  pair  of  dice,  one  a  regular  tetrahedron, 
the  other  a  regular  octahedron :  find  the  chance  that  in  a  single 
throw  the  sum  of  the  marks  is  greater  than  6. 

55.  There  are  three  independent  events  of  which  the  pro- 
babilities are  respectively  p^,  p,,  p^i  find  the  probability  of  the 
happening  of  one  of  the  evente  at  least ;  also  of  the  happening  of 
two  of  the  evente  at  least. 

56.  A  certain  sum  of  money  ia  to  be  given  to  one  of  three 
persona  A,  B,  G,  who  first  throws  10  with  three  dice  :  supposing 
them  to  throw  successively  in  the  order  named  until  the  event  has 
happened,  find  their  respective  chances. 

67.  The  decimal  parts  of  the  logarithms  of  two  numbere 
taken  at  random  are  found  from  a  table  to  7  places  :  find  the  pro- 
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bability  that  the  aecond  can  be  subtracted  from  the  first  iritli' 
out  bmrovnng  at  all. 

58.     A  undertakes  with  a  pair  of  dice  to  throw  6  before  B 

throws  7  J  they  throw  alternately,  A  commencing.    Compare  their 
chances. 

69.  A  person  is  allowed  to  draw  two  coins  from  a  bag  con- 
taining four  sovereigns  and  four  shillings:  find  the  value  of 
his  expectation. 

60.  If  six  guineas,  six  sovereigns,  and  sis  shUUngs  be  put 
into  a  bag,  and  three  be  drawn  out  at  random,  find  the  value  of 
the  expectation. 

61.  Ten  Bussian  ships,  twelve  French,  and  fourteen  English 
are  expected  in  port  Find  the  value  of  the  expectation  of  a 
merchant  who  will  gain  £3100  if  one  of  the  first  two  which 
arrive  is  a  Russian  and  the  other  a  French  ship. 

62.  From  a  b:^  containing  3  guineas,  2  sovereigns,  and  4 
shillings,  a  person  draws  3  coins  indiscriminately :  find  the  value 
of  his  expectation. 

63.  Find  the  worth  of  a  lottery-ticket  in  a  lottery  of  100 
tickets,  having  i  prizes  of  £100,  ten  of  £50,  and  twenty  of  £6. 

6i.  A  bag  contains  9  coins,  5  are  sovereigns,  the  other  four 
are  equal  to  each  other  in  value  :  find  what  this  value  must  be  in 
order  that  the  expectation  of  receiving  two  coins  out  of  the  bag 
may  be  worth  24  shillings. 

65.  From  a  bag  containing  4  shilling  pieces,  3  unknown 
English  silver  coins  of  the  same  value,  and  one  unknown  English 
gold  coin,  four  are  to  be  drawn.  If  the  value  of  the  drawer's 
chance  be  15  shillings,  find  what  the  coins  are. 

66,  A  and  B  subscribe  a  sum  of  money  for  which  they  toss 
alternately  beginning  with  A,  and  the  first  who  throws  a  head  is 
to  win  the  whole.  In  what  proportion  ought  they  to  subscribe  1 
If  they  subscribe  equally,  how  much  should  either  of  them  give 
the  other  for  the  first  thi-ow  I 
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G7.  There  are  a  Dumber  of  counters  in  a  bag  of  'wHicb  one  is 
mai'ked  1,  two  2,  &c.  up  to  r  mBrked  r ;  a  person  draws  a  number 
at  I'andum  for  which  be  is  to  receive  as  many  shOlings  as  the  num- 
ber marked  on  it :  find  the  value  of  bis  expectation. 

68.  A  bag  contains  a  number  of  tickets  of  which  one  is 
marked  1,  four  marked  2,  nine  marked  3,  ...  up  to  r*  marked  r ; 
a  person  draws  a  ticket  at  random  for  which  he  is  to  receive  as 
many  shillings  as  the  rnmiber  marked  on  it :  find  the  value  of  his 
expectation. 

69.  A.  man  is  to  receive  a  certain  number  of  shillings;  he 
knows  that  the  digits  of  the  number  are  1,  2,  3,  4,  5,  but  he  is 
ignorant  of  the  order  in  which  they  stand  ;  find  the  value  of  bis 
expectation. 

70.  From  a  bag  containing  a  counters  some  of  which  are 
marked  with  numbers,  h  counters  are  to  be  drawn,  and  the  drawer 
is  to  receive  a  number  of  shillings  equal  to  the  sum  of  the  numbers 
on  the  counters  which  he  draws ;  if  the  sum  of  the  numbers  on  all 
tbo  counters  be  n,  find  the  value  of  his  expectation. 

71.  There  are  two  urns;  one  contains  8  white  balls  and 
4  black  balls,  and  the  other  contains  12  black  balls  and  4  white 
balls ;  from  one  of  these,  but  it  is  not  known  from  which,  a  ball 
is  taken  and  is  found  to  be  white :  find  the  chance  that  it  was 
drawn  from  the  urn  containing  8  wliite  balls. 

72.  Five  balls  are  in  a  bag,  and  it  is  not  known  bow  many 
of  these  are  -white ;  two  being  drawn  are  both  white  r  find  the 
probability  that  all  are  white. 

73.  A  purse  contains  n  coins  and  it  is  not  known  how  many 
of  these  are  tovereigns ;  a  coin  drawn  is  a  sovereign :  find  the 
probabibty  that  this  is  the  only  sovereign. 

74.  A  bag  contains  i  white  and  4  black  balk;  two  are  taken 
out  at  random,  and  witbout  being  seen  are  placed  in  a  smaller 
bag ;  one  is  taken  out  and  proves  to  be  white,  and  replaced  in  the 
smaUer  bag :  one  is  again  taken  out  and  proves  to  be  again  white, 
find  the  probability  that  both  balls  in  the  smaller  bag  are  white, 

r..„ .,Gt)t)gle 
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75.  Of  two  purses  one  originally  cont^ned  25  soveueigna,  and 
the  other  10  sovere^na  and  15  shillings ;  one  purse  b  taken  by 
chance  and  4  coins  drawn  out  which  prove  to  be  aU  sovereigns : 
find  the  probability  that  this  purse  contains  only  sovereigns,  and 
the  value  of  the  expectation  of  the  next  coin  that  will  be  drawn 
from  it. 

76.  A  bag  contains  three  bank  notes,  and  it  is  known  that 
there  is  no  note  which  is  not  either  a  £5,  a  £10,  or  a  £20  note ; 
at  three  saccessive  dips  in  the  bag  (the  note  being  replaced  after 
each  dip)  a  £5  note  was  drawn.  Find  the  probable  value  of  the 
contents  of  the  bag. 

77.  It  is  3  to  1  that  A  speaks  the  truth,  4  to  1  that  3  does, 
and  6  to  1  that  C  does :  find  the  probability  that  an  event  took 
place  which  A  and  S  assert  to  have  happened  and  which  G  denies. 

78.  A  speaks  truth  3  times  out  o{  i,  S  i  times  out  of  5  j  they 
agree  in  asserting  that  firom  a  bag  containing  9  balls,  all  of  dif- 
ferent colours,  a  white  ball  has  been  di-awn  :  shew  that  the  probor- 

bility  that  this  is  true  is  ^ . 

79.  Suppose  thirteen  witnesses,  each  of  whom  makes  but  one 
false  statement  in  eleven,  to  assert  that  a  cei'tain  event  took  place; 
shew  that  the  odds  are  ten  to  one  in  favour  of  the  truth  of  their 
statement-,  even  although  the  a  priori  probability  of  the  event  be 

Its  small  as  -^-ttz — r  . 
10"+ 1 

80.  One  of  a  pack  of  62  eards  has  been  removed ;  iixaa  the 
remEunder  of  the  pack  two  cards  are  drawn  and  are  found  to  bo 
spades :  find  the  chance  that  the  missing  caul  is  a  spade. 

81.  Two  persons  walk  on  the  same  road  in  opposite  directions 
during  a  4-  &  +  c  minutes,  one  completing  the  distance  in  a  minatea 
and  the  other  in  h  minutes :  find  the  chance  of  their  meeting. 

82.  Find  how  many  odd  numbers  taken  at  random  must  be 
multiplied  tt^^er,  that  there  may  be  at  least  an  even  chance  of 
the  last  figure  being  5.     Given  log,,  2= -30103.   , 

T.  A.  r.,, ,Gl.aigle 
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LIV.    MISCELLANEOtrS  EQTJATIONa 

759.  Equations  ma;  be  propoBed  vHcli  require  peculiar  arti- 
fices for  their  solution;  in  tlie  fallowing  collection  the  student  vill 
find  ample  exercise :  he  should  himself  tiy  to  solve  the  equations, 
and  afterwards  consult  the  solution  here  given. 

x  +  1  x+i        °*      x  +  2  K  +  3 

Here  as  + 1  + =  +x+i  +  - — -r  =  as  +  2  +  — =  +  a;  +  3  + =  , 

a!+l  aj  +  i  aj  +  2  aj  +  S' 

it.  *                      14          2          3 
lothat  — r+ i= — ii  + 5: 

aj  +  l     x+i     x  +  S     x  +  S' 

therefore  ;-  - 


!+l      x  +  2     x  +  3     x+i' 
that  is 


?+3a+2~     aj'  +  7a!  +  12' 
therefore  either  a:  =  0,  or  x'  +  3a!  +  2=a!*  + 7a!  + 12  ; 
from  the  Utter  4a;  =  -10; 

therefore  a;  =  —  2  J. 

1  1  1  I 

(x  +  a)'~b**(x+by~a'''<>l'-{a+by*i>^-(a-~by 
TT  1        f        23i        1^  1  1 

^^  a!  +  a  +  6ta;*-(a-6)']~a^-(a  + 6)' *«•-(<»-*)■' 

x-{a  +  h)  1 

+  b  a?-{a-by^a?-{a  +  by' 

therefor*  x^ja+b)      1 . 

^-{a-b)'     x~(a  +  b)' 
therefore  {aj_(o+ 6)}'  =  a^_(a_6)'; 

tlierefi>re  2a:(a  +  6)  =  {a  +  6)'+ (a- J)'; 

therefore  x  = ^ , 

9+6  /-  T 

r..„ ^,Cjt)t)^le 
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8. 

^§-»(l-S- 

Hera 

'^*^=-(i-^^'-i-^- 

then 

3(/.?)  =  io,,  »th.t,^-i5s,2^?.i 

therefore 

y=2  or  gj 

therefore 

a^-12  =  6a;  or  ix; 

therefore 

a:  =  6  or  -2  or  3 -.^(21). 

{5x'  +  lOie'  +  1)  (5a'  +  10a'  + 1) 
(a!*+10a!'  +  5)(<»*+lG<»'  +  5)    ~  "*' 
Sas'  +  lOic'  +  l  _a*+lOa'+5a 
^"®  IB*  +  lOai?  1 5a! ""  6a*  +  10a'  +  1 ' 

adding  and  subtracting  the  anmerator  and  d^iominator  of  each 
fraction,  we  have 

therefore  v  =-i :   therefore  x=-. 

B.  (a:  -  1)'  +  (2a!  +  3)"  =  27a!'  +  8. 

Since  (a;  -  1)  +  (2a!  +  3)  =  3a!  +  2,  divide  both  sides  by  3a!  +  2, 

which  gives  «  =  — s  for  one  vtdue  (rfx;  and  we  obtain 

(x -  I)'  -  (a!  -  1)  (2a!  +  3)  +  (2ai  +  3)'  =  Qa;'-  6a!  +  4, 

that  is  3aj'  +  9a:  +  13  =  9a!'-6a;  +  4, 

therefore  6a!'-15a!  =  9; 

,      ,  .     5x     25     25     3     49 

therefore  '^"T  +  16  =  16  "^  2  "16  = 

6        7  ^ 

therefore        *  -  t  =  *  7  *        therefore  as  -  3  o 


,  Cgiipgle 


J 
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t,fl!+l        x  +  ij  t,  «  +  2        K-f-3  J 

Here  3U- ,- + ^  +  n\=29{ 5-  + -,-  -1}, 

\  x  +  l        35  +  4         J  t,  a;  +  2         x+3        }' 

.,  f24-5!e     ,5-6*      -l      _.  fl7-7a!     _     8a!  +  5S     -I 


Uiorefore 


«  +  l     «  +  4  '  »  +  2     a!+3' 


.t      t  1111 

x  +  l      x  +  2     tB+3     x  +  i' 

therefore  («  +  1)  (as  +  2)  -  (x  +  3)  (*  +  4)  i 

therefore  3a;  +  2=  7a:  +  12i 

tkea-efore  4a; =-10; 

tiieaiefiife  le  =  -  2  J, 

7      1  (x+l)(»-3)      1  (a;+3)(a!-5)      g  (a;+g)(»-7)       92 
^*     6(a!+2)(a;-4)     9  (a!+4)(a!-6J      13  (x+6){x-8)" 535' 

It  u  clear  that  the  numerator  and  denominator  of  each  fractioa 
involves  the  eipreawon  ii^~2x,  put  therrfore  (aJ-l)'=y;  then 
the  equation  becomes 

1  ff - 4     ly-16      2  ff-36      92 
5  y- 9  "^9^-25     13  y- 49  "585" 
1      1      2       92 

subtracting  corresponding  terms,  we  have 


J_+^J 2__ 

ff-9     y-25      y-49        ' 

r..„ ^,Cjt)t)^IC 


tLdrefore 
that  is 
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1  ^        _       ^  1       ■ 

F-9     y-49~y-  49     y-25' 
-40         24 

tlierefore  3(y- 9)  +  5  (y-25)  =  0, 

that  is  8y-152; 

thei-efore  y=19  and  a!  =  l  *^(19), 

x  +  3a 


«  +  3a       ,,    ,  o  +  3iB 


a!*ie+3a      c*o  +  3a!       ,    ^.     «*+ So*'      c*  +  3c^ 

Here     — , -5-  =  —1 r- ,    that  is    -^ i—  —  -; ;  ; 

Ja  +  3x     Jx+ic'  o*  +  3A      x*  +  Scx^ 

adding  tmd  eubtracting  the  numerator  and  denominator  of  each 

fraction,  we  have  — -, j-  =~ p-  ; 

«*  +  «*      0*  +  !^'  «      c 

therefore  -; :  =  —. — -  ,  ;    therefore  -  =  -  : 

therefore  a:  =  *  ^Jiae). 

Hero             {x  +  ^{2ax)  +  a}  +  ^^^^^^^^^  =  2, 
therefore  as  +  ;^/(2iM!)  +  a+ jr^ — r— - -=  2  ; 

therefore  {x  +  J{2ax)  +  a}'  -  2  {«  +  v'{2<w^)  +  a}  + 1  =  0  j 
therefore  (C  +  o  +  Ji^ax)  =  1 ; 

aierefore  («+a)'-2(a!  +  o)+ 1  =2aa!; 

therefore  !c*-2a!+l  =  2a  —  a'; 

therefore  a;  =  1  *  JC^a  -  a'). 

r..,„i.7?<iT,Google 
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10. 

(.  +  .)(i  +  2«)(»-3.)(i!-4o).='. 

Here 

(.  +  .)(.- 3»)  (-  + 2a)  (.- 4.).. •, 

ttati. 

(>f  -  2«J!  -  3«')  (i- -  2«a!  -  Sa-)  .  «'. 

Let 

!B'-2M:=yrt', 

then 

(ii-s)ls-i>)-;.; 

therefore 

11     (4o'  +  26«')' 
'-2*         2a-         ■ 

tTierefor*^ 

.■-2„.«"'.<*-'-f')'i 

therefore 

--VIt-^*^^}- 

n. 

1                               en*     6j:  1  1 

6j!--7«  +  a  '  12r^-17;r+6     "^      '*+'• 

Here 

(2.-l,V-2)  +  (3.-2H4.-3)-(^'-'><*"' 

-1). 

<* 

5^2 -,2,-°m^3r  <''-"<*- 

-1); 

2.(2i-l)"(4rt-l)(4«-3) 
.(2a,-l)'|2(2i-l)  +  l)!2(2>:-l)-l(. 


Let 

y-2j!-l, 

then 

i/'(4S'-i)-2; 

therefore 

.    !/•  ,  1       1      2     33. 

!'-4*r4'SI+4-Jl' 

^.1(1.^33); 

therefore 

"^'=I[>V{I<- 

^,Gt)ogle 
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^  +  36 


"•      (?r6)(j74)nsT6)(;rii) 

„  SB  +  6 /a; - 4\'    a; -  6  /a:  +  9\"    x  +  6     x-6 

—  j^{(j^)'-'}-:4i{-ay}. 

,    ^  .  a!-C        36a!        x+S     16a! 

that  IB  — — i    Si  y ^rr,  =  -s   i 7Tt  ! 

a!  +  6     (*-!))•     iB-6{a:  +  4)" 
tlierefure  x  —  0  ia  one  value ;  and  for  tlie  other  values  w 
/■aj-ex*    16/aj-9V     ^,       ,        x-6         2x-9 

therefore         3<aj'-2a;- 24)=*2  (a:'-3a!-64); 
these  quadratics  can  now  be  aolved  in  the  ordinai!7  way. 
-  a?  +  2ax+ae  ax 


" 

a^  +  2ex  +  ac     (x  +  a){x+e)' 

Let 

(x+a)(x+c)=x!,, 

then 

a^  +  2ax  +  ae     a 
x'  +  2cx  +  ac     y' 

therefore 

2{i^*-ax*cx  +  ao)     a  +  y 

&(»-=)              a-j,' 

{x4-a)(x+e)      a  +  v 

«{«-«)          o-j' 

thus 

_y «  +  y. 

a-e     a-y' 

therefbre 

y"-S«.o<.-o'; 

therefore 

S-|'-2»'(i>'  +  4««-4»') -"•"??«•; 

fhoa 

(c'  +  a:(a+e)  +  ac  =  a!a; 

therefore 

.■♦^.(a  +  .-o)  — o.; 

'— ^T^°  *  ^  Vl(» +«-«)■- M- 

r..„ ..Google 

14.         2{x  +  a){x  +  c)  +  {a-c)  =g(2a:  +  a+c)* 

TM-                                                                       /             .            \t     .       /_       .       .\I                                          \X    +    C) 

Here                 («  +  «)•  +  («  +  =)  -,j(^  +  „)  +  (^  +  e)l- 

Let                         «4.a.y(.  +  «) 

■("). 

0.e«                             »"  +  l  =  ,-flT) 

■OT- 

From(a)                 c.  + .  + »- «-y(«  +  .)  ; 

therefore                                "=  +  ''  =  ^^1' 

therefore  (fflbeeooe.           »'  +  l  =  ^^j 

therefore        y- .  ez£+ 1 .  !  ^  lleiefore  f  =  Q' ; 

—  "¥f^^=CT^'">':-y- 

!::::|:S::::g-i 

.(1). 

^  .-::^}.  ---:|{:-:!S 

let       »  +  =  .a,  +  W.  tl«"fo"«,-««  +  »  +  «*'')-'^ 

6*i=..-ft)'            ft=jc.-s+.-<'). 

#;f^rl.»'^^,^^=" 

0.          j'(»-n.)  +  10/(»;3'-mM-li(»'A'-»OT 

(2). 

•nMoh  •>  e  common  quadratic  equation. 

g-.^-!"?-'-'!?:. 

0*     {a-b  +  c-d)" 
(2)  tatei  the  form  /  =  5^^/  j  therefore  y  =  (5)*  O^^,)*, 
or        ,  =  y-a  =  i[5*^/{(a-rf)'-(6-«)'}-(«+6  +  <;  +  rf)]. 

r..„ .,Gt)tH^lc 
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16.  «'  +  «'  +  j-  +  4'  =  >/2[i(.  +  y)-S(a-j,)|, 

Adding  and  suhtracting, 

«"  +  6'..y2(<KH-Jj,) (a), 

y"  +  o"-V2(«j,-aS); 
multiplying  together, 

(x*  4  6')  y  +  o*)  =  2  (ax  +  by)  {xy  -  aS), 
or  (oa;  +  iy)'  +  (xy  -  alf  =  2  (oar  +  6y)  {xy-ab); 

therefore         ax-i-hy  =  xy  —  ah ;    therefore  y  =  o r  ■ 

Substituting  in  (a), 

therefore,  neglecting  the  impossible  root,  x-h  =  aJ2; 
therefore  a;  =  a  ^3  +  5, 

and  y  =  « T  -b  n/2+  a. 

17.  (a:'  +  y'  +  c')*  +  (a!-ff  +  c)*  =  2{4xy)* (T), 

'-  =  Ul (2). 

y     a:     c 

Since      (a;  -  y  +  c)*  =  a;*  +  y'  +  c'  —  2a!y  +  2ax!  -  2j/c, 

and  from  (2)  a;fi-a;y  — yc  =  0 (a); 

therefore  (x— y  +c)'  =  a;'  +y'  +  c'; 

therefore  (1)  becomea  (a:-y  +  i!)*  =  4a:2/  =  4c  (a;-y)  fram  (a); 

therefore  (x  -  j/  —  c)'  =  0 ; 

tlierefore  y  =  x-e, 

but  y  = ;  therefore  s^  -^  =  cx;  tlierefore  x'  -  ex  -i-  j  =  —  ; 

therefore  x  =  s{l*s/5),  and  y=  |(- 1*^5). 


.,Gt)tH^lc 
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LIV.    MISCELLANEOUS  EQTJATIONa 

759.  Equations  msy  be  proposed  which  require  peculiar  arti' 
fices  for  their  solution;  in  the  following  collection  tlie  student  will 
find  ample  exercise  :  lie  should  himaelf  try  to  solve  the  equations, 
and  afterwards  consult  the  solution  here  given. 

,      sf  +  2x+2     11!*+- 8* +  20     a!'+4a!+6     iB'  +  Ga!  +  12 


x  +  ] 

L 

x+i                x  +  2                x  +  i 

Hew  x+ 

'-; 

+1                  «+i                 x+2                 x+ 

80  that 

1           4          2           3    , 
x  +  i'^a;+4~a!  +  2'*"a!  +  3' 

therefore 

12           3           4 

x+l~x+2~x+S     x+l' 

that  is 

X                         X 

s^+1x+U' 
ther^ore  eitlier  as  =  0,  or  ib*  +  Sa:  +  2  =  a*  +  7a:  +  12  j 
from  the  latter  4a:  =  —10; 

theiefbra  x=—^\. 

I  1 1  1 

'     {x  +  ay~b**  {x  +  by-a*~  af-{a  +  b)'*  a^'ia-bf 

TT  1        f        2«        )  1  1 

*^^         i?VT6  y-(fl-h)']  ~  ^-{a+b)*  ^  «■-(<»- 6)" 

^.       ,  1  x-(a  +  b)  1 

therefore     ; -^ — ) iAi="i — ; mJ 

x  +  a+b  s^-{a~by     a^-{a+by' 

therefore  <e-ia-t-b}  _        1         . 

af-{a~by     x~(a  +  b)' 

tiierefore  {x-{a+b)]'  =  a?-{a~by; 

x(a  +  b)  =  {a  +  by+(a~byi 


9+b  ' 

I...,.-. ^,Gt)t)glc 
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«(I-S- 


then  3(y'+^)  =  103/,   Bothat  y-^l^+^^^l; 

4 

therefore  y  =  2  or  s ; 

therefore  0!'-12  =  63!  or  ix; 

a;  =  6  or  -2  or  3^^(21). 
{5x'  +  IQj:'  +  1)  (5a'  +  10a'  + 1) 

5x*  +  lOar*  + 1  ^a*+l0a'  +  6a_ 
a!*  +  10*°  +  5x  ~  Ba*  +  10a'  +  1 ' 

adding  and  subti-acting  the  ottmerator  and  denominator  of  oiich 
fraction,  ■we  have 

+1 _}+a 
n"l-«' 


Here 


therefore  ^  =  -^ ;  therefore   x  = 


5.  (x-iy+(2x  +  dy^27a?+8. 

Since  («  -  1)  +  (2a!  +  3)  =  Sa;  +  2,  divide  both  aidea  by  i 
■which  give«  3!.=  —  =  for  one  value  of  a;  and  ▼©  obtain 

(a;  -  1)' -  («  - 1)  (2a!  +  3)  +  {2a!  +  3)' =  9a!*  -  6a!  +  i, 
ilat  is  3a:'  +  9a!  +  13  =  Qa!*  -  6a!  +  4, 

therefore  6a^-l5x  =  9; 

5ai     25      25      3     49  _       ' 


therefore  a;*  - 


''16'"16 


therefore        as-T^^Ti        therefore  as  =5  3  or  - 


'-31'iai'-' 
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\x  +  l        x  +  ij  \  x  +  2        K  +  3  J 

Here  31  \ t- + ^  +  U\=29{ 5-  + ;,-  -1}, 

\  x  +  l        x  +  i         )  \  x  +  2        x+3        j' 

or  31  i =-+5  +  - J-  +  6J.»29^— — ^  +7  + 5--8K 

(.JB  +  I  iB  +  i        /  {x  +  2  as  +  3        J' 


tliorefore 


TT"a!  +  4/         \x  +  2     x  +  3j' 

1  1  1         _1_ 

iB  +  1  *a!  +  4^a!  +  3"^a!  +  3'' 

J L  =  J^ L 

r:  +  1       x  +  2       X+i      X  +  i^ 


tterefore  (a;  +  1)  («  +  2)  -  (a;  +  3)  (ijr  +  4)  i 
therefore  3a!  +  2  =  7a!  +  iaj 

tlierefore  4ar  =  -10; 

therefore  9:  =  —  2  J, 

l(»+l)(a;-3)      l(tc+3)(a:~5)       g  (»-f5)(ai-7)       92 
'•     8  (x+2)(a:-4)     9  (x+4)(a!-6)      13  (ai+6){a!-8)  ~  585 ' 

Xt  &  clear  that  the  numerator  and  denominator  of  each  fraction 
inTolves  the  expression  3^-2x,  put  therefore  (a:— l)''"y;  then 
the  equation,  becomes 

ly-4     ly~16      2  y-36      92 
6y-9"^9y-25  "  13  y^  49  "585* 
XT  1      I      2       92 

subtracting  corresponding  terms,  we  hare 
1     5        19  2      13 

fiy_9'^9y-2B      13y-49 


0. 


that  is  ^      +      ^       _      ^      _  0  • 


^,Gt)ogle 
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J^ 1_      _}. 1__ 

y_9     y-49"y-49     y-25' 
-4Q_    24 
y-9     y-25' 
therefore  3  (y  ~  9)  +  5  (y-  25)  =  0, 

th&tia  8y  =  152; 

thei-efore  S'=19  and  p;  =  1  *  ^(19). 

a!^a;  +  3a      c*  e  +  3a!      ^,    _     se^  +  Sax^      c*  +  3c*a! 

Mere     — , i-  =  -1 :;- ,    that  is    ~= j—  —  -i r  : 

„J«  +  3x     ^1^+a.'  «»  +  3a*a!      «*  +  3«:* 

adding  and  subtractmg  the  numerator  and  denominator  of  each 

(a;*  +  a*)'      (e*  +  xh' 
fi-action,  we  have  -■■;■       ,     =—. ^i  : 

(«'-«')■    (d-xtf 

therefore  - 

therefore  n;  =  >fc  ./(oc). 

Here             {x  +  ^(2ax)  +  a\  +  "  '  "^J^^} '*' "  =  2, 
therefore  x+J(2ax)  +  a4- yj^ — r =2; 

therefore       Ja;  +  J{2ax)  +  a}'  -  2  {x  +  ^{Scw:)  +  a}  +  1  =  0 ; 
therefore  x  +  a+  ^{2ax)  =  1 ; 

flierebre  (« + «)*  -  2  (*  +  a)  +  I  =  2aa! ; 

therefore  jE'-2a!  +  l  =  2a-a'; 

therefore  jc  =  1  *  J(2a  -  a'). 

r..,„i.7?<iT,G00Qlc 
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10.  (x  +  a){x  +  2a)(x-3a){x-ia)  =  a\ 

Here  (x  +  a){x-Za)(x  +  2a){x-U)=c*, 

■  tliatis  (a^-2i«:-3a'){x'-2fla;-8o')  =  c'. 
Let  flj*  —  2aa!  =  yd', 

tken  (!(-3).(y-8)-|ii 

therefore  jr-Hy*- -4- =^. +  4-» 

11      (4e'  +  25i.')' 

iW     (4e'  +  26«')' 

^      ,                               /(13o"     (4<!'*26»')'\ 
therefore  :,  =  «.^|_.5 ^ J. 


tliereforei 


1 


=  8ai'--6a!  +  l. 


7k  +  a     ISa;"  - 17*  +  6 

2a:-l)(4ar-l), 


(2«  - 1)  (3a;  -  a)     (3x  ~  2)  {4ie  -  3) 

<*  .  3^2-(2.-''lH>t-3r<^'-"'^-" 

therefore  2  =  (ae-  l)*(4a! - 1)  (4x-  3) 

=  (2a!-l)'{2(2a:-l)  +  l}J2(2x-l)-l^ 
Let  y  =  2a!-l, 

then  /(4y*-I)  =  2'; 


therefore 


"  4  "*■'  64  ~  G4  "^  4  "  64  ' 


therefore  y'-|(l  *^/33)  ; 

therefore  *  =  ^  =  §  [^  *  ^{1  d  *  V^S)}]- 

r..„ ^,Gt)ogle 
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«  +  6/a!-4\'    K-fi /a  +  9\ •    «+6     iB-6 

—  ~^{a)■-'}-s^^{•-(J^)■}. 

,    ^  .  «-0        36X        aj  +  6     16a: 

that  IS  5  X TJ-,  = 5    - — j^,; 

iC+B      («-9)      o:-6(a!  +  4)  ' 

therefore  x ::'  0  ia  one  value ;  and  for  the  other  valnea  wa  have 

/«-6\'    16/a!-9\'     ^,       ,       x-G        2«-9 

therefore         3(a^-2a!-24)  =  *2(a!'-33!-54) ; 

these  quadratics  can  now  be  solved  ia  the  ordinary  way. 


■ 

!>f  +  2cx  +  ae     {x  +  a)(_x+e)' 

Let 

(x+a){x^c)  =  xif. 

then 

of  +  2ax  +  a«      a 

therefore 

2K 

+  oa!+ca!  +  ac)     a  +  y 
(a;  +  a)(a!  +  c)     o  +  j/ 

«(«-.)          a-y' 

thus 

_y ajj/. 

a-0     a-y' 

therefore 

y'^yc=a<>-a?; 

therefore 

y= 

'■^*'^J{<?  +  iao-^a')  =  i>.wa^^ose; 

thus 

«'  +  x(a  +  c)  +  ac  =  !Wxj 

therefore 

«^+«(a  +  c-t,)  =  -ae; 

a!  =  - 

L.._..-. ..Google 

4S8  hiscelulseous  equations. 

H.„        ("»)'*("'')'-,|(,i'„)ViLo)r 

Let  a!  +  a  =  y{x  +  c) (u), 

^^""^  ^'-^^  =  4^) t^)- 

From  (a)  a:  +  c  +  a  -  c  -  y  (x  +  c) ; 

therefore  a:  +  c  =  — ~i  ; 

y-1' 

tlierefore  (S)  becomes  «'  +  1  = ; — -  ; 

therefore        y*  =     ~    +  1  =  -  ;   therefore  y  =(- 1  ; 

,,  (»^■a^-^)^^-(^^^■l^.^^)^     m 

(i;  +  a  +  c)'  +  (»  +  4  +  <i)'"»  (')■ 

Let     o  +  6  =  o  +  j8)       therefore  a  =  J(a +  6  + c  +  </), 

let       o  +  o  =  a,+jff,)      tlierefore<i,  =  i{a  +  J  +  c  +  d)  =  a, 

6  +  <J.<.,-ft)'  ft.J(a-S  +  t-J). 

Hence  by  assuming  a;  +  a  =  y,  (1)  may  be  pat  into  the  shape 

(ytW-tfr-W      "»  «V10/£+6y^_CT 

(y  +  W  +  to-ft)'      »'         j-  +  10j-ft'  +  5yft'">,' 

or  f'(»-«i)  +  l')y'(»/J'-mft")  =  6(mft'-»^) (2), 

which  is  a  common  quaxlnitic  equation. 

It  m_^-  ^(a  +  6-c-i)- 

n     ^/     (a-6  +  c_d)" 

(2)  takes  the  form  y'  =  S^jS,' ;  therefore  y  =  (5)*  (jff(8,)*, 

or        >!.y-«.J[6'.yi(«-i')"-(>-'>)')-(»+6  +  «  +  <«)]. 

r.,„ ^,Gt)t)gle 
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16.  *'  +  a*  +  y'  +  6'  =  V2{a!(»  +  y)-6{«-ff)}, 

Adding  and  subtracting, 

x'  +  b'  =  ^2{ax  +  b2,) (a), 

multiplying  together, 

(«•  4  6')  (/  +  «•)  =  2  (ax  +  6y)  {xi,  -  ah), 

or  {ax  +  hi/)'  +  {xy-  ab)'  ^  2  (ctx  +  by)  {xy  -  ah) ; 

x  +  b 
therefore        ax  +  by=!et/-ai>;    therefore  y  =  a  ^— r- 

Substituting  in  (a), 

therefore,  neglecting  the  impossible  root,  x-b  =  aJ2; 

therefore  a;  =  a  ^2  +  &, 

x  +  b 

and  y-a r  =  6^/2+0. 

'^        x  —  b        ^ 

17.  (*'  +  y'  +  e')*  +  (a!-y  +  c)*  =  2(43^)* (1), 

ij-.'..:. (2). 

y     a:     c  ^  ' 

Since      (a:  -  y  +  c)*  =  ar*  +  y*  +  o"  -  Saiy  +  2a«!  -  2yc, 

and  from  (2)  xc~xy—ye  =  0 (a); 

therefore  {«  -  y  +  c)'  =  a;*  +  y"  +  c' ; 

therefore  (1)  becomes  (x-y  +  c)'  =  4a!y  =  4c  (a!- y)  from  (a); 

therefore  (*  -  y  -  c)'  =  0  ; 

therefore  y  =  x  —  c, 

but  y  =  ^ — ~;  therefore  a;'-c*  =  c3!;  therefore  x'—cx  +  -  =  —  ; 

therefore         "'  =  2^^*'^^^'  '"^  ^  =  5 {~ ^ * \/^)- 

r..„ ^,Gt)t)gle 
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18.  2C*"  +  «J+»"-o')  +  V3C«'-yO-0 (I). 

2(«'-i!  +  »'-6^4-,/3(«'-»^-0 (3), 

5'-t'+3(yB'-O-0 (3). 

Mwltiplying  (1)  by  2  it  becomM 

3(«4-j)-  +  («-j)'*2V3(»!'-y^  =  4<.'! 
Uierefopo  J3(n- j>  +  »-y.*2o. 

Similarly  ftom  (2)  .y3(«!-«)+»*s.*25. 

By  aubtraction  we  obtain  on  the  left^liand  aide  {,^3  -  1)  (y  +  «), 
and  on  the  right-hand  side*  2  (o- 5)  or±2(a  +  &)j  thna  we  have 
four  valuea  for  y + e :  chooae  any  one  of  these  and  denote  it  by  m. 

From  (3)   2y*  +  6ya*  =  8c»,  that  ia  (y  +  «)*  +  (y  -  s)'  =  8e* ; 
therefi>t«  (y-s)'  =  8c*-m'; 

tlierefon  y-s  =  (8e'-m')*J 

fhe.«fore    s-j(».+(8.--m')»l.  »''  »  =  41'»-(8<'-'»")'l- 
And  »U3  +  ll-*2«-y{v'3-l) 

.*2«-</^|»  +  (8,^-».')'}; 

thus  X  ia  known. 

19.  3a!+3i/-a=3 (1), 

,       ,       .     14 -9«  ™ 

x'  +  y'-^=      -fj— (2), 

ic'  +  y +  r  =  3a;ys  +  — -J — (3). 

From  (1)  3(aj  +  y  +  s)  =  4«  +  3 (a), 

From  (3)  x'  +  y'4.s'  =  V  + 7  -  y (^, 

From  (3)       2  (a^  +  y*  +  8"  -  3a!y«)  =  ^^^f^ Mi 

r..,,.,..;,:^,Gt)t)gle 


MISCEXIANEOUS  EQUATIONS.  491 

then  moltiplying  (o)  and  (^  together  and  subtracting  (y),  we  have 
le"  +  y'  +  a"  +  3  {a^y  +  xi/' +  x:^  +  x's  +  y's  +  ys^  +  6a!y« 
=  &s'-12«'+6«-li 
or  (!i:  +  »/  +  s)'  =  (2z-l)"; 
therefore  x+j/  =  z-l. 

From  (1)  «  +  y  =  =  + 1 ; 

therefore  «  - 1  =  5  +  1  j  therefore  8  =  3; 

.       .      .     U-9s     6 

therefore  a;  +  y  =  3,      ar+y  =r  + — 5 — =  5  ; 

therefore  2  (a;*  +  3/^-(a:  + y)' =  5-4  =  1  j  fiierefore  a!-y=±l; 
therefore  a;  =  1^  or  3  ,  and  y  =  ^  or  I  J. 


(.w  ■t'  1)  (j^  ■§•  1)  _  («'  + 1)  (ay  + 1) 
aj+l  ff+1 


■■(1). 

-.(2). 


^°<'>  ^sT-inrr-i^n w- 

^  '  ay+1      a+l    ac+1' 

«,.„,.„      <'•;')  y;'>=g-;-i)g;±). 

(aji  +  l)'  («  +  !)■ 

Subtracting  denomiimtora  from  niuneratara,  we  have 

J^,  =  iiZ^;  tieH,fore-^  =  *-^ (ft; 

(ay+1)'     (oc+J)"  ley  +  l        ac+l  ^" 


therefore  using  the  first  value  and  calling V=»ti 

we  have  y (I  -i-tnx)  =  x-m;  therefore  y=  . 

r..,,.i.7o,M,Google 
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g'— WW!       J 

fl:*+l      (t'  +  l     l  +  mij  a*+l  !k'  +  1 

tlerefors     (m  +  l)(l +m«  +  ai->i>)-("'  + 1)(»  +  1); 

(ierefore  xia-c)-cix{a-e}  =  a{a^e)  +  {a-c)i 

therefore        a!(l-a)  =  l +o;  therefore  as  =  J— ^; 

""*  "'Itm^',  ,  (lta>(»-»)      1-0- 

(l-.)(H-«.) 

Similarly,  if  we  use  the  negative  Bign  in  (^,  we  tave  y— j; 

and  ■    -     for  the  corresponding  vaJuea  of  x  and  y. 

21.     (2y-l){a!^  +  4x  +  3)*-(aB-l)(y'  +  4y4-3)l 

=  («*y){aj  +  y-2:ry  +  4) (1), 

y(^)-y(fe4)=i^ <^>- 

From(l)     (2y-l){a:*  +  4ie  +  3)i-{2a:-l)(y'+43/+3)* 

=  I*  - y*  -  2kV -t- 2a:i/' +  4a;- 4y 
=  y(2aj-l)-K'(2y-l)  +  2{2^-l)-2(2y-l) 
=  (y'  +  2)(2«-l)-(^+2)(2y-l); 
tlierefore 
(2y-l){a;'  +  2  +  V(a^  +  4a:  +  3)}={2a;-l){3/*+2  +  V(y*+4y  +  3)J, 

*'  +  2  +  ^(x*  +  4a!  +  3)  _  p'  +  2  +  ^/(y  +  4y-t-S) 
'^'^      2^:n  ^"         — ^y-l  "'^^ 

Now    !r'+43;+3  =  {!B'  +  23!  +  l){cc'-2a!  +  3)  =  W» 

if  «  =  a:'  +  2x  +  l  and  v  =  xr-2x+S; 

therefore  «  +  »  =  2(a!'  +  2)  end  u-v  =  2{2x-l). 

I..., ^,Gt)t)glc 
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Henoe  (a)  ssstimes  the  form 

where  Wi=y'  +  2y+l,  and  t',  =  y'-2y  +  3  ; 

thu«  Jjt±^^J^*J^     theiBfore  ^  =  ^5; 

therefore  -^ — „■     „  =  ^, — ^r — 5  ; 

Sliding  and  subtracting  the  numerator  and  denominator  of  each 
fraction,  we  have 

!c'  +  2  ^  y'  +  B  _ 

therefore         2yx'+iy-»'-2  =  23y+4a:-y'-2j 
therefore  2ya!(3!-3i)-(a:?— ji*)  — 4{a!  — y)  =  0; 

therefore    x  =  y  \  or  2!ey  =  aj+y +  4,  so  that  y  =  „   ^  . . 
Substituting  the  vaiae  y  =  x  in  (2),  we  have 

\/(-T — f)  =  2i  ''^ f  ~*'  ^^^^'^••'^  x=l\  and  y=  1^. 

.      .      ..          x+i      ^,        y  +  1       3{j;+l)         3 
AgaiTi,  if  u  =  ^ 1  .  then  — =  — ^ ^  = . 


Sy- 

2x- 

1 

9 

■K1-: 

3 

2;;ri 

Elenoe  equatioi 

.(2) 

y(^)- 

3 

2«- 

3 

"Vt 

It) 

thei-efore  -i—^-l^- 

ar+1 

therefore    4a:'- 16a!  + 16  =  27;  therefore  2a!-4=*3V3j 

ll..»f«„,,i(4'3V3);  »J»  =  £^-5(^)- 

r..„ ^,Gt)ogle 
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I.  Solve  va+ao-N/a-ao-N/a-"')- 

2.  Solve  x*{b-y)  =  ay{y~n), 

3.  If  a?  +  xfj  ^  ■/ =  <^, 

y*  +  ys  +  s*  =  o*, 


prove  that 


V{i(-- 


&V  +  2cV-a'-i*-<!^i  ; 


and  shew  how  to  solve  the  equations. 

*■     Solve  ■f,"t^~^,,=2V2. 

^(a!'  +  2a!+ll)        ^ 

5.  Determine  c  so  that  5x  +  iy  =  c  may  have  ten  positive  in- 
tegral Bolutiona  excluding  zero  values,  and  e  maj  be  as  great  aa 
possible, 

6.  If    ""     '" 


memberof  thin  equation  will  be  equal  to  -  .      —  ;-,  to  x  +  y  +  ^ 


7.  Shew  that  if  n  and  JT  are  very  nearly  equal, 

aud  that  the  error  is  approximately  ^  fjyj.    \'  ■ 

8.  A  man's  income  conaistB  partly  of  a  salary  of  £200  a  year, 
and  partly  of  the  interest  at  3  per  cent,  on  capital,  to  which  he 
each  year  adds  his  aavii^ ;  his  annual  expenditure  is  less  by  £96 
than  five-fourths  of  his  income  :  shew  that  whatever  be  Hie  origi- 
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dbI  capital  its  accumulated  value  will  approximate  to  £Q0QO.  ] 
the  origin&l  capital  be  XIOOO,  ehew  that  it  will  be  doubled  i 
about  thirty  years  ;  having  given 

log2  =  -301030,         log  397  =  2-598790. 

9.  If  n  be  a  positive  integer,  and  c  r 

l.(„.l),^(2zlHl=5^-<5zi)i5-i)(!lzS^+... 

m'*'  - 1        I 
~    m-1    {m  +  iy 

10.  If  a;  be  any  prime  number,  except  2,  the  integral  part  of 
(1  +  JTf,  diminished  by  2,  is  diyiaible  by  4z. 

11.  If  any  number  of  integers  taken  at  random  be  multi- 
plied together,  shew  that  the  chance  of  the  last  figure  of  tlieir 
product  being  5  continually  diminishes  as  the  number  of  integers 
multiplied  together  increaaes. 

12.  Two  purses  contain  sovereigns  and  shillings  j  shew  that 
if  either  the  total  numbers  of  coins  in  the  two  purses  are  equal, 
or  if  the  number  of  sovereigns  ia  to  the  number  of  shillings  in 
the  same  ratio  in  both,  then  the  chance  of  drawing  out  a  sove- 
reign is  the  same  when  one  purse  is  taken  at  random  and  a  coin 
drawn  out  as  it  is  when  the  coins  are  all  put  in  one  purse  and  a  coin 
drawn  out.  If  neither  of  these  conditions  holds,  the  chance  is  in 
fevour  of  the  purse  taken  at  random  whenever  the  purse  with  the 
greater  number  of  coins  has  the  tmaHer  proportion  of  sovereigns. 


LT.    MISCELLANEOTTS  PROBLEMS. 

760.  We  have  already  given  in  previous  Chapters  collections 
of  problems  which  lead  to  simple  or  quadratic  equations ;  we  add 
here  a  few  examples  of  somewhat  greater  difficulty  with  their 
solutions. 

1.  Each  of  three  cubical  vessels  A,  S,  C,  whose  capacities  are 
as  1  :  8  :  27  respectively,  ia  parUally  filled  with  -.water,  the 
r..„ ,Cjt)tH^lc 
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quantities  of  water  in  them  being  as  1  :  2  :  3  respectively.  So 
muck  water  is  now  poured  from  A  into  B  and  ao  mifth  from  Jt 
into  (7  as  to  make  the  depth  of  water  the  same  in  each  TesseL 
After  this  128f  cubic  feet  of  water  is  poured  from  C  into  B,  and 
flien  BO  much  from  B  into  J  as  to  leave  the  depth  of  water  in  A 
twice  as  great  as  the  depth  of  water  in  £.  The  quantity  of  water 
in  J  ia  now  less  by  100  cubic  feet  than  it  was  originally.  How 
much  water  did  each  of  the  vessela  originally  contain  t 

Tiet  X  =  the  number  of  cubic  feet  in  A  originally  ; 
therefore  2x  =  the  number  of  cubic  feet  in  S  originally  j 
and  Sat  =  the  number  of  cubic  feet  in  G  originally. 

Now  when  the  depth  of  the  fluid  is  the  same  in  all,  it  is  clear 
that  the  juantiUee  -vasj  as  the  areas  of  the  bases  of  the  Tessels,  that 
ia,  axe  as  1  :  4  :  9.     Therefore,  since  6x  is  the  total  quantity,  the 

quantity  in  A  =  ^ — -. — r-  =  -=  ,  and  the  quantities  in  B  and  C  aro 

12a!       ,  27aj         _^     , 
-=-  and  -=-  respeetively. 

Again,  when  the  depth  in  X  is  twict  that  in  B,  the  quantity  in 
A  is  half  as  much  as  that  in  B. 

Now  A  cont^na  x  - 100  ;    therefore  B  contwna  3  (as  -  100), 


3(a!-100}  + 


therefbre  a:=  360 +2^  x  g  =  500  j 

therefore  the  quantities  ia.  A,  S,  C  at  first  were  600,  1000,  1500 
cubic  feet  reepectively. 

2,     Three  horses  A,  B,  C  start  for  a  race  on  a  course  a  mile 
and  a  half  long.     When  B  has  gone  half  a  mile,  he  i^  three  times 
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u  far  ahead  ot  A  sa  he  is  ot  C.  The  horaea  now  going  at 
nnifarm  speeds  till  S  is  within  a  quarter  of  a  milo  of  the  vmrniiig 
poet,  0  is  at  that  time  aa  much  behind  A  bb  A  ia  behind  S,  but 

the  distance  between  A  and  B  is  only  j^     "^  what  it  was  after  J5 

had  gone  the  first  half  mila     C  now  increases  his  pace  by  -^    of 

what  it  was  before,  and  passes  5  176  yards  from  the  winning  post^ 
the  respective  speeds  of  A  and  £  remaining  unaltered.  What  was 
the  distance  between  A  and  C  at  the  end  of  the  racel 

Let  llx  =  the  distance  in  yards  between  S  and  C  at  the  end 
of  the  firat  ^  m^e,  33x  =  the  distance  in  yards  between  S  and  A 
at  the  end  of  the  first  ^  mile.  When  B  has  gone  1^  miles  £  is  Sx 
ahead  of  A,  and  6z  ahead  of  C ;  therefore  while  £  went  |  mile  or 
1320  yards,  A  went  1320  +  30a;  yards,  and  C  went  1320+5*  yards. 

Hence,  after  C  increases  his  pace,  the  speeds  ot  A,  £,  C  will  be 

proportional  to  1320  + 30a:,  1320,  and  gg  {I320+5x)  respectively. 

Since  C  passes  £  when  he  is  176  yards  from  the  post ;  therefore 

whiles  was  goii^  440- 17C  or  264  yards,  C  went  264 +  6«; 

64 
therefore      1320  :  g^  (1320  + 5a:)   ::  264  :  264  +  6*, 

54 
therefore  1320  +  30a;  =  ^  (1320  +  5a:); 

therefore  x  {1590  -  270)  =  1 320 ; 

therefore  x=  1  ; 

also  it  will  be  found  that  C"s  increased  pace  is  equal  to  A's; 

therefore  there  will  be  the  same  distance  between  them  at  the  end 

of  the  race  as  there  is  when  £  ia  \  mile  from  the  winning  post, 

namely  3a;  or  3  yards. 

3.     A    fraudulent   tradesman  contrires  to  employ  his  /alag 

balance   both    in   buying   and   selling  a  certain  article,  thereby 

gaining  at  the  rate  of  11  per  cent  more  on  his  outlay  than  be 

would  gain  were  the  balance  trtte.     If,  however,  the  sKJe-pans  in 
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wHoIl  the  article  is  weighed  when  bought  and  Bold  reepeotiTely, 
were  interchanged,  he  would  neither  gain  nor  lose  by  the  article. 
Petermine  the  legitimate  gain  per  cent,  on  the  article. 

Let  10  and  «>,  be  the  apparent  weights  of  the  same  articla 
when  bottglU  and  when  loM. 

Let  p  =  the  prime  cost  of  a  unit  of  wei^t, 
X  =  the  legitimate  gain  per  cent  ;• 

then  aa  article  which  coat  pw  is  sold  for  toAp+  jttt;  1 ; 

therefore  by  the  question  w,  [p  +  ^j- wp  =  l^±^i^ (1). 

Again  in  the  supposed  case  the  cost  of  the  article  =pto^  and  the 
selling  price  =  pw  ^1  +  j^ j ; 
therefore  pw^  =pu!\l  +  =^    \ (2). 

fr,.(2),         »(l*j--„)  =  »,; 


therefore 

thei-efoK)     sc*  +  100a:  =  1100,  so  that  {a  4- 50)' =  3600 ; 
therefore  a;  +  50  =  ±  60 ; 

therefore  fc=  10. 

4.  A.  person  buys  a  quantity  of  com,  which  he  intends  to 
sell  at  a  certain  price ;  after  he  has  sold  half  his  stock  the  price 
of  com  suddenly  falls  SO  per  cent.,  and  by  selling  the  remainder 
at  this  reduced  price,  his  gain  on  the  whole  is  diminished  30  per 
cent. ;  if  be  had  sold  |tha  of  his  stock  before  the  price  fell)  and 
the  diminution  in  the  price  bad  been  in  the  proportion  of  X20 
on  the  prime  cost  of  what  he  before  sold  for  XlOO,  ho  would 
have  gained  by  the  whole  as  many  shillings  as  he  had  bushels  of 
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com  at  Gist.     Find  wha.t  the  com  cost  him  per  bushel,  and  what 
be  hoped  to  gain  per  cent. 

liet  X  =  the  cost  price,  in  pounds,  per  bushel, 
'  y  =  the  gain  per  cent,  he  expected ;  then 

a:(  1  +-r^l  =  the  price  per  bushel  for  which  he  sold  half  his  com; 

^  «  (  1  +  T^jj  j  =  the  price  per  bushel  for  which  he  sold  the  other 
half;  therefore  the  arerage  price  per  bijshel  =  jQ  n  +  ™jj ; 

therefore  hiagaig  per  bushel  =y^n +y|gj- SB. 

If  he  had  sold  the  whole  as  he  sold  the  first  half,  the  gain 
per  bushel  would  have  been  yj^k  ', 

therefore  by  a,,  quolion  J?  (l  +  A)  - »  .  jj  S ; 

«  1 

therefore  —.  =  ^ ;     therefore  y  =  60. 
Now  the  prime  cost  of  what  he  at  firet  sold  for  100  is  —     ■— > 

that  ia  -r- ,  and  if  he  were  to  lose  £30  on  this,  the  loss  per  cent, 
would  be    ■^"  —  -  I  that  is  30. 

Thus  in  the  supposed  case  the  average  selling  price  of  a  bushel 
gain  on  a  bushel  =  7  "  -an —  *  =  ofT  >  *^''  '^  ^7  t^  question 
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ff.  A  and  B  having  a  single  hoTBo  travel  between  two  mile' 
stoneo,  distant  an  eren  number  of  miles,  in  2Sf  hours,  riding 
altematetj  mile  and  mile,  and  each  leaving  the  horse  tied  to  a 
mile-stone  until  ilie  other  comes  np.  The  horse's  rate  is  twice 
that  ot  B;  B  rides  first,  and  they  come  together  to  the  eeventU 
mile-stone.  Finding  it  necessary  to  increase  their  speed,  each 
man  aft«r  this  walks  half  a  mile  per  hoar  &ster  than  before,  and 
the  horse's  rat«  is  now  twice  that  of  A,  and  B  again  rides  first. 
Find  the  rates  of  travelling,  and  the  distance  between  the  extreme 


Let  2x  =  the  distance  they  travelled  in  miles.  Kow  at  first  A 
walks  i  miles  and  ridea  3  miles  while  B  walks  3  miles  and  rides 
4  miles,  or  A  walks  i  while  B  walks  3  and  rides  1 ;  that  is,  since  the 
horse's  rate  is  double  of  B\  while  B  walks  3^  milee;  therefore  A'a 
and  B'b  rates  at  first  may  be  represented  by  8y  and  7y  respectively. 

Again,  A  walks  k— 3  and  rides  x  —  4,  while  B  walks  a  — 4 
and  rides  a:  -  3  ;  therefore  A  walks  a:  -  3  while  B  walks  x  —  i  and 
rides  1,  that  is,  while  ^  walks  x-i  and  A  walks  ^ ;  therefore 

7 
A  walks  0!  —  n   while  £  walks  x  —  i; 

but  A  walks  8y  +  ^  while  B  wallts  7?  +  s  t 

7      o       1 
"-2     ^*2                                      1 
thra^ore         _     =  -      .  ,  from  which  y  =  g 5^ . 

Now  the  total  time  A  took  in  hours  is 

x-i 


^"-^^^^I(^'* 


therefore  =-  +  ^^ ,  = 

7y       ICy  +  l 


therefore 


33: -10      188  1 

^4a!-U"  63   "iat-SO' 
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41a:- UQ      94  1 

4a;-14    ~  9    "  2x-\s'' 
therefore  9  (82a!'  -  895*  +  2100)  =  376a;  -  1316 ; 

tterefore  738a;*-  8431a:  +  20316  =  0, 

from  which  aj  =  8 ;   therefore  y  =  s ; 

thei-efore  the  distance  =  16  miles ;  the  ratM  of  traTelling  at  first  =  4 
and  3J  miles  per  hour  respectively. 

6.  A  and  S  set  out  to  walk  tt^ether  in  the  same  direction 
round  a  field,  which  is  a  mile  in  circumference,  A  waUdng  faater 
than  S.  Twelve  minutes  after  A  has  passed  £  for  the  third  time, 
A  turns  and  walks  in  the  opposite  direction  until  six  minutefi 
after  he  has  met  him  for  the  third  time,  when  he  returns  to  hia 
original  direction  and  overtakes  S  four  times  more.  The  whole 
time  since  they  started  is  three  hours,  and  A  has  walked  eight 
miles  more  than  £.  A  and  B  diminish  their  rates  of  walking  by 
one  mile  an  hour,  at  the  end  of  one  and  two  houra  respectively. 
Determine  the  velocities  with  which  they  began  to  walk. 

Let  X  -  the  nimiber  of  miles  per  hour  of  A  at  the  firsl^ 
J/  =  the  number  of  miles  per  hour  of  S  at  the  first. 
In  3  hours  A  has  gone  a;  +  2  (a:  — l)or  3a;  — 2  miles, 
and        £  bas  gone  2y  +  (3/  —  1)  or  3i/  —  1  miles ; 
therefore  by  the  question  3a;- 2  — (3y- 1)  =  8  ;  therefore  a:— y=  3, 
that  is,  the  relative  speed  of  A  and  £  is  3  miles  per  hour ;  therefore 
A  will  gain  a  circumference  on  5  in  J  of  an  hour,  and  will  therefore 
be  passing  £  for  the  third  time  at  th©  end  of  the  first  hour. 

Also  since  the  reiatioa  speed  of  A  and  £  is  the  same  in  the 
last  hour  as  in  the  first,  and  since  A  passes  £  for  the  fov/rth  time 
at  the  end  of  the  third  hour,  therefore  he  will  puss  him.  all  the 
fowr  times  within  the  last  hour;  the  first  time  being  exactly  at 
the  commencement  of  the  third  hour. 
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Now  in  12  minutes  after  the  fiist  hour  the  distance  between 

A  and  B  is  =(a;  — y  — 1)  =  =  miles;  therefore  the   time  of  firat 

2 
meeting  =  =  -^{a!  +  y  —  1);  and  the  time  of  meeting  twice  mora 

-2  -i-  (x  +  y—  1).     In    C   minutes   the   distance  between   them 

=  ^(x  +  y  —  l);    therefore  if  A   now  turns,    the  time   of  over- 

taking  B 

re'""-')    I 


"""*  K  +  ^-K' ""='*"-': 

therefore  m'-14m=-48;  therefore  w-7=±l;  therefore  k  =  8  or  6; 
therefore  a!  +  y=9  or  7;  and  x-y=3; 

therefore  a!  =  6or5,  j/=3or2. 

761.  The  equations  in  the  preceding  Chapter  and  tboir  solu- 
tions, and  the  solutions  in  the  present  Chapter,  are  due  to  tho 
EeT.  A.  Bower,  late  FeUow  of  St  John's  College,  Should  any 
student  desire  more  exercises  of  this  kind,  ho  is  referred  to  the 
collection  of  algebraical  equations  and  problemB  edited  by  Mr 
W.  Botherham  of  St  John's  College. 


1.  Exhibit  {tiJ{a'  +  b')-aJ{m'  +  n')Y  +  h'm'aa  a  square. 

2.  Extract  the  square  root  of  6  +  ^C  +  ,^14  +  ,^21. 

3.  Find  the  radix  of  the  scale  of  notation  in  which  the  num- 
ber 16640  of  the  common  scale  appears  as  40400. 

i.     Sbewthat|  +  |  +  j^+^+ adin/.^2. 
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5.  At  ft  contested  election  the  number  of  candidates  was  one 
more  than  twice  the  number  of  persons  to  be  elected,  aad  each 
elector  by  voting  for  one,  or  two,  or  three,  ...  or  as  many  persona 
aa  were  to  be  elected,  could  dispoae  of  bis  vote  in  15  waye: 
required  the  number  of  candidates. 

6.  In  how  many  ^raya  may  the  Bum  of  £2i.  \5g.  be  paid  iii 
ahillinga  and  frames,  supposing  2G  francs  to  be  equal  to  21  shillings? 

7.  Find  the  sum  of  n  terms  of  the  series 

I  z  ^_ 

i+a''(i+*)(i+a')"^{i+s){ri  «•)(!+**) 

'■(i+^)(i+^'){i+»')(i+*')* 

8.  Shew  that  1  +  2a;'  is  never  less  than  a;'  +  2*'. 

9.  If  an  equal  number  of  arithmetic  and  geometric  means 
be  inserted  between  any  two  quantities,  shew  that  the  arithmetic 
mean  is  always  greater  than  the  corresponding  geometric  mean. 

10.  If  a;  be  any  prime  number,  except  2,  the  integral  part  of 
(2  +  ^3)'-2'*'  +  l  is  divisible  by  12ai 

11.  Shew  t^t  it  n=pq,  wherep  and  q  are  positive  int^^em, 

M'li' 

12.  Shew  that  t+h  +  s -< logn  is  finite  when  n 

is  infinite. 

13.  If  p  be  the  probability  A  priori  that  a  theory  is  true,  q 
the  probability  that  an  experiment  would  turn  out  as  indicated 
by  the  theory  even  if  the  theory  were  false,  shew  that  after  the 
experiment  baa  been  performed,  supposing  it  to  have  turned  out 
as  expect«d,  the  probability  of  the  truth  of  the  theory  becomes 


■  ia  aa  integer. 


pi-q-pq 

14.  Of  two  bags  one  (it  is  not  known  which)  is  known  to 
contain  two  aovereigns  and  a  shilling,  and  the  other  to  contain 
one  soveroign  and  a  ghilling ;  a  person  draws  a  coin  ftom  one  of 
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the  bags,  and  it  is  a  sovereign,  which  ia  not  replaced.  Shew  that 
the  diance  of  now  drawing  a  sovereign  from  the  same  bag  is  half 
the  chance  of  doing  so  from  the  other.  Supposing  the  drawer 
might  keep  the  coin  he  draws,  find  the  value  of  the  expectation. 

15.  All  that  is  known  of  two  bags,  one  white  and  one  red, 
is  that  one  of  them,  but  it  is  not  known  which,  contains  one 
sovereign  and  four  shilling  pieces,  and  that  the  other  contains  two 
sovereigns  and  three  shilling  pieces ;  but  a  coin  being  drawn  from 
each,  the  event  is  a  sovereign  out  of  the  white  bag  and  a  eliilling 
out  of  the  red  bag.  These  coins  are  now  put  back,  one  into  one 
bag,  and  the  oiher  into  the  other,  but  it  is  not  known  into  which 
bag  the  sovereign  was  put.  Shew  that  the  probability  of  now 
drawing  a  sovereign  is  in  lavour  of  &e  red  bag  as  compared  with 
the  white  bag  in  the  ratio  of  13  to  9. 

16.  If  n  be  the  number  of  ycai's  which  any  individual  wants 
of  86,  find  the  value  of  an  annuity  of  ^1  to  be  paid  during  bis 
life;  adopting  De  Moivre's  supposition,  that  out  of  86  persons 
bom,  one  dies  every  year  until  they  are  all  extinct. 


LVL  CONVERGENCE  AHD  DIVERGENCE  OF  SERIES. 

762.  In  Chapter  XL.  we  have  discussed  the  subject  of  the 
convergence  and  div^-gence  of  series.  The  chief  general  rostdt 
which  has  been  obtained  may  be  expressed  thus  :  an  infinite  seriet 
u  convergent  if  from  and  ofUr  any  fixed  term  the  ratio  of  eac& 
term  to  the  succeeding  term  ts  greater  titan  stmne  quantity  whieh 
M  itaelf  numerically  greater  than  unity ;  and  divergent  if  tiia 
ratio  i»  unity  or  leas  than  unity,  and  the  terms  are  all  of  the 
same  sign.  There  is  one  case  to*  which  this  result  does  not  apply, 
which  it  is  desirable  to  notice,  namely  the  case  in  which  the  ratio 
is  greater  than  unity  but  continually  approaching  unity.  See 
Arts.  669,  560  and  561.  The  statements  of  those  Articles  are 
here  reproduced,  but  in  a  different  form,  as  for  our  present  pur- 
pose it  is  convenient  to  regard  the  ratio  of  a  term  to  the  atio- 
seeding  term  instead  of  to  the  preceding  term. 
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763.  We  fihall  now  investigate  tbeorema  whicli  will  supply 
testa  of  convergence  and  cUveigence  for  the  case  to  wliicli  the 
former  teste  do  not  apply.  In  tlie  infinite  series  which  we  shall 
consider  we  shall  suppose  that  all  the  terms  are  positive,  at  least 
from  and  after  some  fixed  term  if  not  from  the  beginning. 

764.  A  geriea  is  convergent  ifjrom  and  after  sotne  jtxed  tern 
the  ratio  of  each  term  to  the  tttceeeding  term  m  neeer  Uaa  than 
the  corresponding  ratio  in  a  geeond  geriea  whicJt  ie  knoum  to  be 
convergent. 

It  is  obvious  in  this  case  that  the  proposed  scries  is  not 
greater  than  &  certain  coavei-gent  seiiea;  and  is  therefore  con- 
vergent. 

765.  A  ieriee  it  divergent  if  from  and  a/ler  some  fiaxd  term 
the  ratio  of  each  term  to  the  tucceeding  term  is  never  greater  Chan 
the  eoTTeapoTuling  ratio  in  a  second  aeries  which  is  known  to  be 
divergent. 

It  is  obvious  in  this  case  that  the  proposed  series  is  not  less 
than  a  certain  divergent  series ;  and  is  therefore  divergent 

766.  Zel  u^  denote  the  n""  term  of  a  leries;  then  if  from  and 
afier  some  fixed  vcdue  of  \i  the  value  of  n  {  —^ —  Ij  is  always 

greater  than  some  positive  guantiiy  which  is  itself  greater  than 
unity,  the  series  is  convergent. 

Suppose  that  from  and  after  some  fixed  value  of  n  ^e  value 
of  n  (  — ' —  1  J  is  always  greater  than  y,  where  y  is  positive  and 
greater  than  unity.  Then  — ' —  1  is  -greater  than  —  ;  and  ^ere- 
fore  — s-  is  gi'eater  than  1  +  — . 

Now,  by  Art  686,  a  positive  quantity  p  greater  than  unity 
can  be  found,  such  that  when  n  is  large  enough  ( I    is  less 
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than   1  +  —  .     Hence,  when  n  is  large  enough,   is  greater 

than  (^^—)  .     But,  hy  Art  562,  the  aeries  of  which  the  »* 

term  is  —  is  convei^ent  when  p  is  positive  and  greater  than 
unity;  hence  by  Art,  764  the  series  of  which  the  n**  term  ia 
tt,  is  convergent, 

767.  Let  u„  denote  tlie  n""  term  of  a  tenei ;  (ftem  if  from  and 
after  some  Jixed  value  t^  n  the  value  of  a  {  — ^ —  1 1  t»  never 
poeitive  and  greater  than  unity,  the  series  is  divergent. 

For  here  after  some  fixed  value  of  »  the  value  of  — -  is 
equsl  to  1  +  -  or  ia  less  than  1  +  -  .     But,  by  Art,  562,  the  series 

of  which  the  n"*  term  is  -  is  divergent ;  hence,  by  Art  762,  Gia 
series  of  which  the  n""  term  is  u,  is  divergent. 

768.  The  rules  given  in  Arts.  766  and  767  will  often  enable 
us  to  decide  on  the  convergence  or  divergence  of  series  in  the  case 
noticed  in  Art  762  in  which  our  former  rules  do  not  apply. 
There  is  one  case  to  which  the  new  rules  will  not  apply,  which  it 
is  desirable  to  notice,  namely  that  in  which  fi-om  and  after  some 

fixed  value  of  n  the  value  of  n  f  —^ —  1 J  la  always  positive  and 

greater  than  unity,  but  continually  approaching  unity.  We  shall 
proceed  to  investigate  theorems  from  which  we  shall  deduce  tests 
for  this  case. 

769.  It  is  obvious  from  the  nature  of  a  logarithm  that  if  n 
increases  indefinitely,  so  also  does  log  n.  But  it  is  important  to 
observe  that  log  n  increases  far  less  rapidly  than  n  increases ;  in 

fact  ■  ■■■—  can  be  made  as  small  as  we  please  by  taHng  n  large 

enough,     for  suppose  n  =  e',  so  that  log  n  =  a: ;  then  as  n  increases 
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uulefinitely,  bo  also  does  x.    Now  —2—  =  —  =  i       l 

this  ia  less  than  ^     j       n  ,  that  ia  lesa  than  - 


and  it  is  obvious  that  this  can.  bo  made  &B  small  as  we  please  by 
taking  n  large  enough. 

These  remarks  will  be  found  useful  in  studying  the  remainder 
of  the  present  Chapter.  Wo  shall  adopt  the  following  notation 
for  abbreriatioD :  let  log  n  be  denoted  by  X  (n) ;  let  log  (log  n)  be 
denoted  by  X'(n);  let  log  {log  (log  n.)}  be  denoted  by  k' (n)  ;  and 
so  on. 

770.     The  series  of  which  the  general  term  is 

»iWV(«) \-(»)ii-Mi' W 

M  convergent  if  p  be  greater  than  unity,  and  divergent  if  ■p  he  equal 
to  unity  or  less  than  unity. 

"We  suppose  n  so  large  that  X'''''(n)  is  possible  and  positive. 

The  truth  of  this  theorem  when  r  =  0  has  been  shewn  in 
Art.  563 ;  we  shall  proTe  it  generally  by  Induction. 

By  Art  563  the  series  of  which  (1)  ia  the  general  term  is 
convergent  or  divergent  simultaneously  with  the  series  of  which 
the  general  term  is 

m-i(™-)  A.'(ra-) i-(,«-)  (i"ipvl' '^'' 

where  in  is  any  positive  integer. 

I.  Suppose  p  greater  than  unity.  Let  m  be  any  positive  in- 
teger greater  than  the  base  of  the  Kapierian  logarithms ;  then 
X  (m*)  is  greater  than  n.  Hence  it  foUowa  that  the  general  term 
(3)  ia  le«»  Uian 

«A(«)X'(n) X-'(«){X'(«)}' (^'' 

thus  by  Art,  764  if  the  series  of  which  (3)  is  the  general  term  is 
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convergent,  so  also  is  ^at  of  which  (2)  is  the  general  term,  and  bo 
also  is  that  of  which  (1)  is  the  general  term.  Therefore  if  the  series 
of  which  (3)  is  the  general  terra  is  convergent  when  r  has  any 
specific  value,  it  is  convergent  when  r  is  changed  into  r  +  1.  But 
since  p  is  greater  than  unity,  by  Art,  563  the  series  of  wiiich  (3) 
is  the  general  term  U  convergent  when  r=  1,  and  therefore  when 
r  =  2,  and  therefore  when  r  =  3,  and  so  on.  Thus  the  serieB  of 
■which  (1)  is  the  general  term  ia  convei^nt 

II.  Suppose  p  equal  to  unity.  Let  m  =  2  which  is  a  pomtive 
int^er  U«»  than  the  base  of  the  Napierian  logarithme ;  then 
X  (m*)  is  leM  than  n.  Hence  it  follows  that  the  general  term  (2) 
is  ^reo^er  than 


«3^(n)y{n) k'-\n)\'{ny 

Hence  by  proceeding  as  in  I.  we  can  ehew  tliat  the  series  of 
which  (1)  is  the  general  term  ia  divergent. 

IIL  Suppose  p  less  than  unity.  Then  the  general  term  (1) 
Is  greater  than  it  would  be  if  p  were  equal  to  unity,  at  least  when 
n  is  large  enough,  and  therefore  hjortiori  the  series  is  divergent, 

A.  simple  demonstration  of  this  theorem  by  means  of  thp 
Infejral  Cahulua  is  given  in  the  Integral  Caleulus,  Chapter  iv, 

771.  Let  w  denoto  the  general  term  of  any  proposed  series. 
If  fixjm  and  after  any  value  of  n  the  value  of 

«.™a.(«>x'W X'Mii-C))' 

is  alwa3rB  finite,  p  being  any  fixed  quantity  greater  than  unity, 
the  proposed  series  is  convergent. 

Tor  in  this  case  the  terms  of  the  proposed  series  have  a  finite 
ratio  to  the  terms  of  a  series  which  has  been  proved  to  be  con- 
vergent. 

If  from  and  after  any  value  of  n  the  value  of 

«.«x(»)x-M x-(„)\«(") 

is  always  finite  or  infinite,  the  proposed  series  is  divergent. 

For  in  this  case  the  terms  of  the  proposed  series  have  at  least  a 
finite  ratio  to  the  terms  of  a  series  wiiich  has  been  proved  to  be 
divergent. 
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772.  The  theorem  of  Art.  771  may  be  used  in  cases  in  which 
the  tests  already  given  of  convergence  and  divergence  do  not 
apply ;  but  it  nill  in  general  be  more  convenient  to  use  tke  rules 
which  ve  shaJl  demonstrate  in  the  next  Article. 

773.  Let  T^gtand/arnf—^'  -  iV-    t/ieit  if  from  and  a/ier 

eome  Jixed  value  of  n  the  value  of  X  (n)  (P^  —  1)  ts  altoa^g  greater 
than  some  poHtiva  qiiantity  which  is  iieelf  greater  than  unity  the 
eeriee  of  which  the  n""  term  is  n^ie  convergent;  and  if  from  and 
after  some  fxed  value  of  n  the  value  of  X{n)  (P,—  1)  M  never  posi- 
tive and  greater  than  wiity  the  eeriea  it  divergent. 

I.  Suppose  that  fivm  and  after  some  fixed  value  of  n  the 
value  of  X  (n)  {P^  —  1)  ia  always  greater  than  y,  where  y  is  posi- 
tive and  greater  tlian  unity.     Then  7"  —  1  is  greater  than  T-7--T  ; 

u  1 

therefore  — =-  ia  greater  than  !-»■-  +  -.'.— r-. 
".+1  n     n\(n) 

liOt  P,=      ,.',  .,„;   then  — =■  = i     \,    r-    (■ 

Now    X{»  +  l)  =  A(ii)  +  xA  + -);    therefore    X(n  +  1)    is  less 

than  X  (m)  +  -  by  Art  687 ;    and  therefore  — =-   ia    less    than 


(-»){' 


— iL  is  lees  than  ( 1  +  -  W 1  +  — 7  >  v  },  provided  q  be  greater  than 

p  :  see  Art.  686.     Thus  -^  is  less  than  1  +  -  +  -X-.  +  ■-,/>■■■;  : 
^  IT.,,  »     nk{n)     n'X(«)' 

and  when  n  is  taken  largo  enough  the  last  of  the  four  terms  just 
given  is  incomparably  Bmaller  tlan  the  third ;  and  therefore  — ^ 

is  less  than  1  -f-  -  +  — r-r— ;  1  provided  r  be  greater  than  q. 
n     n\{n) 
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Thii  result  holds  however  Bmall  majr  be  the  excess  of  q  above 
p,  and  however  small  may  be  the  excess  of  r  above  q  :  heaco  since 
f  is  greater  than  unity  we  may  Bnppose  that  y  is  greater  than  r, 
and  yet  haTO  p  positive  and  greater  than  unity. 

Since  y  is  greater  than  r  we  have  — "-  greater  than  — *- ,    Bul^ 

by  Art.  770,  the  series  of  which  the  general  term  is  r,  is  con- 
vergent when  p  is  positive  and  greater  than  unity ;  hence,  by 
Art.  764,  the  series  of  which  tiie  n*  term  is  w_^  is  convergent. 

U.  Suppose  that  from  and  after  some  fixed  value  of  n  the 
value  of  X(n)  (/*,-!)  is  never  positive  and  greater  than  unity. 

Then  P,—  1  is  positive  and  not  greater  than  ^7-;  or  is  n^;atiTe. 

1     1     '"' 

In  both  cases  -^^  is  less  than  1  +  -  +  ■  .  --—-. , 
".T.  "     nA(n) 

I*t         r,  =  -r-—  ;   then  — =-  = ■  \  ,      ' . 

Now  A{n+l)  =  X(ji)+Xfl+-J;   therefore  X(ji  +  1)   is  greater 

iian  X  («)+-■-  5-5  by  Art  688  ;  and  therefore  — *-  is  greater 

than  (1-1-     I  i  1  +     .  ,  ,  —  n  „  ,  .  \ ;   and  therefore  when   n  is 
V       w/  I        nA(rt)     2n'A(M)J' 

large  enough  — ^  is  greater  than  1  -I y    ,  ,  ^ . 

".+1  »     «X(n) 

Thus  when  n  is  large  enough  -=^  is  less  than  — s- .     But,  by 

Art.  770,  the  series  of  which  the  general  term  is  v.  is  divet^^t ; 
hence,  by  Art  765,  the  series  of  which  the  n"'  term  is  u,  is 
divetgent. 

771.  The  theorem  of  Art.  773  does  not  apply  to  the  case  in 
which  X  (n)  {P^  —  1)  is  always  positive  and  greater  than  unity,  but 
continually  approaching  unity ;  another  theorem  may  then  be 
used  which  also  is  inapplicable  in  a  certain  casa  A  series  of 
theorems  can  thus  be  obtained  each  of  which  may  be  advantS' 
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geoualy  tried  in  Bvicceaaion  if  all  that  precede  it  are  inapplicable. 
The  theorems  will  be  found  in  the  Integral  Ctxlcuhu,  Chapter  it.  ; 
they  might  be  demonstrated  in  the  maimer  of  Art.  773,  but  tts 
thej  will  not  be  required  for  elementaty  purposes  we  need  not 
cousider  them  here :  as  an  exercise  for  the  student  the  theorem 
which  is  next  in  order  to  that  of  Art.  773  is  giren  aa  the  last 
Example  in  the  set  at  the  end  of  the  present  Chapter. 

We  shall  illustrate  the  rules  which  have  been  demonstrated  by 
applying  them  in  the  next  three  Articles. 

775.    The  name  hypcrgeomelrical  has  been  given  to  the  series 

^*\.y'*  \.i.y(y*i)'*  1.  2.  3.  ,(y  +  l)(yH- 2)  "*■"■ 
we  shall  now  determine  when  the  series  is  convergent,  and  when 

divergent. 

Denote  the  series  by  «,  +  Uj  +  «|  +  «j+ .,.;  thus  ' 

thus,  by  Art.  762,  if  a:  is  less  than  unity  the  seriea  is  conveigent,  and 
if  X  is  greater  than  unity  the  series  is  divei^nt.     Fat  a;  ^^  1 ;  then 


leries  is  conve 
it :  see  Aris. ', 
ire  have  then 


thusif  y— a  — j8  ia  positive  the  series  is  convergent,  andif  y— a— j8 

is  negative  the  series  is  divergent:  see  Arts.  766,  767.    If  y-a-j8 
is  zero  we  must  use  Art.  773  ;  we  have  then 


this  can  be  made  as  small  as  we  please  by  taking  n  large  enough, 
and  therefore  the  series  is  divei^nt. 
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__.     _  .1    .    «.       n*  +  an*"'  +  6n*~'  +  en*"'+...       , 

776.    Sappoae  that  — ^  =  ■;-.>„     t,  i-.    ^  >-. ,  ■where 

ri-~-  „^^^     »'+jin'  '+£n'  '+Cn*  *+...' 

l  is  ft  poutire  integer,  and  no  exponent  is  negative ;  and  a,  6,  e, . . . 

A,£,  C,  ...  are  any  constant  quantities  :  we  shall  shew  that  the 

Belies  of  which  the  n'^  term  is  u,  is  convergent,  if  a  — A—  1  is 

positive,  and. divergent  if  a— A  —  1  is  negative  or  zero. 

h™  r    (— ^)"'t(>-°>"'"'^(<'-g)"'-^- 

•  n'  + Jn'  *  +  5»'~'+ ...  ' 

thus  if  a— ^-1  is  positive  the  series  is  convergent,  and  if  a— .^— I 
is  negative  the  series  is  divergent :  see  Arts.  766,  767.  If  a  —A  —  1 
is  zero  ve  have 

j._«*4-(6^.8)^'-'+...  . 
'     n*  +  Jn*"'  +  £»*"'+  . . . ' 
ve  may  still  in  some  cases  determine  whether  the  series  is  con.-, 
vergent  or  divergent  without  using  any  new  rule,  for  instance 
if  b  —B  —  Am  negative  the  series  will  be  divergent  by  Art.  767. 
But  it  will  be  more  convenient  to  use  Art.  773;  we  have  then 

x(„)  (f.-i).M»)K>-^^)j-2ti'7f-°)"--^-l. 

*  '  '   "       '  ti^  +  An^  *  +  i»'  '  +  ,.,  ' 

this  can  be  made  as  small  as  we  please  by  taking  n  large  enough 
and  therefore  the  series  is  divergent 


777.  We  shall  now  examine  the  expansion  of  (1  +»)"  by  the 
Binomial  Theorem  and  determine  whether  it  is  ctnivergent  or 
divergent  when  a:  =  1  or  —  1. 

liCt  w_.  denote  the  r**  term  in  the  expansion  of  (1  +  «)" ;  then 


"-■I       r        " ?(?Tl) '^ /• 

We  must  then  consider  the  series  included  between  the  brackets. 

L  Suppose  a;  =  l.  Let  r  be  numerically  not  less  than  m; 
then  '^e  terms  of  the  series  between  the  brackets  are  alternately 
positive  and  n^ativo. 
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If  tn  is  positive  <Hr  negative  Emd  numerioallj  less  than  uiutf  , 
eacli  tena  is  numerically  less  thaa  the  preceding  term  and  th« 
series  is  convei^ient  hy  Art.  558. 

If  m  =  —  1  the  series  between  the  brackets  takes  the  form 

-1  +  1-1  + , 

which  is  convergent  according  to  the  definition  of  Art.  554, 

If  m  is  negative  and  nnmericaUy  greater  than  unity  each  term 
of  the  series  between  the  brackets  is  numerically  greater  than  &e 
preceding  term  and  the  series  is  divergent, 

II,     Suppose  0!  =  —  l,    Then  the  series  between  the  brackets  is 
^-m-l      (r-m-l)(r-m)     (r-».-l)(f-».)(f -^4- 1) 
I-         *  r(r  +  l)  *  ,(r  +  l)(r4.2) 

Let  r  be  numerically  not  less  than  m ;  then  the  terms  of  this 
seriee  are  all  of  the  same  sign.  In  Art.  775  put  a=  1,  p=r—m—\, 
and  y  =  r;  hence  we  find  that  the  aeries  is  convergent  if  m  is  pod> 
tive,  and  divei^ent  if  m  is  negative. 

SSAHI%ES  or  CONVEBOEKOB  ASD  DITZBGEHOE  0?  SSSIEa, 

1,  Shew  how  to  determine  whether  the  product  of  an  infimte 
number  of  factors  u,,  u,,  u^,  u, ,.,  is  finite  or  not. 

2,  Shew  that  the  value  when  »  is  infinite  of 

(«H.1)(X4.  2)  ..,(»  +  ») 

is  finite  except  when  a;  is  a  n^ative  integer. 

3,  Shew  that  when  as  is  unity  the  value  of  «■  in  Art.  773 
increases  indefinitely  with  »  if  a  +  j8  -  y  —  1  is  positive. 

4,  Shew  that  when  x  is  unity  the  value  of  u,  in  Art.  775  is 
Suite  when  n  increases  indefinitely  ifa  +  j3~-y  —  1  is  zero. 

B.  Shew  that  when  x  is  unity  the  value  of  m,  in  Art.  776  is 
indefinitely  small  when  n  increases  indefinitely  ifa  +  j3  — y— I  is 

'■- '^'ji'sl'-' 
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6.  Determina  whether  the  foUowiog  Beries  la  couTei^ent  M" 
(Uvergent,  x  being  positive : 

o(a+l)    .    a(«»  +  l)(a  +  2)   . 
ax+    ',.     '3*  +  -^ T^ '-a?+... 

If  l^ 

7.  If  «■  "  -;^  shew  that  the  seriea  is  divergent. 

8.  Determine  whethei-  the  following  series  is  convergent  or 
diTei^ent,  *  being  positive  : 

?  +  l   ^    U    '^     i-^.s    «' 

9.  Determine  whether  the  following  series  is  convergent  or 
divergent,  ^  being  a  positive  proper  fraction  : 

1+      !•       *  i'.2' 

■    .    ■    .  ,  (-2+j3)(l+^ffa-ffl(2-^)(3.-ffl  , 

■*■   ■  i'.i*.3'  —■*■■■■ 

10.  If  «,  = ,  where  p  and  ?  are  positive,  determine 

whether  thtf  series  is'  convergent  or  divergeat. 

,  11,    Shewthatif  from  and  afl^r  some  fixed  value,  of  n  tlte  value 

of  n  tog is  always  greater  than  ^me  positive  quantity  which  is 

itself  greater  than  unity  the  series  is  convergent. 

12.  Shew  that  if  from  and  after  some  fixed  value  of  n  the 

value  of  n  1(^ is  never  positive  and  .greater  than  unity  the 

series  ia  divergent. 

13,  Determine  whether  tie  foUowipg  eerira  is  conv(»;gent  or 
divergent, .a;  being  positive  : 

a  +  x\  {a*2^y  ,  (g  +  Sa;)'..         '      ; 


.     14.     Give  an  investigation  of  the  reanlta  of  Art.  775  without 
using  Art.  773, 
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10.  Qive  an  iaTestigation  of  die  resulte  of  Art,  776  ^thont 
-using  Art.  773. 

constants  in  descending  order  of  magnitude,  and  tl,  b,  ... 
A,  S,  ...  are  an^  constants,  determine  whether  the  aeriai  of 
.vhich  the  V^  term  is  tt,  is  conTei^ent  er  divergent 

17.  Shev  that  the  two  series  «,+ u, +  u,  +  u,+ ... 

and  -1  +  — V     ■■■■-■■■+ — ■  ■-    * +  ... 

M,     tt,  +  u,     ttj  +  w^  +  w,     «j  +  M,  +  «,  +  «j 

are  both  convergent  or  both  divergent  ;-u,, -u^,  u,,...  being  all 

jrasitiv^e  quantities. 

18.  Let  i>,  stand  for  \{n)iP^-\);  then  if  from  and  aiter 
some  fixed  value  of  n  the  value  of  X*(n)  (J*,  — 1)  is  always  greater 
than  some  positive  quantity  vrhich  is  itself  greater  than  unity  tlie 
series  of  which  the  n***  term  is  u,  is  convergent  j  and  if  from  and 
after  some  fixed  value  of  » the  value  of  X'  (»)  (P,  —  1)  is  never  posi- 
tive and  greater  than  unity  the  series  is  divergent. 

LVIL     CONTINUED  FRACTIONS. 
778.     Hie  most  general  form  of  a  continued  fraction  is 


Here  a^,a^,a^,  ...  and&,,  &,,  6,, ...  may  denote  any  quantities, 
whole  or  fractional,  positive  or  negative.    The  simple  fractions 

-'  1  — ,  — ,  ...  may  be  called  components  of  the  continued  ine- 
«,«,«.  ''  '^ 

tion.  Either  rign  might  be  taken  where  *  occurs ;  but  we^hall 
consider  only  two  esses,  namely  that  in  which  every  sign  is  + ,  and 
that  in  which  every  sign  is  — ,  We  shall  thus  have  two  classes 
of  continued  fractions,  which  we  shall  call  the  first  class  and  the 
second  class  respectively, 

■     ■  i.,. ti3>o^lc 
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la  OhaptoM  xiir.  and  zlt.  'we  oonfined  onnielTeB  to  continaed 
fractious  of  the  fiist  class  in  •nhicii  every  compcment  had  vjdty 
for  its  numerator,  and  a  podtire  int^er  for  its  denominator : 
but  WQ  shall  now  give  some  propoaitioos  relating  to  the  more 
general  form. 

779.  The  fractions  obtoined  by  stopping  at  the  first,  second, 
third, . . .  component  are  called  the  firsts  second,  third, . . .  convergmla. 


— !-r- ,  that  is       ' ',   :  and  bo  on. 

'    **» 

780.  In  Articles  781..  .785  ve  shall  treat  of  continued  frao- 
iions  of  the  _fir»t  class;  in  Arts.  766. ..793  we  shall  treat  of  con- 
tinued fractions  of  the  seamd  olaes  :  in  all  these  Articles  we  shall 
assume  that  every  oomponent  has  both  its  numerator  and  its  deno- 
minator positive. 

781.  Denote  the  suocessive  convereeuts  by  —  ,    —  ,   —  ,  ... 

9i      ?.      ?. 
Then  we  can  show  as  in  Art  604  that  the  successive  coiiyei|;ents 
may  be  obtained  by  these  laws : 


Hence      ^' -  &  —  5-?- ('£- _  P^V 


,    6,4.lff._l  &>.il7ii.I  1.1.  ,.  .  .™ 

ana = \ ,  which  is  a  wcmer  fToclwm.  Thus 

?.+l  ''n+l?-  +  o.*i?— 1 

^^ — —  is  numerically  less  than ——^!^',    and  is   of  the  con- 
trary  sign. 

»T      Pi    P.     h        aj>,        J,6.        ,  „ ,_ 

How  - — i-»  = *-~~  =  -i-J ;  and  this  is  positive.    Hence 

?i     8,     "h     o>«,  +  ^     ?■?! 
we  see  that  the  following  series  consists  of  posiHvB  quantities  which 
are  in  descending  order  of  magnitude  : 

Pi^Pi    a_£f    P>_£i    P>    Pi    Pi-?t 
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This  result  involTes  the  followtag  fiicts  for  a  continued  fractioa 
of  the  first  claBB : 

Tha  eofivergenls  of  an  odd  order  eontinuaily  deerease,  amd  tKt 
convergents  of  an  even  order  contimtaUy  imireaie. 

Every  convergent  of  an  odd  order  is  greater,  and  every  ctmovr- 
gent  of  an  even  order  is  lets,  than  ail  following  convergent*. 

782.  Now  suppose  the  number  of  components  infinite.  It 
may  happen  that  by  taking  n  large  enough  we  can  make  the  dif- 
ference between  the  n*  eonvei^ent  and  the  next  convergent  leas 
tlian  any  assigned  quantity  ;  or  it  may  happen  Uiat  however  large 
n  may  be  the  difierence  between  the  n*^  convergent  and  the  next 
convergent  is  always  greater  than  some  fixed  quantity. 

In  the  former  case  the  value  towards  which  the  odd  convecgenta 
continually  decrease,  and  the  even  convergents  continually  in- 
crease, may  be  called  the  value  of  the  infinite  continued  fraction : 
and  we  shall  say  tlat  the  infinite  continued  fraction  is  definite.  In 
die  latter  case  the  infinite  continued  fraction  cannot  be  said  to 
have  a  single  value ;  but  it  may  be  considered  to  represent  two 
values,  one  being  tJiat  to  which  the  odd  conv^gents  tend  and  the 
other  that  to  which  the  even  convergents  tend. 

783.  Iffi'om  and  after  tome  Jhxd  value  <f  r  the  value  qf 
^  is  greater  ikan  eome  fixed  positive  quanlUy,  the  infinite  con- 
tinued fraction  is  d^fmUe. 

Let  y  denote  the  fixed  positive  quantity. 
By  successive  applications  of  the  result  in  Art.  781  we  hare 
^-±1  _?-  =  (_!)■  ('^  _ a'\  ^?l  ^2i  K*,1.-t 

Now   ^ti?.-.^        K^^'-i  S^4i?--i ' 


and  tilts  is  less  than  ■= since  ■  -^*-  is  greater  than  v. 

1  +  y  6,4.,     °         .  '  _ 
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Hence  ^-^^  —  *-*  is  numericallv  less  than  7= j==Ti .  where 

?.+!     9.  (1*t) 

«  18  some  constant ;  and  by  taking  n  large  enough  this  may  be 
made  less  than  any  assigned  valhe;  Therefore  the  infinite  coo- 
tinited  fractioa  is  definite. 

'We  sliew  here  that  the  condition  stated  is  lufficieni  to  ensure 
that  the  infinite  continued  fraction  is  definite  j  we  do  not  assert 
that  the  condition  is  n»xasary. 

784.  An  infinite  emUinued  fraUion  0/ the  first  eloM  in  vjkick 
every  aotaponent  ia  a  proper  JracdMi  viith  its  nUTMrator  and  t ' 
dentmtinaior  integral  tntut  be  an  incommenmiraHe  guantity. 

For  if  possible  suppose  the  continued  fraction  conunensurablf^ 

and  denote  it  by  -j ,  where  A  and  B  are  poMtive  integers.     Hiuk 

-J  =  — - — ,  where  p,  denotes  the  infinite  continued  fraction  be- 

ginning  with  the  component  -*  .     Tlierefore  p,  =  — '-^ — - ;  the 

numerator  of  this  fraction  is  an  integer,  which  we  will  denote 
by  C :  and  G  must  be  positive  for  p,  is  positive.  In  like  manner, 
if  p,  denote  the  infinite  continued  fraction  beginning  with  the 

component  -*  we  find  that  Pt  =  7t,  where  D  Is  alsoa  JM»itirs 

intf^er.    And  so  on. 

Moreover  -j,   -=,  .-^, ...  must  all  be  proper  fractions.     For 

t  proper  frw^on;   -=  is  less  than 

-• ,  and  this  is  a  proper  fraction  ;  and  ao  on. 

Hence  A,  B,  C,  D,  ...  form  a  series  of  pomiive  vaUgert,  which 
are  in  descending  order  of  magnitude,  and  yet  infinite  in  number : 
this  is  absurd.  Hence  the  infinite  continued  fraction  cannot  be 
«  commensurable  quantity. 

785.  If  some  of  the  eoTnponenta  qf  the  infinite  continued  Jraa- 
tion  ara  not  proper  JhKlimu,  but /rom  and  ^im"  a  certain  cotnponetU 

L._. ,Gt)t)gle 
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all  the  others  are  fmtper/racUoni  the  infinite  continued  ,fivation  it 
ineotnmenmrable. 

For  suppose  that  -^^^  and  all  the  subsoquent  components  am 
proper  fractionei,  then  by  Art.  784  the  inSnite  continued  fi'action 


Art.  781  we  have 

Po  _  g.P.-1+O.P.-, 

and  the  value  of  the  infinite  continued  fraction  will  be  obtained 

by  changing  o,  into  a,+x;  so  that  it  "  r  '   '  i        — bit*'*'  '^* 

•    ^ji Ckh.     This  cannot  be  commensurable  unlasa  —  =^^, 

and  thia  braid  of  the  value  of  —  leada  to  ^^  =<-tJ:  and  so  we 

should  arrive  at  ^  =^.    Thia  is  impossible,  aa  we  cannot  have 
.  ?.     ?, 

6,  =  0  or  b,  =  0. 

786.  A  continued  fraction  of  the  leeond  dot*  xn  vAieh  tht 
denonUnator  of  every  component  exceeds  the  mvmtrator  by  unity  at 
leatt,  hat  aU  its  convergeats  potitvoe  proper  Jractions  which  ors  in 
ascending  order  q/^  magnitude. 

The  first  convergent  -i-  is  a  positive  proper  fiaction  by  hypo- 
thesis.     Ilie  second  convergent  is ^  ;  and  as  -*  is  a  proper' 


fraction,  and  a,  exceeds  6,  by  unity  at  least,  a,  — '  is  poflitire 
and  greater  thMk  6^ ;  and  thus  the  second  convergent  is  a  positiTe 
proper  fraction.     The  third  conveigent  may  be  denoted  by  — *g- 

.         *i 
where  ^  stands  for  — *-^  ,  so  that  ^  is  a  positive  proper  fraction 
'  a, — *  ^ 

r..„ ,Gt)tH^lc 
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for  the  Bame  teason  that  the  Becood  convergeiit  xb  :  hence  for  th« 
same  reason  the  third  convergeat  is  a  positiTe  proper  fraction. 

The  fourth  convei^nt  may  he  denoted  Ly ^-j-,  where  &  de- 
notes a  fraction  of  the  same  form  aa  the  third  convergent,  which 
is  therefore  a  positive  proper  fraction :  hence  the  Ibnrth  convergent 
is  a  positive  proper  fraction.     And  so  on. 

Again ;  as  in  Art.  781  we  shall  find  that  the  saccessire  con- 
vergenta  may  bo  obtained  by  these  kws  : 

P,  =  <*.P,-,  -  KP,~tt      ?.  =  '».5'.-,  -  *.?.-,• 

Hence  5^-?.  =  ^±i?^  fA  _P^) 

tins  ^"^  —  —  is  of  the  same  sign  as  ^  —C£=i , 
?.*,     ?.  ?.     ?.-, 

Now    tJ— Ci= '-'",-  — -i  =-i-^  ;     and    this    is    positive. 

Hence  it  follows  that  — ,  ^,  ^ form  a  series  of  positive 

9.     ?,     ?. 
proper  fractions  in  ascending  order  of  magnitude. 

787.  If  the  number  of  components  is  infinite  the  convergenta 
fbrm  an  in6mte  series  of  proper  fractions  in  ascendiJig  order  of 
magnitude  ;  and  so  the  terms  will  never  exceed  some  fixed  value 
which  is  unity  at  most  We  may  say  then  that  an  mJinUa  con- 
tinued Jractwn  of  the  tecond  elasa  in  lohich  the  denomiruOor  of 
every  comptmeTtt  exceeds  tte  ramierator  bj/  unUy  at  least  is  definite, 

788.  We  shall  now  shew  that  p»  and  q^  in  Art  786  increase 
withn. 

For  f,-p,_]  =  {o„-  ^) Pn-\~^i^Pn-t>  ''**^  <*■"  I  is  at  least  as 
lai^  aaS^;  therefore  ^_  is  gi-eater  thanp^_,  ifp._,  is  greater  than 
p,., ;  and  BO  on  ;  and  p,  is  obviously  greater  than  p,.  Thus  p^  is 
greater  than  p,_,.     Similarly  q^  is  greater  than  y,.,. 

789.  If  in  cm  infinite  continued  fraction  of  the  second  dasi 
every  eompcmeTU  has  Us  numerator  not  less  titan  vnity  and  Ut 
denominator  greater  than  its  numerator  by  unity,  the  value  of  the 
ignite  eottiinuedfracfioft  is  unity. 

I..., .,Gt)t)^le 
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Here  velutTeaIvafBa.=fii,+  l  i  therefore,  by  Art  786, 

P»  =  {K  +  1)  Pfi-l  -  KPn-t  I 

BO  that  p,  -^,_i  =  6.  (p,_,  -  p^J. 

Uow^i^S,,  p,  =  Oj6i  =  (6,  +  l)6i;  thus  p,— yi  =  6iJ,.    Hence 
we  obtMn  in  sacceesion 

Pf—Pt^bfi^tj   P,~Pt  =  ^fi,^fiti >   P.~P.-t—^fit'"K' 

Therefore,  by  addition, 

Pn  =  ^1  +  6,&,  +  6, Vi  + +VA  ■■■^.* 

Similarly  we  have  y.-?,^!  =  &■(?,_,  —  ?,_ J-     Now  },=i,  +  l, 
J,  =  (6,  + 1)  (ft,  + 1)  —  ftj  J  80  that  ?,  —  ?,  =  6,6,.     Hence  we  obtain 


J,— j,  =  fc,6A,  5,  -  J,  =  i,Sj6,6„ ,  ?■  — 9'h_i  =  S,6A  ■•■  ^•* 

Therefore,  by  addition, 

y.  =  1  +  6,  +  6,6,  +  6,6/,  + +  6,6,6, ...  6,. 

— -  .    Now  p^  by  our 
1+- 
P. 
hypotheris  is  not  lesB  tiian  n,  and  so  may  be  made  as  great  as 

we  please  by  taHng  n  large  enough ;  therefore  ^  may  be  made 
to  differ  firam  imity  by  less  than  any  assigned  quantity :  and  wa 
may  therefore  say  that  the  ralue  of  the  infinite  continued  fraction 
is  unity. 

790.  It  will  be  seen  that  the  investigation  of  the  preceding 
Article  establishes  rather  more  than  is  contained  in  the  enuncia- 
tion which  we  tised  for  simplicity.  The  essentitJ  conditions  are 
that  a,  =  6,  + 1  for  all  values  of  n  ;  and  that  p^  should  increase 
indefinitely  with  n.  It  is  sajfident  for  tJie  latter  condition  that 
6,  should  be  never  less  than  unity,  but  not  neotsaary.  The  ne- 
cessary and  sufficient  condition  is  Uiat  the  infinite  series  of  which 
the  m""  term  is  6,6,6, ...  6_  should  be  divergent;  this  would  be 

secured  for  example  if  6  = ?  :  see  Art  662. 

^  ■"     m+1 
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791.  If  Oit  detumtinator  of  any  eomponent  exceeds  iU  nu- 
meraior  by  more  than  unity  while  the  denominator  of  every  eom- 
jxment  exceeds  ile  nujiuraiffr  by  iinily  at  least  the  value  vf  th« 
tnfiniie  continued fract'fm  it.leas  than  unity. 

Suppose,  for  example,  th&t  <>,=&,  + j>  "where  p  is  positive  and 
greater  than  unity.     Tha  infinite  continued  fraction  is  equivalent 

to '-T •  where  p  is  a  positive  quantity  irhich  represents 

<».  —  £- — *-r-- 
'     b,+p-p 

the  infinite  continued  fraetion  beginning  with  the  component  —  . 

How,  p  cannot  exceed  unity  by  4-rt.  787  ;  hence  .■; * is  a 

-  6,  +  p-p 

positive  proper  fraction;  and  therefore  as  in  Art.   786  we  see 

that  - 


-     o.+p-P^  .  -       . 

792.  An  infinite  continued  fraiclum  of  the  second  class  in 
whicit  every  component  is  a  proper  fraction  with  its  7vutftet:ator  and. 
its  denominator  integral,  and  in  which  the  value  of  the  infinite 
continued  fraction  beginning  with  any  component  is  lees  than  imky 
cannot  be  a  commensurable  quantity. 

For  if  possible,  suppose  the  continued  fraction  commensurable^' 
and  denote  it  by  -j  ,  where  A  and  B  are  positive  integers;    Thus 

—  =  — ! —  where  p,  denotes  the  infinite  continued  fraction  be^; 

ginning  with  the  component  —  .     Therefore  p,  = „-  -  ■  J    the 

numerator  of  this  fraction  is  an  int^er,  which  we  will  denote 
by  C ;  and  C  must  be  positive  for  pi  is  positive.  In  like  manner, 
if  p,  denote  the  infinite  continued  fraction  beginning  with  the 
component  ^  we  find  that  p  =  7;  ,  where  i>  is  also  a  positive 

integer.    And  so  on. 

r..„ ^,Cjt)tH^IC 


commvxD  TRkcaoss.  523 

Moreover  -j ,  ■„,  -^  •  —  must  all  be  proper  fractions  by 
typothesis. 

Hence  A,  S,  0,  -O,...  form  a  series  of  porictve  integert,  which 
are  in  deeeending  order  of  magnitude,  and  yet  infinite  in  number: 
this  is  absurd.  Hence  the  infinite  continued  fraction  cannot  be 
a  commensurable  quantity. 

Article  785  applies  here  also,  with  the  condition  of  the  enun- 
ciation in  Art.  792. 

793.  We  have  supposed  in  the  preceding  Article  that  tha 
infinite  ccmtinued  fraction  beginning  with  any  component  is  less 
tiian  itttity.  By  Arts.  789,  791,  this  will  always  be  secured  except 
in  the  case  in  which  from  and  after,  some  fixed  component 
the  denominator  of  every  component  exceeds  the  numerator  by 
unity. 

794.  For  an  example  of  an  infinite  definite  continued  fraction 
of  tie  first  class,  suppose  that  every  component  is  g- ,  where 
a  and  b  are  positive.     Denote  the  continued  fraction  by  z ;  then 

b 


2a  + .. 


;  BO  that  x= 


therefore  a;*  +  2ax  —  5  =  0;  therefore  «  =  -  a  *  ^/(a*  +  6)  :  the  upper 
B^  must  be  taken,  since  the  infinite  pontinued  friietion  is  posi- 
tive.    TbniE^  by  transposition,  we  obtain 

V(a-+i).a  + ?-^. 

Thia  formula  gives  various  modes  of  expressing  a  square  root 
in  the  form  of  a  continued  fraction.     For  example,  take  ;^17. 
Wemay  put  17  =  16  +  1,  or  =9  +  8;  and  so  on.     Thus, 
1  _,.  8 


V17  =  4  +  - 


1 
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795.  For  lui  example  of  aa  infinite  definite  continned  fracti<m 

of  the  second  clas%  suppose  that  erecy  component  is  „- ,  where 

a  a&d  6  are  poutive,  and  2a  exceeds  b  by  unity  at  least.  D^iote 
the  ocmtinaed  fraction  by  «;  then 

therefore  a^-Soas  +  J-O;  therefore  fl!>eoi*^{»*-6).  The  lover 
ngn  most  be  t«keD,  for  with  tlie  upper  sign  we  h&Te  a  result 
greater  than  a+<t—  b,  that  is  greater  than  2a—  h,  that  is  greater 
than  nnity:  bat  the  infinite  continued  fraction  cannot  be  greater 
tlum  unity,  by  Art.  787.     Thus,  by  transposition,  we  obtain 

2a- = 

2a-.,. 

796.  In  Art.  781  we  have 

P»=<*»P<k.x  +  b»Pt^t,    ^■=o,?,_i +  &,?■_!; 

and  in  Art.^86  we  have  similar  relations  with  the  sign  4-  changed 
to  — .  Now  suppose  that  the  values  of  a.  and  6,  are  given  for 
all  values  of  n,  and  that  p,  and  p^  and  g^  and  ;,  have  been  ob- 
tained ;  then  from  the  above  general  relations  we  can  determine 
in  Buoceesion  p„  p^,  p,, ...  and  y,,  j,,  y,, ...  Sometimes  we  may 
by  special  artifices  discover  such  a  law  of  formation  of  the  suo- 
cesuve  terms  as  will  enable  us  to  (pve  general  expressions  for 
P^  and  q^  i  an  example  has  already  occurred  in  Art  789.  Or  a 
law  may  appear  by  trial  to  hold,  and  may  be  verified  by  induction. 
The  investigation  of  the  general  expressions  for  p^  and  7,  belongs 
however  to  a  higher  branch  of  mathematics,  namely  the  Calculus 
of  Finite  Differences. 

A  particular  case  may  be  noticed.     Suppose  tliat  a^  and  b^ 
are  constant  for  all  values  of  n;   denote  the  former  by  a,  and 
the  latter  by  4.    Then  we  have  i'»"op._i+ip^j_  and  wa  see 
r..„ .^jt)t)gle 
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by  the  aid  of  Art.  656  that;*,  is  equal  to  the  coefficient  of  «""' 
in  the  expao^ou  according  to  aacending  powers  of  x  of 
y.  +  (p,  -  gp.)  JB  . 

also  p,  =  b,  tmd  p^  =  ai,  bo  that  thia  expreBsiDn  becomeB 
6 

Similarly,  y^  la  equal  to  the  coefficient  of  x'"'  in  the  expansion  of 

l~aas  —  b^ 
also  Q*!  =  a,  and  q,  =  a'  +  b,  so  that  this  expi-eeaion  becomes 


that  ia  ~ 


l~ax-bxf'  x(l-ax-bai')     x' 

797.    We  will  now  shew  how  to  convert  a  series  having  a 
finite  niunber  of  terms  into  a  coatjnued  fraction. 

+  —  IB  identically  equal  to  a 
continued  fraction  of  the  second  class  with  n  + 1  components,  in 
which  the  first  component  is  - 
senerallj  the  r*  ia i=l . 

This  may  be  demonstrated  by  induction. 

It  is  obviouB  that  —  —  —  t 


assume  that  the  theorem  holds  when  tJiere  are  n  + 1  terms  i 
the  series :  we  will  shew  then  that  it  will  hold  when  tiiere  ai 
n+2  terms. 


;  tJien  —  is  changed  into 
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,  Oiat  la  into »^^ ,  that  is  into  —  + ; 

1  feet  added  to  the  aeries.     Alao  if  the 
-  be  made  in  the  continued  fraction 


with  n  + 1  components  we  obtain  a  continued  fraction  with  n  +  2 
compcmenta  formed  according  to  the  same  law. 

Hence  if  the  theorem  holds  when  the  series  has  n  + 1  terms  it 
holds  when  the  series  has  n  +  2  terms ;  and  it  has  been  shewn  to 
bold  when  the  series  has  two  terms  :  hence  it  holds  universally, 

798.  We  may  deduce  the  following  result  from  that  of 
Art.  797  by  simplifying  the  fractious  which  occur ;  or  we  may 
establish  it  directly  in  the  manner  of  Art.  797  :  the  series 


is  identically  equal  to  a  continued  fraction  of  the  second  class  with 
n  +  1  components  in  which  the  first  component  is  —  ,  the  second 
is  — ^— ,  and  generally  the  r*  is  ■    '"'■   ■ . 

799.  Xa  the  identities  of  Arts,  797  and  798  we  may  if  we 
please  change  the  sign  of  ic ;  take  for  instance  the  identity  of 
Art.  798  ;  hence  we  obtain  the  following  result :  the  series 

i  _  _^      _^  _  (-  1)V 

is  idoitically  equal  to  a  continued  fraction  of  the  first  class  with 

n  +  \  components,  in  which  the  first  component  is  ~ ,  the  second 

is  — 2Z_  _  and  generally  the  r*  is  -  -  -~^ — .     This  result  may  also 

be  established  directly  in  the  manner  of  Art.  797. 

800.  In  Arte.  797,  798  and  799  we  may  suppose  n  as  great 
«s  ^e  please  provided  the  series  remain  convergent ;  and  then  we 

r..„ ".,Gt)t)^le 
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can  tranaform  on  iofinite  oonvet^^t  series  into  an  infinite  con- 
tinued fraction. 

801.  A  veiy  important  formala  on  tliui  subject  is  due  to 
G«UBa.  Denote  the  ht/pergeometricai  infinite  series  of  Art.  775  by 
F{a,  j9,  y) ;  then  Gauss  has  transfuimed  — ^— p^ — 'k\ —  ™*" 
an  infinite  continued  fraction :  the  transformation  holds  provided 
^'{a,  p,  y)  and  ^{o,  j8+ 1,  7  +  1)  are  both  convei^ent 

The  Ksential  part  of  the  demonstration  consists  of  the  follow- 
ing relation  :  let  z  stand  for  — ^~£ — ■—— — '-,  then 
1 


^~1-V, 


-Jrz«5.  i=(^r^i^..and,>what« 
(7  +  l)(y  +  2)  * 

becomes  when  in  «  we  change  a,  ^,  y  into  a  +  1,  0  +  1,  y42  respeo- 

tively.     This  we  shall  now  shew. 

In  the  series  for  F{a,  0,  y)  change  §  into  jff+  1,  and  y  into 

y+  I,  and  subtract  the  original  valne :  thus  we  obtain 

^h^*l,T+l)-/'h  Ar)  -  ^^?^(a+l,^+ 1, 7t2),...(l). 
Similarly  we  have 

FBMn  (1)  by  diviiiion 

.-*■  /•(,,^  +  i,,+i) <"• 

From  (3)  by  division  after  changing  j3  into  j8  +  1,  and  y  into 

From  (3)  and  (4)  we  obtain  the  required  result, 

r..„., ^,Gt)t)^lc 
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Then  tiie  oontinued  frttotioa  for  «  ma^  be  pnrionged  by  tbe  aid 
of  tiie  leUtioD 


and  thia  may  be  prolonged  to  any  extent^  the  general  terms  htang 

"■-•        (y+2r-2)(y+2»-l)    ' 

(0  +  r)(y  +  r-a)x 

F{a  +  r,  0  +  r+l,y+2r+l) 
^^       F{tL  +  r,0  +  r,y+2r) 

We  assume  tliroag^out  that  the  infinite  series  are  convergent ; 
as  we  cannot  employ  (1)  and  (2)  without  thia  condition  ;  it  wiil 
be  seen  from  Art,  775  that  if  the  nnmerator  or  denominator  of 
z  is  conTei;gent  then  all  the  infinite  seriea  which  occur  are  con. 
vergent. 

When  r  is  indefinitely  large  x^  will  not  difier  senubly  &om 
nuity. 

-  l+AiX-i-A,a?+... 

'        l(y+2r)    '       •  2(y  +  2r  +  l) 

and  Aj,  A,, ...  may  be  obtained  from  B,,  5,,  ...  respectiTely  by 
changing  fi  into  P+l  and  y  into  y  +  1. 

Thus  ~  ,   -=!,  ...  may  be  considered  to  be  all  equal  to  unity 

when  r  is  indefinitely  great ;  and  so  by  Art.  679  we  may  consider 
s^  to  he  bJbo  unity. 

Sinoe  z„  may  be  considered  to  be  unity  ^,«,r  becomes  sim- 
ply *i... 

Thus  z  is  transformed  into  an  infinite  continued  fraction. 
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tliat  /3  =  a,  and  that  a  increases  iudefimtely :  thus  the  denominator 
of  a  becomes 

l.y'' 1.2. y(y  +  l)  "^1.2.3. y(y+l)(Y  +  2)  "*■■■• 
Thich  ve  will  denote  by  /(y)  ;  the  numerator  may  be  obtained 
from  the  denominator  hy  changing  y  into  y  +  I. 
a;" 


AIbo  k^_x  becomea 
and  k„  becomea 


(y  +  2r-2)(y  +  2r-l)' 
"(y  +  2r-l){y4.2r)- 


Thus  finally  -^!.;-r-—  is  transformed  into  an  infinite  continued 

/(y) 

fraction    ,  where  p_  = 


-1)(7*™)- 


This  result  may  be  obtained  independently  in  tlie  manner  of 
Art.  SQl ;  for  we  have 

/(y)  -/(y  +  1)  =  ^^^/(y  +  2) ;  thus 

-^  =  l^_£L_/5r±|};andsoon. 

/(y+1)  y(y+l)/(y  +  »' 

803.     In  the  result  of  the. preceding  Article  put  s  f'*  ?  ""'^ 

^  for  jft    Then  it  will  be  fijund  that  ^H.^^  ^  becomes  ■■f" '_,;;- 

and  that  p__  becomes  j— y — = .    By  multiidying  by  y  and  aimpli- 

fyijig  the  fractions  we  ultimately  obtain,  for  j,  ,  -,  ■*»  infinite 
continued  fraction  of  the  first  class  in  which  the  first  component 
is  ^,  the  second  ia  C,  and  generally  the  r*  is  -a-      \- 

^  For  y  put  —  where  i»  and  n  are  positive  integers ;  then  by 
I.^  r..„ Ci34h^Ic 


530  '   examples:    Lvn. 

aimplifying  the  fractions  we  obtain  for  — aa  infinite  oon- 

tinued*  fractioa  of  thd  fint  class  in  which  tihe  first  component 

is  -,  the  second  is  3-,  and  generally  the  t**  is  7^; ^r— . 

n  3n  {2r  —  i)n 

When  r  is  Urge  enough  {2r-l)n  exceeds  »»•;  hence  by 
Art.  785  the  infinite  continued  fraction  b^pmiing  wi^  a  suitable 
component  is  incommensurable ;  and  therefore  the  whole  continued 

fraction  is  incommensurable.     Hence  o^  is  incommensurable  for 
aU  inters!  Tslues  of  m  and  n. 

■       EXAMPLES  OP  CONTINtJlB   FRicnOSa 

1.     Find  <hd  rahie  of  5  — 1— 

>°-i5r... 

3.  In  a  continued  firactioa  of  the  first  class  every  component 
is  - :  shew  that  p  ^,=htl . 

4.  In  a  continued  firaction  of  the  first  class  eveiy  component 
iM  -  :  find  the  values  of  n.  and  a-. 

-:   6,    Inacontinuedfractionof  th.e  first  claqs  if  (!.  =  &„ =n,  shew 
that  p, ■♦■  5,  =  |w  +  1. 

6.  In  a  continued  faction  of  the  first  class  if  fi,^,  =  l +  ti,, 
fthew  that  p^—b,^ip^i  =  A(—iy,  y,-B,^ig'B_i  =  J(— 1)";  -where 
A  and  S  are  constant  whatever  n  may  be. 

7.  In  an  infinite  continued  fi:action  of  the  first  class  the  r^ 
Component  is  -i j :  shew  that  p^  -  {n'  +  l)p,_,  =  (- 1)'*'* 
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8.  Shew  tliat  a"'  can  be  tranafonned  into  aa  infinite  coU' 

tianed  fractioa  of  the  first  class  in  wbich  the  first  component  is  ^  > 

the  second  is  ■; ,  and  conendly  the  r*  is  -^ — .   ■-  , 

\-x'  *  ^  r-\-x 

9.  Shew  that  log  2  is  equid  to  an  infinite  continued  fi:action 
of  the  first  class  in  which  the  first  c<Hnponent  is  t  >  the  second  ia 

J ,  and  generaJly  the  i^  is    -.—  • 

10.  Obttun  from  Art.  801  an  infinite  continued  fraction  of 


LVin.    MISCELLANEOUS  THEOREMS. 

801.  The  present  Chapter  oontdsts  of  some  miscellaneous 
tlieorems  on  the  following  subjects :  abbreriatiou  of  algebraical 
mulUplicattOQ  and  division,  vanishing  fractions,  permutations  and 
combinations,  and  ptohability, 

805.     In  mukipljing  together  tvo  algebraical  expressions  it  is 
eometinies  convenient  to  abridge  the  written  work  by  expressing 
only  the  coefficients.    For  example,  mippose  it  required  to  multiply 
2a:'  +  a^— 3fc  +  I  l^(C*+3a!-2j  We  may  proceed  thus: 
2+0+1-3+1 
1  +  3-2 
2+0+1-3+1 
6+0+3-9+3 
_4_0-2+6-2 


2  +  6-3  +  0-10+9^8 

Thus  the  required  Insult  is  2a:*  +  6x*-3a;'-10a^+9a;-2. 

A  similar  abridgement  of  the  written  work  may  be  made  in 
division. 

This  mode  of  operation  has  been  Km«tim«8  called  the  mt&od 
of  detached  eotffideTM,  r. Ci.)i.H^lc 
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806.     SyrUheHe  DivUum.    THe  operation  of  division  may  how- 
ever  be  still  more  abridged  by  a  method  which  is  due  to  ike  late 
iS.T  Homer,  and  which  is  called  tynthetie  divtHon. 
Suppose  it  required  to  divide 

Jas"  +  5ar-' +  (V— +  iJa;"-' -H  fiaT- +  .. . 
by  a^  +  o,a^"+a^"'4-i»ja?'"''  +  a^"'+... ; 

let  the  quotient  be  denoted  by 

AiT-^  +  A^aT—^  +  Ajtr-'r'  +  J,x~-"'  +  ..., 
then  it  is  our  object  to  sliew  how  Ai,  A,,  A,,  ...  may  be  deter- 
mined. 

If  we  multiply  the  quotient  by  the  divisor  we  obtain  the  divi- 
dend ;  this  operation  may  be  indicated  as  follows,  expressing  only 
the  coefficients, 

A+ A^-h    A^+   A^+    A^-t-... 

1+   a,+     o,-f-     o,4-     «,+  ... 

A+A^+    J,4-   A,+    A^+ ... 

ojA  +  a,Ji  +  a,  J,  ■!•  o,  J»  + . . . 

a,AA-a^,  +  a,A,+  ... 

a,A  +  a,A,+  ... 


A+  £+  C+  D+  £+... 
here  the  last  line  is  supposed  to  be  obtained  in  the  usual  way  by 
adding  the  Tertical  columns  between  the  horizontal  lines.  Now 
A,  B,  G,  ...  are  known,  and  we  have  to  find  A-i,  A^,  A^,  ... ;  for 
this  purpose  we  reverse  the  above  <^r&tion  and  perform  the 
following : 

'      B+    c+    z>+    £;+... 

■a,A-a,A^-a,A,-a,A^-.. 
~a,A-aJ^-.. 


^,+     J.+     A- 
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Here  each  vertical  colnmn  expressee  the  Bame  result  as  the  coiv 
responding  vertical  columa  ot  the  former  operation,  but  expresaes 
it  in  a  form  more  convenient  for  our  object.  For  example,  the 
fourth  vertical  column  of  tlie.  former  operation  gave 

A^  +  a^A^  +  a^A^  +  a^  =  Z> ; 
and  the  fourth  vertical  colonm  in  the  present  operation  givea 

D-a^A,-a^A^-a,A=A^. 
The  method  then  may  be  described  as  foUovra  ; 

(1)  K  the  first  term  of  the  divisor  have  a  numerical  coeffi- 
(»ent,  divide  every  coefficient  of  the  dividend  and  divisor  by'thia 
coefficient;  the  resulting  coefficlente  are  those  intended  in  the 
following  rules. 

(2)  Write  the  coefficients  of  the  dividend  in  a  horizontal  line, 
-with  their  proper  signs,  putting  0  when  any  term  is  wanting 
This  gives  tihe  horizontal  row  ^  ■<- .S  +  (7 -t- i) +  £ 4- ... 

(3)  Draw  a  vertical  line  to  the  left  of  this  series  of  coeffitsentfl^ 
and  write  in  a  vertical  Column  the  coefficients  of  tlie  divisor  with 
their  signs  changed,  putting  0  when  ^y  term  is  wnuting.  ThiiH 
gives:the  vertical  column  —a,— a,  -  a, ...  no  notice  being  taten 
of  unity,  which  is  tlie  coeffi<36nt  of  the  first  term  of  the  divisor. 

(4)  Multiply  each  term  of  this  vertical  column  by  the  first 
coefficient  of  the  quotient,  and  arrange  the  results  in  the  first 
(Miqw  column.  This  gives  the  oblique  column  —a^A~a^A—a^—... 
the  first  term  of  which  ia  to  be  placed  under  2t. 

(5)  Add  the  terms  in  the  second  vertical  column  to  the  right 
of  the  vertical  line ;  this  gives  the  coefficient  of  the  second  term 
of  the  quotient.     That  ia,  .S  -  a^A  =  A^. 

(6)  With  the  coefficient  thus  obtained  form  the  next  oblijus 

column.    This  gives  — 0,^^1  —  0^,-0,^,— the  first  term  of 

which  ia  placed  under  (7. 

(7)  Add  the  terms  in  the  third  vertical  column  to  the  right 
of  the  vertical  line ;  this  gives  the  coeffi.cient  of  the  third  term  of 
the  quotient.     That  is,  <7— a,jf,  — %.i  =^,. 

(8)  Gontinve  tliese  operations  until  the  work  terminates,  or 
as  many  terms  are  found  as  are  required. 
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807.     For  exain{^^  divide  ix'  +  $3f~3ac  +  lhjz 
4  +  0+   3-   3+   X 
8  +  18  +  14-26-93 
-12-24-21  +  39  +  138 


4  +  8+   7-13-46-53 

Uiua  the  quotient  ia  4a!'+  8a;  +  T  -  13a!"'  - 46«"'-  53a!~' 

Or  if  we  wish  to  ttop  at  iQx~\  ve  hare 

4iB'+3a:'-3a;+l      ._,     „       •     lo  -i     ,e  -i     SSat"' -  ISSaj"' 
-  =  4ar  +  0!B+7-13»  '-46a!  ' 


a!*-2ai  +  3  jc'-3a!+3     * 

If  w« -wish  to  alop  a,i  —  lSx~',  the  oblique  coluum  — 92  +  138  must 

be  suppressed,  and  the  result  is  4ai'  +  8a!  +  7  — 13a:~'  — -3 — = s- 

If  we  wish  to  stop  at  7,  the  oblique  colnimi  —26  +  39  must  also  be 
suppressed,  and  the  result  is  4ai'  +  SiC  +  7  — i — s n  • 

808,    We  may  observe  that  the  principle  whidi  is  exemplified 
in  Art.  332  is  often  of  use  in  efieotitig  algebradoal  rednctdouB.    For 
example,  suppose  it  reqiured  to  prove  the  following  identity : 
(a+6  +  e)*_(6  +  c)'-(c  +  r;)'-(<.  +  5)'  +  a'  +  6*  +  c' 

We  see  that  if  a  =  0,  the  expression  which  forma  the  left-hand 
member  ot  the  proposed  identity  vanishes ;  we  therefore  infer 
that  this  expression  is  divisible  by  a.  In  the  some  manner  we 
infer  that  the  expression  is  divisible  by  b  and  by  c.  Urns  aiic  is 
a  factor  of  the  expression.  And  since  the  expresfdon  is  of  the 
Jourth  d^ree,  there  must  be  anoflier  fiictor  which  is  of  the  ^it 
degree;  and  since  the  expression  is  symmetncdi  with  respect  to 
a,  h,  and  c,  this  factor  must  be  a  +  (  +  e. 

Hence  the  expreesion  must  be  equal  to  kabe  {a,  +  h  +  c),  where 
k  denote  some  numerical  coefficient  which  retains  the  same  value 
for  all  values  of  a,  b,  and  c.  To  determine  k  we  may  ascribe  to 
a,  b,  and  c  any  values  we  find  convenient ;  for  example,  we  may 
flU]qxwe  b  =  a  and  e  — a,  and  we  find  that  li;  —  12. 

Thus  the  proposed  identity  ia  demonstrated. 
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The  following  identity  joilj  be  demooBtratod  in  the  same 

(a  +  b  +  e-t-d}*+(a  +  b~a-<iy  +  {a-i-e-l,~dy  +  (a  +  d-h-e)' 
-{a^-b+a~dy-(a+b-eA-d)*-{a-h  +  c  +  d)*~{~a  +  b  +  c  +  d)' 
=  IS^abcd. 
809.  Tcmithmg  Fraetiotu,  A.  fraotioa  in  which  the  numerator 
and  the  denominator  ftre  both  zero  on  some  Buppoaition  as  to  the 
Talae  of  any  quantity  involved,  ia  then  called  a  vanishing  fraction. 
For  example,  tlte  ntimerator  and  the  denominator  <i  the  fraction 

a=*-a*  0 

-T r  vanish  when  » =  a ;  the  fraotion  then  takes  the  form  w  , 

a^-a'  " 

and  we  cannot  strictly  say  that  it  Laa  any  deGoite  value.  But  we 
can  find  the  value  of  tlie  fi-action  when  x  lias  any  value  different 
from  a ;  and  we  can  shew  that  the  more  nearly  x  approaches  to  a 
the  more  nearly  does  the  value  of  the  fraction  approach  to  a 
certain  definite  value.  For  put  te  =  a  +  h;  then  by  the  Binomial 
Theorem  the  fraction  becomes 

a*4-5a-U-Jo-*V+...-a*  la"*- Jo-U+ ... 


,  that  is,  • 


i       1      -ii        3      .1,,  '  '   iT}       3      _r  , 

Kov  as  h  diminishes  the  numerator  aifd  the  denominator  of  the 

last  fraction  approach  to  the  values  ^  a~'  ajid  -  o"*  respectively ; 

and  by  taHng  h  small  enough,  the  numerator  and  the  denominator 
may  be  made  to  difibr  from  these  values  by  as  small  a  quantity  as 
we  please.     Thus  the  fraction  can  be  made  to  approach  as  near  n 

5°"' 
'we  pIeB89  to  1 ,  that  ia,  to  sa".    This  result  Ifl  ezpreesed 

by  saying  that  s  a«  is  the  limil  to  which  the  fraction  approaches 
as  X  approaches  to  a. 

We  may  also  arrive  at  this  result  without  uui^  the  Knotnial 
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Theorem,  For  suppose  x^y"  and  a  =  h";  then  (3ie  propose)] 
fraction  becomes  ,  ,, ;  so  long  as  y  is  not  absolutely  equal  to  h 
we  may  divide  both  nomerator  and  denominating  by  y~h,  and  bo 
put  the  fraction  in  the  form  ^ — 4- — ^  . , — .    As  y  approaches  to 


to  differ  as  little  as  we  please  from  -^  by  making  y  —  b  small 

45 
enough.    Thus  the  limit  of  the  fraction  as  y  approaches  to  &  is  -^  ; 

4     1 
that  is,  tlie  Umii  of  the  fraction  as  x  approaches  to  a  is  ^  aiT . 

Questions  respecting  vaniehing  fraetvma  and  Umite  belong 
]»vp6rly  to  the  Differential  Calculus,  to  which  the  student  is 
therefore  referred  for  more  information. 

810.  We  will  now  give  twe  Articles,  which  form  a  supple- 
ment to  the  Chapter  on.  Pennntations  and  Combinations.  They 
are  due  to  H.  M,  Jeffery,  Esq.  of  Cheltenham. 

811.  To  find  the  numier  of  combinations  of  n  thyngi  taien 
1,  2,  3, nat  a  time,  when  there  are  p  o/ one  tort,  qi>/ another, 

■  r  of  another,  and  so  on, 

Xiet  there  be  n  letters,  and  suppose  p  of  them  to  be  a,  ^  of 
them  to  be  6,  »•  of  them  to  be  e,  and  so  on.     The  product 

.(l+iM:  +  aV+ +a''a?')(l+6a!  +  6V  + +b'i»f) 

{1  +ca!-i-cV+ +<faf) 

Gonttuns  the  combinations  of  tJie  n  letters  taken  I,  2,  3, n  at 

a  time,  namely  in  the  co^cients  oi  x,x',  a?, aC  respectively.' 

The  number  of  the  combinations  in  each  case  is  found  by  equating 

a,b,  e, to  unity.     Thus  the  number  of  combinations  of  the 

n  letters  taken  £  at  a  time,   is  the  coefficient  of  a^  in  the  ejc- 

pansionof 

{l+a!+a^  +  ...  +  a:»)(l4-«  +  !e'+...  +  a^(l+a;  +  a!'+...  +  ar) 
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The  number  of  combmations  when  tte  letters  are  taken  A  at  a 
time,  ia  the  same  as  the  number  when  tJiey  are  taken  n  —  £  at  a 
time ;  this  may  be  shewn  as  in  Art.  405. 

The  total  nnmber  of  combinations,  is  found  by  equatii^  x  to 
unity  in  the  above  expression,  and  subtracting  one  from  the  result, 
■since  the  fitst  term  in  the  expansion  of  the  expression  does  not 
contain  x,  and  therefore  does  not  denote  the  number  of  any  com- 
.bination.    Thus  the  total  number  is  (p+  1)  (5+  l)(r+  1) —  1, 

The  expression  to  be  expanded  may  be  written  Uius, 

l-x    '     l-x    '    1-x    -,' 

that  is,  (l-.aj'*')  (1  -a:"-')  (1  -«"■.') (l  -«)-% 

where  /i  is  the  number  of  different  sorts  of  letters. 

For  example,  take  the  letters  in  the  word  notation.  It  will  be 
found  that  the  numbers  of  the  combinations  when  the  letters  are 

taken  1,  2, 8  at  a  time,  are  respectively  5,  13,  22,  26,  22, 

13,  5,  1. 

812.     To  find  the  nUTnber  of  penrniioiiova  of  a  things  take* 

1,  2,  3,  u  at  a  time,  when  there  arep  of  one  sort,  q  of  anotlter, 

r  of  another,  and  so  on. 

liet  there  be  n  letters,  and  suppose  p  of  them  to  he  a,  g  of 
theia  to  be  (,  r  of  them  to  be  <;,  and  so  on. 

form  the  product  of  the  following  series ; 

1.2            [3  Ig      ' 

l+i>&,+  __^,__+ .,__, 

After  the  product  has  been  formed  and  arranged  according  to 
powers  of  Px,  change  P  into  1,  change  P"  into  [2,  change  P* 
into  [3,  and  so  on;  then  the  coefficient  of  x*  in  tiie  result  will 
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G<nu^  of  the  permntations  (^  the  »  letten  taken  Jt  at  a  tima 
The  truth  of  this  statement  may  be  seen  hj  examining  the  mode 
of  fonnatioa  of  each  ooeffident  in  particular  cases ;  for  examplo, 

sappoee  n  =  4,  and  p,y, each=  1;  or  sappoee  n  =  4,  p=2, 

g  =  \,r=l.     The  number  c&  the  permutations  will  be  found  hj 

makiag  a,  b,  e,   each  equal   to   nnitj;    this  ma;  be  doqe 

before  t^  produot  of  the  aboYS  aeriea  li  formed. 

Tor  example,  take  the  letters  in  the  word  notation.  It  vriU  be 
found  that  tbe  numbers  of  the  permutatjons  when  the  letters  are 

taken  1,2 8  at  ft  time,  are  reqwotively,  5,  23,96,354, 1]  in, 

8790,  5040,  5040. 

813.  We  will  now  ^ve  some  further  remarks  on  the  Bubject 
of  Probability. 

It  is  observed  by  Dr  Wood  in  his  Algebra,  ^t  there  is  no 
su1(ject  in  which  the  learner  is  so  liable  to  mistake  as  in  the  oscu- 
lation of  probabilities.  Dr  Wood  proceeds  thus:  "A  nngle  in- 
stance will  shew  the  danger  of  forming  a  hasty  judgment,  even 
in  Ha  most  ample  case.     The  probability  of  throwing  an  aoe 

with  one  die  is  ^ ,  and  iwoe  there  is  an  equa]  probability  of 
throwing  an  ace  in  the  second  trial,  it  might  be  snpposed  that  the 
probability  of  throwing  an  ace  in  two  trials  ia  s  •  This  is  not 
a  just  conclusion;  for  it  would  follow  by  the  same  mode  of 
reasoning,  that  in  six  trials  a  person  could  not  fail  to  throw  an 
ace.  The  error,  which  is  not  easily  seen,  arises  from  a  tacit  sup> 
position  that  there  must  necessarily  be  a  second  trial,  which  is  not 
the  case  if  an  ace  be  thrown  in  the  first." 

The  above  extract  is  introduced  for  the  sake  of  the  import- 
ant remarks  which  it  contains,  and  also  for  the  purpose  of  dra^v- 
ing  attention  to  the  last  sentence,  which  students  have  often  found 
difficult,  ft  should  be  observed,  to  prevent  any  ambiguity,  that 
the  problem  under  discussion  is  the  following :  Required  the  pro. 
bability  of  throwing  one  ace  at  least  in  two  trials  with  a  single 
die.  Dr  Wood's  last  sentence  indicates  the  following'  as  his 
r..„ ^,Gt)o^e 
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method  of  solution.  The  chance  of  aa  ace  in  tiie  firat;  trial  is 
g ;  if  an  ace  is  obtwied  in  this  tri^  there  will  be  no  need  of  a 
second  trial.  But  suppose  we  fkil  to  thron'  aoe  the  first  time; 
the  chajice  of  thla  failure  is  ^ ,  ajid  then  the  chance  of  Buccesa  in 

th«  next  trial  is  g .  Thus  the  cbcmce  of  obtaining  one  ace  at  least 
And  the  error  of  a  per- 
son who  estimates  the  chance  at'  ^  -*- «  ^^V  ^  ascribed  to  the 

circumstance  that  he  changes  the  ^  in  the  product  ^  .  3  into  unity, 

thus  Msuming  that  tbere  will  be  always  a  second  trial,  although 
the  second  trial  may  be  rendered  unneceesary  by  reason  of  the 
first  trial  having  been  successfuL 

This  solution  is  of  course  quite  correct,  but  it  would  probably 
be  considered  by  the  person  who  estimated  the  chance  I't  ^  -(-  ^ 

-tliat  it  does  not  shew  him  his  error,  but  substitutes  a  diSerent 
solution  altogether;  and  he  might  say  there  is  no  uTtoertainty 
aboul  the  oeeurrence  of  Che  eeeond  trial, /or  lun  triais  areguanmleed 
in  the  enundaiion  of  the  problem,  or  at  least  art  allouKd  to  us  ^ 
we  please  to  mo^  them. 

The  error  really  arises  iroin  neglect  of  the  following  consi' 
deration  :  when  events  are  wutuaily  exdasive,  ho  that  the  suppo- 
dtion  that  one  takes  place  is  incompatible  wiiJL  the  suppodtion 
that  any  other  takes  place,  then  and  not  othertmee  the  chance  of 
one  or  another  of  the  events  is  the  mm  of  the  chances  of  tiia 
separate  events. 

In  the  present  problem  success  in  the  first  trial  is  not  incom- 
patible with  success  in  the  second  trial,  and  therefore  we  cannot 
take  the  sum  of  the  diancea  as  the  chance  of  success  in  one  or 
other  of  the.  trials.  -,  . 

r..„ ^,Cjt)tH^IC 
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It  is  easy  to  present  the  correct  eolation  of  the  problem  in  dif 
ferent  ways.  Thus  besides  Dr  Wood's  solution,  anoHter  has  been 
given  in  Art.  735.  We  may  also  proceed  thus.  The  desired 
event  may  be  considered  aa  one  of  the  following  three ;  8uo- 
cees  in  the  first  trial  and  failure  in.  the  second,  failure  in  the 
first  trial  and  success  in  the  second,  success  in  the  first  tiial 
and  success  in  the  second.     The  chances    of  these   events    are 

respectively  =-^1  fi"fi'  6'B'  "^*^  *^*  events  are  mutuaJly  ex- 
clusive, so  that  the  chance  of  obtaining  one  or  auotlker  of  them  is 

5        5        1      ,,    ^  .      11 

'  .814.  This  discussion  naturally  leads  ua  to  investigate  the 
probability  of  the  happening  of  one  or  mora  «venta  out  of  events 
which  are  or  which  are  not  mutually  exclusive.  We  shall  now 
give  some  theorems  on  this  subject. 

I.  Let  there  be  ajiy  number  of  independent  events  of  wTiich 
the  respective  probabilities  are  u,-^,  y, :  required  the  proba- 
bility of  the  happening  of  one  at  least. 

The  probability  of  all  failing  is  (1 -a)(l -^)  (1 -y)  ; ; 

therefore  the  probability  of  the  happening  of  one  at  least  is 
l_(l_a)(l-^)(l-y)...  This  may  be  written  Sa-2a^+So^-... 
or  P,  —  2*,  +  i',  —  Pj  ■»■ ...  suppose,  where  F,  is  the  sum  of  the  pro- 
babilities of  the  single  events,  P,  is  the  sum  of  the  probabilities  of 
pairs  of  events,  P,  ihe  sum  of  tbe  probabilities  of  triads  of  events, 
and  so  on. 

IL  The  theorem  just  proved  is  true  even  when  the  events 
are  not  indepetident;  that  is,  the  probability  of  the  happening  of 

one  at    least    of  the    events   is  /",  — f.  +  P,— i*,  + where 

A.  P„  -P,.  Pt, have  the  meanings  already  stated. 

For  consido:  only  two  events  A  and  £ ;  let  n  denote  tlie  whole 

nmnber  of  equally  probable  cases,   n.  the  number  in  whioh  4 

occurs,  ng  iho  number  in  which  £  occurs,  n^  the  number  in 

which  both  A  and  B  oconr.     To  find  the  nnmber  of  cases  in  which 

r..„ ^,G't)tH^lc 
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neither  A  nor  £  occurs  we  proceed  thus  :  from  n  take  srway  n.  and 
np ;  we  have  thuB  taken  away  too  many  caaes,  because  the  cases,  in 
number  n^,  in  which  both  A  and  B  occur  have  been  token  away 
twice  J  restore  then  n^.  Therefore  the  whole  number  of  caaes  in 
which  neither  A  nor  B  occurs  is  n  -  (n^  +  n^)  +  n^. 

Hence  the  number  of  cases  in  which  one  at  least  of  the  events 
occureis  n„  +  Wfl-nofl. 

Therefore  the  probability  of  the  occurrence  of  one  at  least 

n  ~     n  »i   ■     '       '' 

Similarly  any  other  case  may  he  treated. 

III.  Supposing  that  there  are  n  events,  required  the  proba- 
bility that  an  assigned  m  of  them  will  happen,  and  no  more. 

Suppose    that    the    events   of  which    the   probabilities    are 

a,  p,  y,  are  to  happen,  and  the  events  of  which  the  prpba- 

bilitieB.are  X,  /*,  v,. are  not  tohappen.     Then  if  the  events 

are  independent  the  i^uired  probability  is 

<^y (l'-X)(l-^)(l-v). .....; 

that  is,    apy torn  factors  1 1 -5X  + SA/i-SVv+ |.. 

This  we  may  denote  by  ^_-^_^,  +  C_^,-C_^, +  ,.,...,  where 
Q^  is  the  probability  of  the  occurrence  of  the  m  assigned  events, 
$_^,  is  the  sum  of  the  probabilities  of  the  occurrence  of  every' 
collection  of  n»  +  1  events  which  includes  the  m  assigned  events, 
^mtt  •*  *^^  waja.  of  the  probabilities  of  the  occurrence  of  every 
coUection  of  nt  +  3  eveuts  wiuch  includes  the  m  assigned  events, 
and  so  on. 

IV.  As  before  we  may  shew  that  the  theorem  in  IIL  is  true 
e\'en  when  the  events  are  not  independ^it. 

T.  Keqiiired  the  probability  of  the  occurrence  of  any  m  of 
the  events  and  no  more. 

With  the  previous  notation  this  is 
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It  may  happen  that  m  some  casea 

this  will  be  the  case  when  the  eventa  aie  all  similar. 

yi.  In  n.  ve  hare  found  the  probability  that  at  least  one 
event  shall  happen,  and  in  V.  the  probability  iJiat  jiwf  one  erent 
shall  happen ;  hy  subtracting  the  second  result  tram,  the  first  we 
obtain  the  probability  that  ttoo  evenU  at  hast  shall  happen.  Then 
again  we  know  troia  Y.  the  probability  that  just  two  eventa  shall 
happen ;  by  subtracting  thia  from  the  probability  that  two  events 
at  least  shall  happen  we  obtain  the  probability  that  three  eveitts 
at  leaet  shall  happen.    And  so  on. 

■UBCKLLAHEOIta  ttTtimr.iBt, 

1.  ^ving  given 

1       ..   .  ■■        <*  ^  0  d 

shew  that  1  =  r, — -  +  - — r  + .; +  ■= — j  j 

1 +a     1+6     1  +  0     1  +a' 

x,y,z,u  being  Bui^Ktaed  all  unequal. 

2.  If  =  a,  -^—  =  b,  ajid =  o,  find  the  reladoQ  be- 

y  +  e         z  +  v  !B  +  y 

tween  a,  I  and  o;  and  shew  that  — r, — rr  =  -.  ,,    — r  =  — t= «, , 

a  {I -bo)     6(1- CO)     c(l-a4) 

3.  Find  the  relation  between  a,  b  and  c,  having  given 

X     a    y     b     X     c 
a     x     b     y     e     z'    "         ^ 
and  iB'  +  y*+s'  +  2(o6+ac  +  Jo)  =  0. 

L     IFind  the  relation  between  a,  b  and  e,  having  given 
y     z  z     X    ,      m    y 


5.     Eliminate  x,y,z  between  the  equationa 
«'(y  +  «)=.a',  y'(!o  +  «)-6»,  ^{x*y)  =  <f,  : 


C.     EUmin&te  a  and  b  &om  the  ec^uatdoiia 

7.  Eliminate  x  and  y  from  the  equations 

8.  EUminate  x  fi^m  the  equations 

9.  EUminate  ic,  y,  z  from  the  equations 

?^.»  +  !.^    !+??  +  ?=« 

y      «     aj       '      K     X     y    ' 


\y     z)^'^  x)\x*  y) 


10.  EUminate  x  and  y  from  the  equations 

(i(E  +  6y  =  0,    ie+y  +  iEjf=0,    !c*  +  y*-l=0. 

11.  Eliminate  x  and  y  firom  the  equations 

y*  -  a;'  =  «y  -  jSic,    4a|y  =  <uc  +  j3y,    ai*  +  y*  =  l. 

12.  If  (a;+y)'=4c'ay,  (y+«)'=4aV.  («+a!)'  =  4fi^ 
shew  that  a'  +  &'  +  ^*2a&c=l. 

13.  Eliminateafrom -j^=-^=-,^. 

a +ar     a +3^    a+iF 

14.  Eliminate  a:  and  y  from 

4(ai'  +  j/^  =  aa!  +  6y,    2(!^-y^=aa!-5y,    ay-c*. 

15.  Shew  that  nnleas  oJc  +  Sa'ft'c' =  oo™  +  M"  +  m^,  the  fbU 
lowing  equations  caimot  be  simultaneously  true : 

a-xstf,  b-yj/,  c=x^,  2a'=y2'+ay',  Sft'^saZ  +  aM^,  2o'=«y'+ya^. 

16.  Find  the  number  of  permutations  which  can  be  formed 
with  the  letters  composing  the  word  examintUum  taken  3  at  a  time. 

17.  Knd  the  chance  of  a  one,  a  two,  and  a  three,  of  the 
same  suit,  Ijing  together  in  a  pack  of  cards  which  consists  of  m 
suits,  and  hasn  cards  numbsred  1,  2,  3,  .in  eaoh  suit,     j 
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18.  A.  rectangular  garden  is  snrroimded  b;  a  walk  and  is 
divided  into  win  rectangular  beds  by  m  —  1  walka  parallel  to  two 
sides  and  n  —  1  walks  parallel  to  the  other  two  sides.  Find  the 
number  of  ways,  no  two  of  which  are  exactly  alike,  in  which  a. 
person  can  walk  fronl  one  comer  to  the  opposite  comer  so  as  to 
make  l^e  distance  equal  to  half  the  perimeter  of  the  rectangle. 

19.  If  a;  be  a  proper  fraction,  shew  that 

T3^ "rr^^FT^" ■"■■■■  "r+i'*'^TT^'^  TT^'* 


If  a:  be  a  proper  fraction,  shew  that 

(l*^)(lt;O(l*>0(H-«')- 


21.     Eliminate  X,y,z  from  the  equations 


T,Google 
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1 .  Simplify  at  -  [2y  +  {3«  -  3a!  -  (an  +  y)}]  +  2a;  -  (y  + 

2.  Divide  aW +  (2ac- ft")  a* +  0*  by  <»:'-&>;' -I- e. 


7i6'-4»*-2Ia!  +  12 
i.     Add  = s-  to  = =-  :  Jake  3-1 — = s  from  -= =. 

„      „  ,      4a: +  1      5a;- 1 

B.  Solve  — y^ — s—  =  aj  -  2. 

C.  Solve  10a:-4y=ll,  3x+2y  =  14i. 

7.  ^,  vho  travelB  3^  miles  ui  hour,  starts  2^  hours  befcnre  it 
who  goes  the  same  road  -  at  4^  miles  an  hour :  find  when  B  over- 
takes >1. 

8.  A  bill  of  ilQa  vsM  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  than  guineas  vers  used :  find  bow  man^ 
of  each  vere  paid. 

9.  Findfhe  square  root  of  a*  +  2a*— a-4- ^^^ 
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18.  A.  reotangular  garden  is  aurrouuded  b;  a  walk  aiid  is 
divided  into  mn  rectangular  beds  by  m  —  1  walks  parallel  to  two 
sides  and  «  -  1  walks  parallel  to  tlie  otber  two  sides.  Find  the 
number  of  ways,  no  two  of  which  are  exactly  alike,  in  which  a 
person  can  walk  from  one  comer  to  the  opposite  comer  so  as  to 
make  the  distance  equal  to  half  tlie  perimeter  of  the  rectangle. 

19.  If  a;  be  a  proper  fraction,  shew  that 

a;            a^             «*                      .  X            a^             tc' 
1  -ai'~  l-as*     l-*'"     ■■••■•  ^  l+ai*     l+x*     l  +  a;' 

20.  If  at  be  a  proper  fraction,  shew  that 

21.  Eliminate  X,y,  z  frx>m  the  equations 

(«'+y')(y"  +  0  («'  +  «')  =  '*.  (ai*  +  J*)  (y*  + a*)  («*  +  «')-«". 

22.  Shew  that  if  aX-¥bT+cZ=(i,  and  a,X  + J,r+c,^'=0; 
where  X=  cM;  +  a,a^ +a„  F=6ib +  6,a!i  + 6,,  Z=cx  +  c^Xj  +  e,;  then 

23.  If  a,,  a,,  ...  a.,  and  6,,  &,,  ...  6,  be  two  series  of  posi- 
lire  numbers,  each  arranged  in  descending  order  of  infinitudes 

shew  that   -r  +  7^  +  ...  +  f-    is  less,  and    ~  +  1^+  ...  +  -1=  ia 

greater,  than  if  the  denominatoni  5, ,  6„  , . .  &,  w«re  arranged  in  koj 
other  order  under  the  numerators  a^,  a^,  ...  a, 

'     24.    If  a  be  less  than  h,  shew  that  a  series  of  whioh  the  general 

term  is  -  f =  J  '  ~-i     is  equal  to  the  logarithm  of  (  r  J     . 

25.  If  o  be  lesB  than  6,  shew  that  (7)  ^  increased  by 
adding  the  same  (junntity  to  a  and  b. 

L._..-. ^,Gt)tH^le 
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J.     Simplify  a!-[2y+{3a-3a!-(a!  +  y)!]  +  2a;-^  +  3a). 
2.    DmdeoV  +  (2a<i-J')a:*  +  c'by  oiE'-ia^  +  e. 

W+2a^-lgiii~6 

fi2': 

1       A  jj   3a:-a   .     tc+Sa      ^  ,  o-ae         „        2a  +  * 

4.  Add  = s-  to  „  ■--,,■  ;  t&ke  ^-i — „    ■-■■  >  from  -, ; . 

Ox-i-Sa       7x  +  va  2a+3qx  +  ar        '  a—x 

,      n,      ilB  +  l      5aj-l  „ 

5.  Solre  — j^ =— =a!-2. 

6.  Solve  10x-4y  =  ll,  flx4-22/  =  U|. 

7.  j1,  who  traveU  3J  miles  an  hour,  etai-ts  3^  hours  before  S 
who  goes  the  asme  road-at  4^  miles  an  hour :  find -when  ^  over- 
,tak«a^. 

8.  A  bill  of  £100  vaa  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  than  guineas  were  used  :  find  how  man; 
of  each  were  paid. 

9.  Find  the  square  root  of  o* -I- 2o*— a -f  5; 

10.  Solve  (?-l)  (3a:- 1)  =  |. 

11.  If  a  =  l,  &  =  L  0=3,  (1  =  ^,  find  the  value  of 

'2'  '5' 

o-[2a-36-{4a-66-6o-(7a~86-9c-10d)J]. 

12.  Multiply  i)!'  +  {2a+Zb)x  +  6ab  by  a^-(2a  +  3b)x+6abi 
bud  ^vido  U<^'-nx'j^5&^^-7xy+i9xy'+l5y'  by  ^~3xy^5f. 

13.  Find  the  uciL  of  «*  4- fix +  6  andai'+fiaj  +  B. 
^4      fn  u     Sar-hSo  ,„ 23a!'  +  18<M!+17a' 

1*-  ^'*''  3^T4^  ^^  Tz^Tzi^rm^- 

16.     Solve  ^-h —.=-%, 
JB-1     «-3     as-rS 
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16.  Solve  Tib- 9y  =  23,  9x-1y  =  B7. 

17.  Find  the  time  between  9  and  10  o'clock  wlien  Qm  hour- 
hand  and  the  itmiut«-hand  of  a  vateh  are  tt^ther, 

18.  jj,  aiter  doing  three-fiAhe  of  a  n-ork  in  30  days,  calls  u  S, 
and  with  his  hdp  finiahea  it  in  10  days :  find  id  liow  many  days 
each  could  do  the  work  alone, 

19.  Find  the  square  root  of  ia^  —  I2xi/  +  9y'  +  ixz-  G^z  +  ^. 
.'   20.     8olye^-~  =  l. 

21.     If  o  =  l,  6  =  2,  c-i    d=^,  findtheralueof 
o-[3a-66-{7a-9J-lIo-(13a-156-17c-19rf)}]. 
23.    Multiply  of  +  (3a  ~  2b)  X- Sab  by  jb"  +  (36  -  2a)  ai  -  Sab ; 
and  divide  x*— 66*+16  by  1  — 4a!  +  a^. 

23.     Find  the  o. CM.  ofai'-i,  af  +  lOx  + 16,  aad  x" -  7x - 18. 

OE      a  I       «-l      llic-S      3a!-9      (,, 
25.     SoWe^+-^g_,-^5-.2t. 

27.  A  person  starts  from  Ely  to  walk  to  Cambridge,  which  is 
distant  1'6  miles,  at  the  rate  of  i^  miles  per  hour,  at  the  same 
time  that  another  person  leaves  Cambridge  for  Ely,  walking  at 
the  ratci  of  a  mile  in  16  minutes  :  find  where  they  meet. 

28.  In  a  concert-room  a  certain  number  of  persons  are  seated 
on  benches  of  eqnal  length ;  if  there  were  ten  more  benches  one 
person  lees  might  sit  on  each  benCh ;  if  there  were  fifteen  f^er 
benches  two  persons  more  must  sit  on  each  bench :  find  the  num- 
ber of  benches,  and  the  number  of  persons  seated  on  each. 

29.  Find  the  square  root  of  a;*  -  4«*  +  60:*  -  &<^  +  9x*  -  4«  + 1. 

30.  Solve  lla^-lli=»iR 

r..„ ,Gt)t)gle    . 
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31.  If  a^l,  b  =  2,  c  =  3,  (2  =  4,  fiad  llie  values  of 

32.  Multiply  -3  +  jc*  by  -2  -  a; ;  and  find  the  value  of  the  pro- 
duct  when  x  —  'l. 

33.  Reduce  to  ita  lo-weat  tenna  -sr-z — . ..  ; — r  - 

24a;'-U5a?  +  l 

34.  Add  together  ; ,    -— ,  and  , = . 

°  l-a:'    l  +  s!  l-!6* 

35.  Solve  (x-3y-Z(x-2)'+3{x-l)'-i^  =  9-x. 

36.  SoiTe  5y-3a!  =  2,    8y--5a:-l. 

37.  A  farmer  bought  equal  numbers  of  two  kinds  of  sheep, 
one  at  £3  each,  the  other  at  £i  each.  If  he  had  expended  hia 
money  equally  in  the  two  kinds  be  would  have  had  2  sheep  more 
than  he  did :  find  how  many  he  bought. 

38.  The  sum  of  X177  is  to  be  divided  among  15  men,  20 
women  and  30  children,  in  such  a  manner  that  a  man  and  a  child 
may  tt^ther  receive  aa  much  as  two  women,  and  the  'women  may 
together  receive  ^£60  ;  find  what  they  respectively  receive. 

39.  Kad  the  square  root  of— ,  +  -^--4-|^-^. 

5*     4ir     y     2*     4 


ix-3 

I4*VTT  = 


'     40.     Solve  - 
a 

41.    If  a=l,  6=3,  c  =  5,  (/=7,  find  the  values  of 

^.  6--c>-.  V('iV3c). 

43.     Shew  that  . 

a{a-x){a-2x)={a-b){a-h-i>!)(a^-ib-2a!)+b(b-x){Za-2b-2x). 

43.  Find  the  O.CU.  and  the  kcil  of  a;*-iC*  +  iC*-a^  +  a)-l 

44.  Omplifr  — 3 — = x =— = — . 

4  9  36 


45.     Solve  .  T  s =■  -r  = i-  = 

x+l     2x-l     3ie  ~  1 


,:  aiikflijiilc 
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46.  Solve 

2iB  +  3y-8«+35  =  0,    7a;-4y  +  a-8=0,    12a-5y-as+ 10  =  0. 

47.  Find  how  many  gallons  of  water  must  be  mixed  with 
80  gallons  of  Bpirit  wliich  cost  15  BhiUinga  a  gallon,  so  that  by 
selling  the  mixture  at  12  shillings  a  gallon  there  may  be  a  gain 
of  10  per  cent,  on  tlie  oui^y. 

48.  A  and  B  can  together  do  a  work  in  12  days ;  A  and  0 
in  15  days ;  B  and  C^  in  20  days :  find  in  how  many  days  tfiey 
will  do  the  wm'k,  all  working  together. 

49.  Find  the  sqware  root  of  »-c  +  2^(oA  +  6e-«»-6^ 


SO.    Solve  X  = 


4-a! 
CI.    Simplify 

(a  +  b  +  e){x  +  }/+t)  +  (a  +  h-c)(x  +  y-z) 
+  {b  +  e-a){y  +  ti-x)  +  {c  +  a-l)  (a+as-y). 
+  6  + 
2 
{(,_a)  +  (,-6)}»  =  (,-a)'  +  (,-6)'  +  3(»_o)(,-6)c. 

53.  Find  the  o.c.M.  of  «* - 2«!'y"+ Sjc*/ -  2a^  +  4y*  and 
X*  -  Za?y  +  ^i^-  3jry*  +  By*. 

54.  Simpli^^^^-,    ^"-f^"  ^^. 

x  —  b     x~a     [^  —  a)\x-b) 

65.    Solve  <3a!-l)'  +  (4a!-2)*=.{5iB-3)'. 

56.  Solve g+^ — 3  =  2,  s ff+-5^ — 5  =  1- 

as-3     y  +  3       '  Jte  +  S      3y  +  3 

57.  A,  B,  0  are  employed  on  a  {Moce  of  work.  After  3  days 
A  is  discharged,  one-third  of  the  work  being  done.  Aiier  4  da;« 
more  B  is  discharged,  another  tlUrd  of  tlie  work  beiilg  doMi 
0  then  finishes  the  work  in  ff  days.  Find  In  how  many  dayii  eablt 
Conld  sepwrately  do  the  work.  ("nool  ■ 
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58.  A  person  vaUcs  from  ^  to  £,  a  distance  of  7J  miles,  in 
2  hours  17J  minutes,  and  returns  in  2  hours  20  minutes,  Hia 
rates  of  walkiug  up  hill,'  down  hill,  and  on  a  level  road  being  3, 
3^,  and  3;J  miles  respectJTely,  find  the  length  of  level  road  between 
A  and  5. 

59.  Find  the  cube  root  of 

8a:*  -  ISa:"  +  fiaj' "  37a:*  +  36a!' -  9a^  +  54m»- Sra!*  -  27. 

60.  S.lv.i"°><7ti.i-'7>("'). 

(«-mo)(i!-4)      (x-a){7Kf:-b) 

61.  Stoplif72*{x-3  («-l)}{«-|  («-  2)}{=i  -  J(^  -  IJ)], 
and  subtract  the  result  from  (a;  -t-  2)  (a;  ->-  3)  (a;  +  4). 

62.  Divide  (^,  +  ^  -  2)'  by  ^  -  ? . 

63.  Find  the  g.O.h.  of 

5iff  -  1  &«•?  +  1  la^y"  -  6/  and  7a!'  -2Zxy  +  6/. 

«i      «■      r*w=^-*  +  'l      2a!(a!-l)'     2a!'(a!*-l)' 

6i.     Simplify  -3- J-  +  -.---j— 4-  +   •-.-■-4 — r-  ■ 

•^    ■■  ar  +  ai  +  l      Hi'+ai'  +  l       a!'  +  a:*+l 


66.  M™^  +  tl«  =  2,       ?±if;.tt». 

a;- da     y—  36  x  +  a      y  +  3o 

67.  A  man  bought  a  house  which  cost  him  4  per  cent,  on  the 
purchase  monej  to  put  it  in  repair.  It  then  stood  empty  for  a 
year,  during  which  time  he  reckoned  he  was  losing  6  per  cent. 
upon  his  total  outlay.  He  then  sold  it  again  for  X1192,  by  wbicli 
means  he  gained  10  per  cent  on  the  original  purchase  money :  find 
what  he  gave  for  the  house, 

68.  A  certfdn  resolution  was  carried  in  a  debating  society  by 
%  majority  which  was  equal  to  one-third  of  the  number  of  votes 
given  on  the.  losing  sde ;  but  if  with  the  same  number  of  votes 
10  more  votes  had  been  pven  to  the  losing  side,  the  resolntion 
would  only  have  been  carried  by  a  majority  of  one  :  find  the 
number  of  votes  given  on  eaA  side, 

r..„ ,Gt)tH^lc 
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69.  Solve  Jx~  Ja  +  J{x  *-a-h)!=  Jb. 

70.  Solve  («-2)(«-3)=l^^ 

71.  If  a  =  2,  6  =  3,  c=6,  d=S,  find  tte  value  of 

72.  ^ew  that 

a!(y  +  *)'  +  y(*  +  aj)'  +  a(a!  +  y)'-4a!ys=(y+«)(«  +  a!)(a!  +  y). 

73.  Find  li&e  ac.U.  of 

5a!'-I9a:'  +  55a;-425  and  43^-15a;'-38x  +  65. 

75.  Solve  J{{x-a)'  +  2ah  +  h'\=x~a  +  h, 

76.  Solve  (u;-)-ey-t-is=ex-»-i>/+(i3=&);-)-ay-<-cs=a*+&'+(^-3afi«, 

77.  A  and  ^  atart  together  from  ihe  same  point  on  a  w&lking 
match  round  a  circular  counie.  After  half  an  hour  A  has  ivalked 
three  complete  circuite,  and  B  four  and  a  h&lf.  A  ""inning  that 
each  walks  with  uniform  speed,  find  when  B  nest  overtakes  A. 

78.  On  a  certain  day  mackerel  were  being  sold  at  a  certain 
price  per  dozen ;  on  the  next  day  twice  as  many  mackerel  could 
be  bought  for  one  ahilling  as  dozens  could  be  bought  for  a  Bovereign 
on  the  day  before :  the  whole  price  of  20  mackerel  bought  10  on 
one  day  and  10  on  the  other  being  2».  2d.,  determine  the  price  of 
a  mackerel  on  each  day. 

79.  If  a:  =  1/(0.  +  J^TP)  +  l/{a  -  J^Tb'),  shew  that 

IB*  +  36a!- 2a  =0. 

80.  Solve  (a!'  +  8a;'+16aj-l)*-aj=3. 

81.  Shewthftt  (;)  +  5'  +  r)'  = 

4  (p*  +  3*  +  r'+  Z-pqr)  {p  +  3  +  r)+  63'^'+  ^t'p*+  CpV-  3p'-  Zq*-  Sf*. 

82.  It  X^ax  +  ey-i-hx,     T=ex-\-hy-\-az,    Z=lx  +  ay  +  cz, 
shew  that  X'+T*  +  Z'-TZ-ZX~XY 

=  (o'  +  6*+c'-6c-co-o6)(a!'+y'  +  «'-y»-«a!-ay). 
r..„...,;,:^,Gt)tH^lc 
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63.     Find  the  o.c.m.  of  7x*~l0aa?  +  3a'af-ia'x  +  ia*  and 
-  ISoiC*  +  ba'x'  —  da'x  +  3i»V 

"l+a!*~l  +  «*     TT7' 
OK      «ui™  4a^  +  *a^  +  8«  +  l      2i"+23:+l 
*'^-     ^'^       2^-f8»-H3 STT— ■ 

86.  Solvo  (i!  +  y  +  «  =  a  +  &  +  c, 

ox  +  &^  +  es  =  &c  +  ca  -<■  oi, 

87.  l^e  present  income  of  a  railway  company  ^nmld  justify 
a  dividend  of  6  per  cent.,  if  there  were  no  prefei'ence  shares.  Bnt 
as  £400000  of  the  stock  consista  of  such  shares,  whidi  are 
guaranteed  7J  per  cent,  per  annum,  the  ordinary  shareholdera 
receive  only  5  per  cent.     Find  the  amount  of  ordinary  stock. 

86.  The  road  &om  a  place  A  to  tt  place  £  first  ascends  for 
five  miles,  is  then  level  for  four  miles,  and  afterwards  descends  for 
six  miles,  tKe  rest  of  the  distance ;  a  man  walks  from  .i  to  jS  in 
3  hoars  52  minutes ;  the  next  day  he  walks  back  to  A  in  i  hours, 
and  he  then  walks  half  way  to  S  and  back  again  in  3  hours 
05  minutes ;  find  his  rates  'of  walking  np  hill,  on  level  ground, 
and  down  Viill. 

89.  Find  the  value  to  five  places  of  decimals  of 

{161  +  n/I9360}-*. 

90.  Solve         **_    +  — ^^—  =  2. 

91.  Find  the  value  when  x=  5  of 

3a!-  [5y-{Sx-  (3«-3y)  +  2«  -  (a:-  2ff-a)}]. 

92.  Shew  that  (y  _»)*  +  («  -  x)*  +  {x-  y)* 

■    =2{{!f~z)'{z-x)'  +  {z-xy{x-yy*{x-t,y{!,-zy) 
=  Z{3^  +  j/'+af-yz—zx  —  xy)', 

93.  Find  theo.c.K.  of  o^+ (5n*- 3)a!*  +  (6i»'- 16m)a!-18m* 
and  af +  {m- S)a^— {2m* +^m)x+ 6m'. 

I..., ^,Gt)tH^lc 
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94.    Shew  that 


fiJl-iJhiJ 


96.  Solve  ic*  +  y"  +  a^  =  8«y»,    ic-a  =  y-6  =  «-c. 

97.  A  bag  containB  Bixpences,  shiUmgs,  and  half-crowiu ;  the 
three  sums  of  moaey  expreeaed  by  the  different  coins  are  the  same : 
if  there  are  102  coins  in  the  bag  fiad  the  niunber  of  sixpences, 
shillingi^  and  half-crowns. 

98.  A  penion  walks  from  .1  to  ^  at  the  rate  of  3  j  miles  per 
hour,  and  from  J  to  0  at  4  miles  per  hour;  in  retumiiig  he 
calculates  that  he  can  complete  the  distance  in  the  same  time  hj 
walking  unifbnnly  at  3}  miles  per  hour,  bat  being  detained 
14  minutes  at  B  he  haa  to  walk  to  ^  at  4  miles  per  hour  to  tin'ili 
it  in  the  same  time:  find  the  distance  &om  A.  io  £,  and  irom 
jBtoC. 

99.  If  X=  (»:  +  «/  + &S,  r=ca;  +  6y  +  a^  S^bx+^  +  ee, 
shew  that 

100.  Solve  a:'-223a!  +  12432  =  0. 

■  101.     Solve  (4a;  +  ^*-{33;-l)'  =  (2a!  +  4)'-(3;-3)'. 

102.  Find  three  consecutive  numbers  whose  product  is  equal 
to  fifteen  times  the  middle  number. 

103.  Solve  3!  +  ff=9,      i  +  l  =  L 

"       '       JO     y      3 

104.  If  X  vi^es  jointly  as  y  and  z ;  and  ff  varies  dii-eeUy  as 
a;  +  « ;  and  if  ai  =  2  when  z-2,  Sad  ohe  value  of  «  when  a:  =  9. 


105.  Sum  to  18  terms  1+^  +  3  +  ... 

106,  Sam  to  6  termg  and  to  infinity'  14  - 
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107.  If  the  number  of  combinations  of  in  things  taken  n  —  I 

together  be  to  the  number  of  combinations  of  2  (n  —  1)  things 
taken  n  together  aa  132  is  to  35,  find  n. 

108.  Shewthat  2"-~2"-'+^^%:1^2-*-...+{-l)-=l. 

1  If 

109.  In  the  expansion  of  (<ii4-ai4-... -l-a_)*  if  n  is  a  positive 
integer,  and  m  greater  than  n,  shew  that  the  coefficient  of  any 
term  in  which  none  of  the  quantities  a,,  Of, ...  a  appears  mora 
than  once  is  In.  ' 

110.  GiTen  log2=-30103O0  and  log 3=. -4771213,  find  the 
!nt«f;ral  values  between  which  x  must  lie  in  order  that  the  integral 
part  of  (1'08)T  may  contain  four  digits. 

111.  Bolva{a(b  +  x-a)]i  +  {b{a  +  x-b)]i'={x(a  +  b-x))K 
113.    If  a  and  j8  be  the  roots  of  the  ecjuation  aa?  ■i-bx  +  e  =  0, 

form  the  equation  whose  roots  are  ^  and  ~  . 

113.     Solve -+^=5,      ay=8. 
lU.     If  a!-4  :  a!-3  ::  ai-l  :  aj  +  3,  findat. 
116.     Snm  nine  terms  of  an  arithmetical  progression  of  which 
16  is  the  middle  term. 

116.  Su»l„„i™-L^  +  j-^*y^t... 

117.  Prove  that  the  number  of  ways  in  which  p  podtJro 
signs  and  »  negative  signs  may  be  placed  in  a  row  bo  that  "So  two 
native  Bigna  shall  be  together  is  equal  to  the  number  of  com- 
binations of  p  + 1  things  taken  n  together. 

1 18.  Determine  the  coefficient  of  a/'  in  the  expandon  accord- 
ing to  ascending  powers  of  x  of 
where  m  and  n  are  positive  integers  of  which  m  ia  the  less, 

119.  Determine    whether    the    series    whose 
^/(n*+l)-n  is  convergent  or  divergent. 


(w-t»-fI)a!(l-a!)-flr-"  +  a!'" 

{1-xy 
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120.  Fmdtheval«eof:l{^„-^}. 
Given  log  105  =  20211893,  % 5303214  =  67245391, 

log3768894  =  6-5762U. 

121.  Solve  {i  +  5x-a^i  =  2*xi*{x'-hAx-i)K 

122.  Fmd  the  relation  between  the  coeffidenta  of  the  equa- 
tion ox*  +bx  +  c  =  0,  tli&t  one  root  may  be  double  of  the  otLer. 

12     ^a:  +  y  +  6' 

124.  Divide  111  into  three  parts  so  that  the  prodacb)  of  each 
pur  may  be  in  the  proportion  of  4,  6,  and  6. 

1 25.  Find  the  number  of  terms  of  an  arithmetical  progression 
of  which  the  first  term,  the  sum,  and  the  common  difference  are 
given  :  find  the  conditions  which  must  hold  if  there.be  tiro  such 
numbers. 

126.  Find  the  Bum  of  the  redprocals  of  n  temis  of  a  geo- 
metrical progression  of  which  the  first  t^rm  is  a  and  the  common 

127.  Shew  that  the  number  of  ways  in  which  ttm  things  can 
be  divided  among  m  persons'  so  that  each  shall  liave  n  of  them 

128.  Shew  that  the  coefficient  of  a^'^''  '  in  the  expansion 

of;,  *\i  ia  2— '((n-i-2r)(n  +  2r  +  2)  +  »},  r  being  0  or  any  poM- 

{l-x) 

tive  integer. 

129.  Find  the  coefficient  of  a^  in  the  expansion  of 

{l+2aj-3a!'+!0'- 

130.  Shew  that  1  +  ^+ J +1^+ ...  =  5«. 

iz     \2     \± 

131.  Solve  ^{a!*-8a!+15)+^(a:'+3«-lff)=^(4a!*-18a)+ 18). 
133.     The  numerically  greater  root  of  oa^  -  fix  +  c  =  0  has  the 

same  sign  as  - ;  imd  the  numerically  leoa  root  the  same  sign  as  - , 

r..„ ,Gt)t)gle 
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133.     Solve  x  +  if  +  x=a  +  b  +  c,      -+  W  --3, 
(B*  +  y*  +  »"  =  a'  +  &•  +  e'. 

131.  Two  persons  A  and  S  divide  equally  a  sum  of  mone^ 
conmsting  of  lialf-^vwns,  shillings,  and  sizpences ;  the  Talues  of  the 
Beveral  parts  being  respectively  in  the  proportion  of  Iff,  i,  and  1. 
It  is  found  that  each  has  60  coins,  A  having  two  half-crowns 
more  than  S.     Detennine  the  Bum  and  the  coins  each  had. 

136.     tThe  p^  term  of  an  arithmetical  progression  is  - ,  and 

3 

tlie  9*^  term  is  -:  shew  that  the  sum  of  p?  terms  is  ^^;; — . 
P  '^2 

136.  If  a,  6,  0  be  in  arithmetical  progresnon,  and  a,  fi,  • 
in  harmonical  progression,  and  -+-  =  -+-,  shew  that  oo,  Iff, 
ey  are  in  geometrical  pn^ression. 

137.  Find  the  number  of  words  b^inning  and  ending  with 
R  consonant  which  can  be  formed  out  of  the  word  eqvatwn. 

138.  If  a,  be  the  coefficient  of  al'  in  the  expansion  of  (I  +  sc)**, 

(- 1)'  |2n 
■hew  that  a,  -  a,  +  o/  -  a,'  +  .. .  =  —       — . 

139.  Determine  whether  the  following  series  is  «mvergent  or 
divergent;  l+i  +  ^  +  fi  +  - 

1«.     If  y=a!-^  +  J-...shewthat  fl!  =  y  +  ^  +  ^  +  ... 

141.     Solve  (3:-3)'  +  3a!~22  =  ^(iB'-33:  +  7). 

143.  The  number  of  soldiem  present  at  a  review  b  such  Uiat 
they  could  all  be  fcn^ued  into  a  solid  square,  and  also  could  be 
filmed  into  &ur  hollow  squares  each  four  deep  and  each  con- 
taining 24  more  men  in  the  &ont  rank  than  when  formed  into  ft 
BoUd  square ;  find  the  whole  nnmber. 

143.     Solve  6(«?-ay-12y'  =  0,       !B'  +  2y'  =  ^. 


^,Gt)t)glc 
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114.  If  ths  speed  on  a  railw^  is  30  miles  an  hour  it  is  found 
that  the  espeoEieQ  are  just  paid.  If  the  speed  is  more  than  20 
miles  an  hour  the  increase  of  &e  receipts  is  found  to  vary  as  the 
Increase  of  the  velocity,  vhlla  the  increase  of  the  cost  of  working 
is  found  to  vary  u  the  square  of  the  incTMse  of  the  Telocity  j  at 
the  rat«  of  40  miles  per  hour  the  expenses  are  just  paid ;  find  tlie 
Telocity  at  which  the  profits  will  be  greatest. 

145.     Shew  that  the  number  ^,  + lOpj  +  10'p,+  ...  +  10*;j,  is 
divisible  by  13  if  the  foUowing  expression  is, 
P.-P, +i>. -■-- 3 (p, -f.  +  p,-. .-)-*(?.-?. +/».-■■■)■ 

14fi,  If «  be  the  sum  of  an  odd  number  of  terms  in  geome- 
trical pn^ression,  and  «'  the  sum  of  the  series  when  the  signs 
of  the  even  terms  are  changed,  shew  that  the  sum  of  the  squarea 
of  the  tenoB  will  be  equal  to  «s'. 

147.  If  there  be  n  straight  lines  lying  in  one  plane,  no  three 
of  which  meet  at  a  point,  the  number  of  groups  of  n  of  their 
points  of  intersection  in  each  of  which  no  three  points  lie  in  one 

of  the  straight  lines  is  -^In  —  l. 

148.  Shewthat  2*.  4*.  8^.  16"  ...  =  2. 

149.  Find  the  coefBcient  of  ss*  in  the  expansion  of 

(l+JC-iB'-Sai'-aiV. 

150.  Shew  that  if  the  logarithms  of  n  quantities  with  respect 
to  n  bases  in  geometrical  progression  be  all  equal  they  will  also 
be  equal  to  the  logarithm  of  the  ratio  of  any  one  among  these 
quantities  to  the  preceding  quantity,  with  respect  to  the  common 
ratio  of  the  progression  as  bas& 

,51.   ^i,,lp=fiJ<i^}J-p::p.'^. 

21C  +  1  Sx+ 1  Sm  +  i  x-l 

153.  Shew  that  if  a  quadratic  equation  be  satined  by  more 
than  two  Talues  of  the  unknown  quantity  the  equatt<ni  is  an 
identity.     Apply  this  property  to  establish  the  identity- 

.•(.->).(»-■,)    y(,-,)(,-„)    ,■(»-„)(,->) 
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153.  Solve  {a;'  +  y^-  =  6,    («'-ff')?=l. 

154.  Bronze  contiuna  91  per  cent,  of  copper,  6  of  liaa,  and 
3  of  tin.  A  mass  of  belt-metal  (coosistuig  of  copper  and  tin  only) 
and  bronze  fused  together  ia  found  to  contain  68  per  cent,  of 
copper,  4-875  of  zino,  and  7'125  of  tin.  Find  the  proportion  o£ 
copper  and  tin  in  bell-metal. 

155.  Shev  that  the  sum  of  the  products  of  the  first  n  natural 
numbera  taken  two  and  two  together  is — -■^■— ■- -, 

156.  Four  numbers  are  takrai,  the  first  three  in  a.  p.,  and  the 
last  three  in  h.  p, ;  again  four  numbers  are  taken,  the  first  three 
in  H.P.,  and  the  last  three  in  a.P. :  shew  that  if  the  first  two 
numbers  are  the  same  in  each  set  the  last  of  the  first  set  will  be 
less  than  the  last  of  the  second. 

157.  Find  the  number  of  difierent  arrangements  that  can  be 
made  of  bars  of  the  seven  prismatic  oolouts,  bo  that  the  blue  and 
the  green  bars  shall  nerer  come  together. 

158.  If  (5  ^2  +  7)"— n -I- a,  where  m  and  n  are  .positiTe  in- 
tegers and  a  less  than  unity,  shew  that  a  (n -fa)  =  1,  if  m  be  odd, 

159.  Find  the  coefficient  of  x*  in  the  expansion  of 

(1  -  2a; +  3a!'-4o)' +...)-*. 

160.  If  the  whole  number  of  persons  born  in  any  montlt 

be  j^  of^e  whole  population  at  the  beginning  of  the  month,  and 

the  nnmber  of  persons  who  die  ^r^ ,  find  the  number  of  months 

in  which  the  population  will  be  doubled. 

aiTenlog2--3010300i  log3  =  -4771213,  It^ 7 - -8450980. 

161.  Solve  a;*-!- 1  =  2(1  +  3;)'. 

16S.  .i  and  £  ran  a  race  round  a  two  mile  coarse.  Inthefirst 
lieat  B  reacbes  the  winning-post  2  minutes  before  A .  In  the  second 
heat  A  iiicreases  his  speed  2  miles  an  hour,  and  £  diminishes 
his  by  t^e  Same  qilaiitityj  and  A  then  reaches  the  winning-post 
S  JhihutM  hefbre  B.    Find  at  what  rate  each  ran  in  the  fii-st  heat. 
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163.  Sol™      ;i±3!H:^.,?i±£iJ.4, 

fli  +  y+l        as  +  y-l 
(x  +  2y)' +  (y  +  2a:)' =  6  (a:  +  y)' +  4y. 

164.  SoIto ^— r  =-?^  = — =  =a!  +  y  +  fc 

y  +  s  +  1     z  +  x     (C  +  y-1  ' 

165.  Shew  that  thenumber  p,  +  10p,  +  10'j),+ ...  +  10'p.  » 
divisible  bj  101  if  the  following  expression  is, 

j>,  +  10p,-{p,  +  10p,)  +  {p,  +  10p;}- .... 

166.  If  a,  (,  e  be  three  quantities  such  that  a  is  the  arith- 
metioal  mean  between  6  and  c,  and  e  the  harmonical  mean  between 
a  and  b,  shew  that  b  is  the  geometrical  mean  between  a  and  o: 
and  compare  a,  6,  c 

167.  In  a  plane  there  are  m  straight  lines  which  all  pass 
through  a  given  point,  n  others  which  all  pass  through  another 
given  point,  and  p  others  which  ^1  pass  throngh  a  third  given  point : 
supposing  no  other  three  to  intersect  at  any  point  find  the  number 
of  triangles  formed  by  the  intersection  of  the  straight  lines. 


-fr-s)"'"-'"'-^). 

[^ 

to   r   terms,    shew    that   a,'={-l)'a,^   if  r  be  less  than  n-1, 
p^  =  0  if  fbe  greater  than  n-I,  and  a._,  =  (-l)'- 

169.  Find  the  coedScient  of  a;*  in  the  expansion  of 

(l  +  Zaj-aB*-**)* 

170.  Given  log,, 2  = -30103,  find  log„60. 

■■)■ 

172.  If  o  and  j8  are  the  roots  of  the  quadratic  aa^+bx.  + c^O, 
f^m  the  quadratic  whose  roots  are  (a  -i-  fi)'  and  (a — /3)'. 

173.  Solve    8,/{«'-y')=a;  +  9y, 

a;'+2!c'y  +  y'  +  ir-2a;'+2a:y  +  y  +  566.  ,_,  , 

r:.„...,:,:^,Cjt)t)gle 
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174.  A  and  B  engage  to  reap  a  field  in  12  days.  The  times 
in  vhjcli  they  conld  separately  reap  an  acre  are  in  the  proportion 
of  2  to  3,  At  the  end  of  6  days,  as  they  find  they  cannot  finish 
the  work  in  the  stipulated  time,  they  call  in  C  and  fini&b  it  with 
his  Kelp.  The  time  in  which  A  and  0  t<^;ether  conld  have  reaped 
the  field  is  to  the  time  in  which  £  and  C  together  conld  have 
reaped  it  as  7  is  to  S>  Find  in  how  many  days  the  field  would 
have  been  reaped  if  C  had  worked  from  the  first. 

175.  A  tradesman  has  eight  weights,  two  of  1  oz.  each,  two 
of  5  oz,  each,  two  of  25  oz.  each,  two  of  125  oz.  each  ;  shew  that 
he  can  weigh  with  a  pair  of  aoalea  any  integral  number  of  ounces 
from  1  up  to  312. 

176.  Find  four  numbers  in  geometrical  progression  so  that 
tiieir  sum  may  be  15,  and  the  sum  of  their  squares  65. 

177.  Out  of  2n  men  who  have  to  sit  down,  half  on  each  side 
of  a  long  table,  p  particular  men  desire  to  sit  on  one  side  and  q  on 
the  other;  find  the  number  of  ways  in  which  this  may  be  done. 

178.  Shew  that  the  coefficient  of  a^  in  the  expansion  of 
(9a'  +  6aa!  +  Ix^"'  is  3*  (So)-"-', 

179.  Shew  that  the  series  «,  +  m, +  ...+.«, +  ...  isconTetgent 
if  fivm  and  after  a  certain  term  the  value  of  (u^)"  is  always  less 
than  some  finite  qiumtity  whidh  is  itself  less  than  unity,  and 
divergent  if  the  value  is  unity  or  greater  .than  unity. 

1  "1  I 

■*{«+!)'     "• 
d1(^  f  1  +  -  1  .     Hence  shew  that  1 1  +  -  J   increases  with  n. 

181.  Solve  9iB'  +  4ai*=l+12ai*.         " 

182.  Three  persons  1,  B,  C,  whose  ageA  are  in  geometrical 
progression,  divide  among  them  a  sum  of  jnoney  in  amounts 
proportional  to  the  ages  of  each.  Five  years  afterwards  when  O 
is  double  the  age  of  ,^1  they  similarly  divide  an  equal  sum;  A  now 
received  ^17.  10«.  more  than  before,  and  S  £2.  10>.  more  than 
before.     Find  the  nun  divided  on  each  occasion, 

r..„ ,CjOI.H^Ic 
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,S3.     «,.©'.  (1)'.,  =  ^^,      ^,^^.„, 

184.  If(c  =  ey  +  &z,  y  =  (u-*-ea^  »  =  bx  +  ay,  aliew  that 

and  find  the  relation  betwe^i  a,  (,  and  e. 

185,  Shew  that  in  the  scale  with  radix  nine,  eveiy  aumber 
vhich  is  a  perfect  cube  nrnst  end  with  0  or  1  or  8. 

18G.  Find  the  sum  of  the  producta  which  can  be  formed  by 
multiplying  together  any  three  terms  of  an  infinite  a.p.;  and  shew 
that  if  this  simi  be  one-third  of  the  sum  of  the  cubes  of  the  t«nna 

tlie  common  ratio  is  ^  • 

187.  A  vessel  is  filled  with  a  gallons  of  wine,  another  wiik 
b  gallons  of  water ;  e  gallons  are  taken  out  of  each ;  that  firom  the 
ILmt  is  transferred  to  the  second,  and  that  from  the  second  to  the 
first;  this  operation  is  repeated  r  times  ;  sbew  that  the  quantity  dF 

wine  in  the  second  vessel  will  be t(1— pT  where  ii  =  l t. 

1  +  2aj 

1 88.  By  comparing  two  expansions  of  -j — -y ,  shew  that ' 

(-1)  -l-3«+. -g |j 

{3re-3)(3»i-4)(3n-6)(3n-6) 
*-  |J  -- - 

where  n  is  any  positive  integer,  and  the  series  stops  at  the  first 
term  that  vanishes. 

189.  Determine  whether  the  following  series  ii  convei^gent 
brdivergent:    1  +  ^aj  + ba**  ^a?  + ^a!*  + ... 

190.  If  log  j -J — -J  be  expanded  m  a  aeries  of  powers 

of  X,  shew  that  die  tjoeffidcoit  of  ic"  is  -  of  -  acoonJing  Ba  n  ia 

bven  or  odd.  ,  -  r 

r..„ ,Cjt)tH^le 
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191.  StAve  (l+V)'  =  2aa;(l-a^; 

192.  ^ew  ihai  if  n^  y,  «  are  real  quantities 

«'(ie-y)(a!-«)  +  y'(y-a)(y-ai)+a'(«-a!)(a-y) 
cannot  be  ne^tive. 

193.  Solve  a;"  +  y*  +  1  ■"  m'aT/ -  !C*y*,    scy  (nV-y)  =a!-«'y. 

194.  Shew  ihat  the  equatioDs  ax+-byi-eii=(i  and  aa^+hj^+ez'^0 

■will  be   satisfied    by  takinsf  ,■■■,-  =  ™- —  m  , — — j— i :    where 

°  l  —  btt       l+oo       1  +  abv  ' 
o  +  J  +  c  +  ofew*  <=  0. 

195.  In  Art,  468  we  arrive  at  an  a.  P.  of  whitdi  the  first 

term  is  —  jr-  +  =-1  and  the  common  differenoe  is  — . :  shew  tliat 
q      %q      ^^  / 

if  this  I>e  arranged  in  groups  of  q  terms  each,  the  m'^.grQup  is 

equal  to  the  m."  term  of  Ihe  A.  P.  of  which  the  first  term  is  a  and 

the  common  difference  is  b. 

196.  The  first  term  of  a  certain  series  is  a,  the  second  term 
is  h,  and  each  subsequent  term  is  an  arithmetio  mean  between  the 
two  preceding  terms :  shew  that  the  W^  term  is 


h-'AH-rv 


197.     If  all  the  permutfationB  of  n  things  a,h,e,..,l  taken 
all  tt^ether  be  formed,  and  from  anj  permutation  as  aha  ...  I  be 

formed  the  fraction  — ; rn e ; ; i— Ki  ^«^  *!>*' 

a{a,-t-b)(fl  +  b  +  c)  ...{a  +  b  +  ...I) 

the  sum  of  all  these  fi-actiona  is  -j- — -. , 

198i     Slew  that 

j"j!i^|V4""-!i<"-^'}V.... 


T'\T?    /-"I       IT 

»fa-n      «  nh-l)fa-2)(»-3)      1^  -1 

1.1    (i+i)'  UL?  ('+*)■  "'J' 

199.     Determine  whetlier  the  following  seriee  ia  conveigent 
'■*•  r,, Gof'gic 
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200.  If  n  is  any  posttlTe  integer,  find  the  valne  of 

201.  Multiplyont  (l-!»!)(l-a^{l-a!»)(l~a:'}(l-a!')j  wd 
find  the  form  of  the  series  up  to  as"  when  the  number  of  factors  is 

infinites 

203.     Show  that 

203.  Shew  that  money  will  increaee  fiit7-fi)ld  in  a  century 
at  i  per  cent,  per  annum  compound  interest,  having  given 
I(«2  =  -301030,  logl3  =  1113913. 

204.  Shew  that  Jj/  +  ip=p+:^  ~  J_  J_  ^.„ 


1+  ^-f  1  +  p+  1  +  " 
205.    Find  the  number  of  ways  in  which  a  substance  of  a  ton 
weight  may  be  weighed  by  weights  of  9  lbs.  and  1 4  lbs. 

20&  If  ■n_2x)(l-2x  +  ic')  ^  ^^P"*^*^  "^  ascending  powers 
otie,  find  the  general  term. 

207.  If  n  ifl  a  positive  integer,  and  x  a  positive  proper  fraction, 
shew  that    ~   -■   is  leaa  than . 

208.  Shew  that  »'-4n*  +  {!n'-2»  is  divisible  by  12  for  all 
values  of  n  greater  than  2. 

209.  From  a  bag  containing  10  counters,  3  of  which  aie 
marked,  5  are  to  be  drawn ;  and  the  drawer  is  to  receive  a  shilling 
if  in  his  drawing  the  three  marked  counters  come  out  together  i 
find  the  value  of  hia  expectation. 

210.  Determine  whether  the  following  series  is  convergent  or 

divergent:  l  +  2i  +  3i  +  7i+  — 

211.  If  Uie  wjuare  of  the  snm  of  n  real  qwmtities  is  eqwi  to 
— j-  times  the  sum  of  their  products  taken  two  «ad  two  together, 
the  nqnantdties  are  all  equal  to  one  another. 


.,Gt)t)^le 
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313.    SliewUiat 

35  K6-c)'  +  (.-»)' 4- («-&)>}  {(&_c)'  +  (<r-«)V(a-6)'i 
=  21  {(6 -")'  +  (« -a)'*  (a -i)'}'. 

213.  If  a  man  48  yeats  old  caa  buy  an  aimuity  of  ;£lfiO  a 
year  for  £1812,  16s.,  intereet  being  reckoned  at  5  per  cent.,  deter- 
mine what  is  conxidei'ed  the  expectation  of  life  at  48,  Having 
given  that  log  2  = -3010300,  log  3  =  -4771213,  log  7  =  -8450980, 
lc«  1-1872=. -0745239. 

214.  If  ^  denote  the  r*  oooTergent  to   ^-^ — ,  shew  that 

215.  Find  the  proper  fractions  which  satisfy  the  condition   ■ 
that  the  sum  of  five  times  the  numerator  and  eleven  times  the 
denominator  shall  be  1031. 

216.  Shew  that  if  n  be  a  podtive  integer,  and  a;  such  that 
no  denominator  vaniahee, 

J "     1     ,  «("-!)     1  ■     (-!)• 

a;+l     la!  +  3        1.2.    x  +  3~"      x  +  n+1 

"(a!  +  l){a!+2)...(a!+n  +  l)* 
317.     If  p  be  a  positive  proper  fi-actidn,  and  a  and  b  positive 
qnantities,  ^ew  that  (a  +  b)'  a'''  is  less  than  a  +  pb, 

218.  If  3,  or  5,  or  7,  or  9  be  raised  to  any  power,  shew  that 
the  digit  in  the  tens'  place  is  always  even ;  if  6  be  raieod  to  say 
power,  shew  that  the  digit  in  the  tens'  plaoe  is  always  odd. 

219.  There  are  three  balls  in  a  bag,  and  it  is  not  known  how 
many  of  these  are  black ;  a  person  draws  a  ball  frcnn  the  bag  and 
replaces  it;  this  is  done  three  times:  if  every  drawing  gave  a 
black  ball  find  the  chance  that  all  the  balls  are  black. 

220.  Ifa!  =  y  +  ^     *    ...  6hewthaty  =  a:-y^~... 

221.  If  — XT +  — s +  — 5-7 —  =  1,    shew   tia,b 

2be  2ca  sab  ' 

two  of  the  three  fractitms  ca  the  left-hand  side  must  be  equal  to 
1,  and  the  other  to  - 1.  ^  UhU?!^' 


224.     Convert  .  /{a'+  £-]  into  a  continued  fraction. 
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222.  Solve  ya  +  aa  +  ay  =  a' -  aj'=  6* -y*  =  (:•-«». 

223.  If;>  years'  purchase  most  be  paid  for  an  anuuitj  to  con- 
tinue a  certain  number  of  years,  and  q  years'  purchase  for  an 
annuity  to  continue  twice  as  long,  find  the  rate  per  cent. 

225.  Beaolve  2!B•-21a:y-lly•-a!^■34y-3  into  rational 
&ctors  of  the  fiiBt  degree. 

226.  Shew  tliat  a  recurring  series  whose  scale  of  relation  is 
1  —  ^  —  j'x*  is  coDvei^ent  or  divergent  according  as  a:  is  numeri- 
cally lees  or  greater  than  the  numerically  least  root  of  the  equation 
\  —px  —  qx^  =  0 ;  the  roots  being  supposed  reaL 

227.  Shew  that  if  all  the  letters  denote  positive  quantities 

t^  Pi.  P»  Pj  -■■  ^^^  *ji  *•>  '*ii  •■■  "^  ^^  ^  ascending  or  both 

,  ,.  .  ,  -1  J      p,a,'  +  pA*  +  .,. +p  d '    . 

m    descendinK    order    of    maimitude,  ^^^-^ — ■        '^'  -'-    is 

^  ^         p,+p,-<-...+P. 


greater  than  ( '-" — ~j  . 


228.  If  a'  +  6'  =  c*,  and  a,  fi,  e  are  integers,  shew  that  one  of 
them  is  divisible  by  5. 

229.  A  number,  of  n  digits,  is  written  down  at  random :  shew 
that  whatever  be  the  value  of  n,  provided  it  be  given,  the  chance 

that  the  number  is  a  multiple  of  9  is  „  . 

230.  If  n  be  any  positive  integer,  shew  that  tiie  integer  next 
greater  than  (3  +  ^5)'  is  divisible  by  2". 

231.  If  the  two  expressions  ar'+par'+^-M-  and  aj'+pV+j'ai+r' 
<■'     p'r—pi'     cfr-qj^ 


232.     Shew 

in  the  preceding 

Example,  that  the  third  &ctors 

-^-^' 

„d  :»»£::*; r'r. 

apectively  j 

and  that  tho  quad- 

tic  fector  is  3? 

p~p      P-P 

,,.-,Google 
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233,  Tke  present  value  of  an  annuity  of  jEIOO  on  the  life  of  & 
person  aged  21  is  by  the  Carlisle  Tables  of  mortality  £2150, 
interest  being  at  3  per  cent.  If  out  of  every  10  children  bom  6 
reach  the  age  of  21,  find  what  sum  ought  to  be  paid  down  immedi- 
ately on  the  birth  of  a  child  in  order  to  secure  it  an  annuity  of 
XlOO  on  its  reaching  21,  the  deposit  being  forfeited  if  the  child 
dies  previously.  Having  given  log  43  =  1-63347,  log2  = -30103, 
log  103=  2-01284,  log  1165  =30628. 

234.  Convert  /fa'  —  1  into  a  conijnued  fraction,  n  being 
greater  than  unity, 

335.  There  is  a  number,  of  two  digits,  which  if  its  digits  be 
reversed  becomes  less  by  unity  than  its  half:,  find  the  number. 

236.  Shew  that. if  n  be  a  positive  int^er,  and  x  such  that 
no  denominator  vanishes, 

_1__^ "(— ') 


('*l)('  +  2).. .(!  +  »  +  !)     ;.+,+  r 

237.  Shew  that  af-lia  greater  than  n  (x'^  -  a: ' )  if  n  is  any 
positive  integer,  and  x  any  positive  quantity  greater  than  unity. 

238.  In  the  successive  powere  of  4  shew  that  the  digit  in 
the  tens'  place  is  alternately  even  and  odd;  in  the  successive 
powers  of  2  and  of  8,  shew  that  there  are  alteniat«ly  two  even 
digits  and  two  odd  digits. 

239.  A  digit  from  2  to  9  inclusive  is  taken  at  random,  and 
raised  to  a  high  power :  shew  that  the  chance  that  the  digit  in 
the  tens'  place  is  odd  is  ^ . 

240.  Determine    whether    the    series   whose   n""   term   is 
2n'+3n  +  2  .  i         ,  ,. 

<«-.l)(«-t.2)(»  +  3)  '^  ■^""^^t  "'  divergent, 

241.  A  series  a,,  h^,  a,,  6„  ■■■  is  formed  in  the  following 
way :  o_  is  an  aritlmietical  mean  between  a,  and  fi,.,,  and  6,  is  an 
harmonical  mean  between  b^  and  a,_,.     Shew  that  ab-^a,b^i  , 
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243.  Shew  that  the  following  equations  are  either  incon- 
dstent  or  insuffident  for  detennining  the  Toluea  of  x,  y,  and  z : 

e?~a'=ax  +  xy-yz,  y'-b' =x}/  +  yjz-itx,  d? -•  e' =  yx  +  toe  -  tBjf. 
213.  A  peraon  starts  with  a  certain  capital  which  prodaces 
him  4  per  cent,  per  annum  compound  interest.  He  spends  every 
year  a  sum  equal  to  twice  the  original  interest  on  hia  capital. 
Find  in  how  many  years  he  will  be  ruined.  Having  given 
log2=-3010300,  log  13  =  1-1139434. 

244.  Convert  ^  (a'  +  — - —  I  into  a  continued  fraction, 

245.  A  farmer  laid  out  £25  in  buying  sheep  at  £1.  10#. 
a  piece,  and  bullocks  at  £5  a  piece :  find  how  many  sheep  and 
bullocks  he  bought 

246.  By  comparing  the  coefficients  of  the  various  powers  of 

X,  shew  that 

1  /.       1.  **        ,1       i.-i  n(n  — 1)         „       ,,.  , 

—  (1  -  a:)'  +  — T -^  (1  -  <c)"  '+      .      \,  ,      -A-.  (1  -  xV^**  ... 

1         n  »  n{n-l)        a? 

'  ^  m-n     \' m-n+X*     1.2     m-Ti  +  3~""' 

ft  being  a  positive  integer,  and  m  such  that  no  denominator 
vanieheB. 

247.  If  all  the  n  letters  a,  h,  e  ...  k  denote  positive  quanti- 
ties, shew  that  n  (w''''  +  6''» +  0***+ ...+*■*•)  is  greater  than 
(o'  +  6^  +  c'  +  ...+/:')(«•+  6'  +  c«  +  ...+  A"). 

248.  If  n  be  a  prune  number,  and  A'  not  divisible  by  n, 
shew  that  N"  —  1  is  divisible  by  n' ;  where  m  stands  for  n'  —  n'~'. 

249.  A  box  contains  three  bank  notes,  and  it  is  known  that 
there  is  no  note  which  is  not  either  a  '£5,  a  XIO,  or  a  X20  note ; 
one  is  dtawn^  found  to  be  a  £5  note,  and  replaced :  determine  the 
value  of  another  draw. 

250.  Apply  the  process  of  Synthetic  Division  to  divide 
SB* +3** -12a! +  4  by  i^-ix  +  12  as  far  as  the  term  involving  te"'; 
and  give  the  remainder. 

251.  Solve  a!*y  +  !«i  =  !Ky  +  (c'y'-4i/  +  4,  iBy+l  =  3ay'-a!'y'. 
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352.  Il^ere  are  two  numbers  a  ajid  & :  it  is  requii^  to  find 
n  inteimediate  numbers  Oi,  a,,  ,.,a_,  so  that  a,  — a,  «,—  «,,  «,— «»,t 
...  h  —  a^,  may  be  in  arithmetical  progressioQ  with  tlie  common 
difference  d.     Find  also  tie  limits  between  which  d  must  lie. 

253.  When  the  3  per  cents,  are  at  88,  the  sum  of  £100  ia 
given  for  a  perpetual  annuity  of  £-Z  per  ttTinnin^  and  an  annuity 
terminable  in  30  years :  supposing  the  value  of  money  to  be 
fixed  by  the  price  of  the .  3  per  cents.,  find  the  amount  per 
annum  of  the  terminable  annuity.  Having  given  log  I'l  =  '01139, 
logl-3  =  -U394,  1(^2  =  -30103,  Iog7=-84510,  log 3-658  =  -50320. 
,         254.    If«^,  ^     ^ 

^{a'  +  l),  shew  that  3(«'+  l)?,=j',_i+p,tj,  ^P'^^ %n~x* ^m-t\- 

255.  A  boy  laid  out  a  shilling  in  buying  apples,  pears,  and 
peaches ;  the  apples  were  five  for  a  penny,  the  pears  were  one 
penny  each,  and  the  peaches  were  twopence  each,  and  he  got  a 
dozen  in  all :  find  how  many  of  each  kind  of  fruit  he  bought. 

25C.    If  be  expanded  in  powcro  of  x,  shew  that 


(!-«.)(! -!) 


the  coefficient  of  fc"  is j-i i~ . 

257.  £hew  that  {[«}*  is   less  than  |(^±lL^?«±i>y,    and 
that  ^Y  is  law  than  |"("+^)'|". 

258.  If  n  be  a  prime  number,  and  N  not  divisible  by  «, 
shew  that  A^  +  1  or  iV"  - 1  is  divisible  by  n' ;  where  m  stands 


259.  A  number  taken  at  random  is  squared  Shew  that  it 
is  an  even  chance  that  the  digit  in  the  units'  place  of  the  result 
ia  an  even  number,  that' it  ia-41»  Ithat  the  digit  in  tlie  tens' 
place  ia  an  even  number,  and  that  it  ia  59  to  41  that  the  next 
higher  digit  is  an  even  number.  .  _. 

r..„ .,Cjt)t)gle 


568  UISCELLAKEOnS  EXAMPLES. 

„„   ,   ,.  ,(l+e!e)n  +  <fx)n+<^x)...  .. 

260.  IntheexpBiwMMi  of  ;j^ — ^7= ,  , ,, — i-r — ,the*iiitin- 

'  (1-  (w)  {1  -  <rx)  (I  -  c*a!) , ., ' 

ber  of  fiictors  being  infinite,  and  e  leas  than  nnity,  shew  &nt  the 
coefiEcent  of  af  u  -^^^i^^^i.^^^i  ^^^  ,.\l_^^ 

261.  If  a  and  p  are  the  roots  of  the  equation  aa?  +  bx  +  c  =  0, 
find  the  valae  of  «*  +  a'^  +  fi*. 

2G2.     If  the  m**  term  of  a  series  in  harmonical  progression  be 

M,  and  tie  n"  term  be  m,  then  the  r*  term  will  be  —  , 

263.  The  first  term  of  a  certain  aeries  is  a,  the  second  tenn 
ia  b,  and  each  subsequent  term  ta  a  geometrical  mean  betireen 
the  two  preceding :  shew  that  as  n  increases  the  n*  term  tends 
to  the  value  i/(a^. 

264.  If  T  be  a  proper  fraction  shew  that  it  may  be  expressed 

thtia:  r  =—  +  —  +     ■    -  +  ...+ ,  where  ft,  q„...o  are 

positiTe  int^ers.     Take  for  exajnple  = . 

265.  The  diameters  of  two  coins  are  -81  and  -666  IncheB 
respectivelf :  find  the  smallest  number  of  coins  w^hich  can  ba 
placed  in  a  row  of  9  feet  lon^  Find  also  the  smallest  sum  of 
money  which  such  a  row  can  be  made  to  represent,  aapposing  that 
the  vaine  of  the  larger  coin  is  twice  that  of  the  smaller. 

266.  Shew  that  the  difference  between  any  two  oonsecutiTe 
odd  convergents  to  ^(a'  +  l)  is  a  fraction  whose  numerator  is 
divisible  by  2a. 

267.  In  a  geometrical  prc^readon  of  which  all  the  terms  are 
positire  the  arithmetical  mean  of  the  extremes  is  greater  than  the 
arithmetical  mean  of  all  the  terms. 

268.  If  a'  +  ('a(^,  and  a,b,  e  are  integers,  shew  tiiat  abe  is 
divisible  by  60  ,  and  that  if  a  is  a  prime  number  greater  than  3, 
then  i  is  divisible  by  12. 
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269.  There  aro  n  tickets  in  a  b^  numbered  1,  2,  ...  n.  A 
mail  (li-uwD  two  tickets  together  at  random,  and  ia  to  recedve  a 
nuinber  of  Bhillings  equal  to  the  product  of  the  numbers  he  dravs : 
find  the  value  of  his  expectation. 

270.'  If  A  be'tbe  present  value  of  an  annuit7  of  ^1  on  tho 
life  of  an  individual,  shew  that  in  oi-der  to  receive  £F  at  his  death- 
the  payment  to  be  made  immediately  and  repeated  annually  during 

his  life  ^-s~-  ^ ?  t  ^here  £  is  the  amount  of  £1  in  one  jeai, 

271.  If  x(y  +  z-x)  ^s{z  +  x-y)^s{x  +  y-x) 

logiB  logy  logs       ' 

shew  that  '  y"^  =  jeV = afy". 

272.  Solve  J(!^  +  a')  (/  +  &•)  +  J{x'  +  &•)  {y'  +  a')  ={a  +  6)', 

x  +  ya  +  b. 

273.  Find  a  series  of  square  numbers  which  when  divided  by 
7  leave  a  remainder  4. 

27i.    If—  he  the  n*  converging  fraction  to  ^(a'+l),  shew 

'"■  ^p"'"  (n-toni'-lo.)  "  '  "™  "'  "»""»« 

powers  of  (c, 

276.  Find  the  scale  of  relation  in  each  of  the  following  series  : 

l+4!r+18a^  +  80^+3563!'  +  ... 

1  +  2aj  +  Sx"  +  SfB*  +  13a^  +  Sftc*  +  65a!*  +  . .. 

277.  If  ^  be  the  sum  of  the  m"'  powers  of  the  »  poutivo 
quaatitieB  a,  b,  c, ...  & ;  and  P  the  sum  of  the  products  of  th« 
quantities  t»  tt^ther;  shew  that  |w-l  S  is  greater  than 
[«  — w*  [m  P. 

278.  If  n  be  a  prime  number  greater  than  2,  shew  that  any 
number  in  the  scale  whose  radix  is  Zn  ends  with  the  same  digit  as 
its  »"■  power. 
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279.  A.  iMg  coatains  6  coma,  and  it  is  known  tliat  iiity  can 
be  noUung  bat  Bbillinga  or  soTerelgnB;  two  ahillings  are  drawn 
togetlKU',  uxd  are  not  replaced:  detenuine  tlie  value  of  another 
draw  oT  two  coins. 

280.  If  n  b«  a  posltiTe  integer,  and  m  sodi  that,  no  denonii- 
tmtor  vaniabes,  Bhew  that 

1  /I       \.  "       jt      \m.\  n{«  — 1)         ,,      .__, 

■'lm  +  »-i  {m  +  n-3)IS    '^*-;- 

281.  Determine  the  limits  between  which  -^-5 — ;; r  lies 

for  all  real  values  of  x. 

282.  Solve«'  +  y*  =  a*,     (x'  +  y^*  +  (2a:y)^  =  J. 

283.  If  -'  be  the  n""  convergent  to  the  continued  iraction 

—  i I —  ...  shew  that  p    and  7    are  peapectively  the  co- 

a+  b  +  a+o+  ^"  ^"  '^  / 

efScients  of  a/""'  in  the  expansions  of  the  expressions ._.  .^    „.    .' — j 

,  a  +  {ab  +  l)x-  ie* 
""'^l- (06 +  2)  «'  +  *•■ 

28i.  Shew  in  the  preceding  Example  that  if  X  and  /i  are  the 
values  of  x"  found  from  the  equation  1  -•  {{ih  ->■  2)  x*  +  %'  =  0  ; 


285,  Find  two  numbers  such  that  tho  first  may  be  equal  to 
the  product  of  the  digits  of  the  second,  and  also  less  by  100  than 
twice  the  second. 

2S6.  If  A_  denote  the  value  of  an  annuity  to  last  during: 
the  joint  lives  of  m  persons  of  the  same  given  age,  shew  that.  th« 
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value  of  an  equal  anutiitf  to  oonliniie  bo  long  aa  there  is  a  sur- 
vivor out  of  n  persona  of  that  a^  may  ke  found  by  means  o£ 
tables  giving  the  values  of  A^  from  the  formula 

287.  If  x,y,z  he  real  quantities,  shev  that 

cannot  be  negative ;  provided  that  any  tTro  of  the  tiuee  quantities 
a,  b,  e  are  together  greater  than  the  third.  ' 

288.  Shew  that  any  square  number  is  of  one  of  the  forms 
dm  or  5m lb  1.  Shew  that  n'—nia  always  divisible  by  30;  and 
jfn  be  odd  by  240. 

289.  A  bag  contains  n  balls,  but  nothing  is  known  about 
their  colours.  A  ball  is  drawn  out  and  found  to  be  black;  it 
ia  replaced,  and  then  a  second  draw  is  made  with  the  same  result : 
supposing  the  bait  drawn  the  second  time  to  be  replaced,  shew 
that  it  is  3»  +  3  to  n— 1  in  favour  of  a  third  draw  giving  a 
black  ball. 

290.  If  a;  is  a  proper  fi-action  and  p  positive,  ahew  that  mV 
is  indefinitely  small  when  n  is  indefinitely  great. 

291.  If  1,  at,  a;*  and  1,  ^,  y*  be  each  in  h.p.,  shew  that 
—  y*,  y,  X,  tt?  will  be  in  a.p.,  and  that  their  sum  will  be  as'+j/', 
supposing  a;  +■  y  not  to  be  zero,  and  x  and  y  not  to  be  unity. 

292.  Shevrthat  Vr-t-Z^i'-^-Vr'' -i- ...+{in-'^)^j' 
r(l  +  flr  +  r^-{(2ft-l)(l-)-)  +  2}'7^"-4r-*' 

293.  Shew  that  if  r  be  less  than  unity  and  the  series  in  the 
preceding  Ibcample  be  continaed  to  infinity  it  wiU  be  convergent : 
and  find  the  sum  to  infinity, 

291.     Find  twosolutionainpoutiveintegersofx'  — 7y*=l. 
295.     In  converting  JN  into  a  continued  fraction  if  the  first 
two  quotienta  be  each  8,  find  N^.  (  "nn  )li- 
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S96.     Shew  that  if  x  is  positive  the  leairt  value  of  tbe  fracUon 

8!'  + 2a*  .       . 
IS  when  x  =  a, 

X 

297.  The  amount  of  fiiel  consntned  by  a  Bteomer  Tsries  as 
the  cube  of  the  velocity.  She  conBumes  1  '5  taaa  of  coal  per  hour 
at  16  shiUiogs  per  ton  when  her  speed  is  15  miles  per  hour.  She 
ooBte  for  other  expenses  16  shiUinga  per  hour.  Find  the  least  cost 
for  a  voyage  of  2000  miles, 

•  298.  Shew  that  if  any  odd  number  has  an  even  digit  in  the 
tens'  place,  then  all  ita  integral  powers  must  have  an  even  digit 
in  l^e  tens'  place. 

299.  There  are  three  tickets  in  a  bag  numbered  1,  2,  3 ;  a 
ticket  is  drawn  and  put  back :  if  this  be  done  fonr  times,  shew 
that  it  is  11  to  40  that  the  som  of  the  numbers  drawn  is  even. 

300.  Prove  that  the  continued  fraction 

111       1  „ 
j-rr- i-^- 

1+5*5*        s 
,h».        «.jlj-jL+jL-...+iziri. 

Henoe  find  the  value  of  the  continued  fraction  when  n  h 
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V.  2.  9.      3.  70.      4.  6.       5.  y*+lly'+47jf*-i-93y  +  69. 

VI.  1.  a;-2.         2.  a!+3.  3.  a!*+2a!  +  3.  4.  aj  +  1. 
5.  3a:  +  4a.        6.  as-y.        7,  3a!-7.        8.  a;-l.        9.  aj-2. 

10.  a!*  +  a!  +  l.            11.  aj  +  2.            13.  a;- 3.  13.  2a!-l. 

14.  x~y.        15.  a'  +  2a!  +  3.         16.  a(2a-3a!).        17.  2a!-9. 
18.  ac-Jy.               19.  a:'  +  (ffl'+y)a!  +  y*.  20.  (a: +  1/. 

21.  2a!'-4«'  +  a!-l.        22.  x-2a.        23.  a:-2.        24.  a;*-!. 
r..„ .,Gt)tH^lc 
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TH.     1.   (2i'+3a!-2)(3an.l).  8.   (i"-l)(«  +  S). 

3.  (•■-9a!'+23i-I5)(»-J).  4.  (3«-8)(4i"-4i"-«+l). 

5.  (>! +!)■(>!■- 1).  C.  (j^-y-Xji'-ljfl.  7.  Ifa'-l. 

8.  a!(i;"-l).      9,  («>- <«■)■.        10.  («- 1)(«-2)  («- S)  (>!-4). 
11.  (»-2)(i-3)(:c-4)(«-6).  12.  (i'-IXi'-SXji+T). 

13.  «'-16o'.  14.  («i-o)(x-S)(»-«), 

15.  (•+«){2»-8S)(»'+<i«-6"j.        16.  36(o'-6')(o'-J")"(o"-6"). 


Via  1.  ii| 
3a)-l         _   3x+2         „   Sx  +  S         „  3aj  +  9 


— 5.     ..  — ^.     3.^-3.      4.  0  +  5.      5.  «  +  l. 
a!  +  7  as-5 


-1*        '•  x+l'  33:-4*  a!*-a^+6a:»-6«+6  * 


10.^,.     11.  ?r^^?^:.     U. 


('^-l)' 


B'  ■a:"-2i-3'     '■a!"-2n.2'      ' *  i"-3«  +  l' 

14.  ?Ll^.       15.      '.       16.  !>l±«±iQ.      17.  4±|;. 

18.  J.         19.  ,,  r^v    ■  20.  -.         21-  7 4 ST.- 

"  ■  (4a:'  -  1)  aj  n  {x-l){x+  2)' 

23.  ,  .   ^^7„^     „,.  23.  ^^'.  24.  -^.        25.  0. 

(se*-  l)(2a!+3)  a:* -6"  x  +  2 

26. -?2^..        27.  ''rJ'^J''.        28.^.      29.^2-. 


}■■      ''--fFr^T--      '"(ir^- 


.,Gt)tH^lc 
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59.  !^±5±1.  60.  «--6Vc'+2<«r.  61.  ^±^. 

X  x-y 

ol  a-ft'+e'-soe.  63.  = .    64.  65,  r-,' 

So*  ic+0a-ao  (»6((t-6)* 

W--A.'°''."t'    .        70.-^.         71.<^.        72.  ™. 
6*  +  c'  +  6V  s^  +  y  2a'b' 

75.4^.     74.  fei^.    75.-,*    „■     76..-?^ 


■  3(^+1)'    '  ;  b<(/  +  be  +  <:f 

3.  3.         i.  11.         5.  ^.       6.   13. 


7.  8. 

8.  1. 

9.  7. 

10.  7. 

U.  4. 

12.  3. 

IS.  5. 

».  !8. 

15.  2. 

16.  2. 

17.  3. 

18.  10. 

19.  IJ. 

20.  2}. 

21.  5. 

22.  i. 

23.  13. 

24.  9. 

»S.  4. 

86.  4. 

27.  9. 

-A- 

29.  is! 

,-o.i. 

3i:  4. 

92.  56. 

33.  7. 

34.  8i. 

35.  4J. 

36.  2A. 

J7.  It. 

38.  3. 

39.  2. 

40.  12. 

41.  12. 

42.  2. 

«S.  3. 

44.  -2. 

45.  1. 

46.  1. 

47.  5. 

48    '" 

«.  Si. 

50    ^- 
™-  25 

61 

'd'         ^^■ 

-:|.^r . 

54   ?*"' 

■o  +  t'S-o 

-b-e 
1         ■ 

55.    y  . 

56,   "*<• 

*4-2») 

57.-:^ 

pa- 

ja.     58. 
n* 

62.  2. 

63.  20. 

ni-no 

«'  +  6 

-o«-4o- 
61.1 

64.  6. 

.       X.    1.  £1290,  12580.  2.  £120,  jE30a  3.  i^. 

4.  1140.  5.  28,  18.         6.  38childfeii,  76  women,  152  men. 

T.  JCraO.  8.  1U4, 1240, 1210.  9.  1350,  £450, 1720. 


^,Gt)t)gle 
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10.  A  £162,  B  £118,  G  £104.  11.  3456,  2304. 

12.  126  quajts.  13.  £2.  IS*.  14.  £3. 10& 

15.  £600,  £250.  16.  400  incheB,  17.  30.  18,  42. 

19.  7,  8.  20.  8,  6,  3,  2  ;  24  kings  in  all.  21.  3. 

23.  6  ahilUngs.  S3.  £3600.  24.  11  oxen,  24  alieep. 

25.  5  BhillingB  taken  by  each  ;  there  w^ere  20  shillinga  in  the  purse. 

26.  240.  27.  90  by  180,  and  100  by  230.  28.  48  minutes. 
29.  £8750.  30.  5.  31.  60  oranges  and  240  apples. 
32.  10  from  A,  4  from  B.         33.  11,  22,  33.         34.  £420.  lOjt 


6i"i  past  o 


■  6  + 


37. 

2..  M. 

38. 

40. 

=  7. 

3.  a!  = 

.16, 

y 

-7. 

6.  X 

■..i. 

y 

.6. 

9.  a:. 

=  12, 

V 

»8. 

12.  «  = 

60, 

v= 

36. 

13. 

15.    J!. 

.18, 

y 

.6. 

18.  «. 

y  = 

=  1. 

XL     1.  x=U,  y  =  4.       2.  ai=6,  y 
4.  a)  =  2,  y=13.  5.  a!=8,  y=l. 

7.  «  =  3,  y=5.  8.  a  =  3,  y=4, 

10.  x=i,  y=S.  11.  a:  =  10,  y=20. 

13.  a!  =  12,  y=20.         14.  a!  =  -6,  y=.l 
16.  x  =  7,  y  =  ll.  17.  fl!  =  2,  y=7. 

10  2 

19.  a!  =  4,  y=l.  20.  x  =  ^,  y  =  -. 


2S.x=y=m.n.     20.  x=3a,  ,j=-2b.     30.  :.=^,^j^^,  y  =^^^. 

31.  x  =  b  +  c,  i/  =  a  +  e.  32.  fl!  =  (o4-i)',  y  =  (a-6)'. 

XII.     1.  a:  -  7,  y  =  5,  s  =  4.          2.  a;  =  2,  y  =  3,  s  =  4. 

3.  «=!,  y=2,  *  =  3.  4.  iB=2,  y  =  3,  3-5. 

5.  a!  =  2,  y=3,  8  =  4.  6.  x  =  8,  y  =  4,  a  =  2. 

7.  a;  =  10,  y=2,  «=3.  8.  ai  =  4,  y  =  3,  e  -  5. 


13.  iB  =  2,  y  =  3,  z  =  l.  U-  »  =  6,  y  =  y.  *=  3. 
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IS.  se=i,  jf=i,  e  =  19,  u=25. 
17.  «=3,  y  =  l,  w  =  9,  *  =  8. 
19.  a!-3,y=4,s=3,w=3,»=l. 

21..4,.|,..'^.      22... 

27.  (e  =  6+c-a.  28.  a!  =  aic,  yab  +  bo  +  ca,  z  =  a  +  b+e. 

XIIL    1.  g.     2.250,320.     3.^,     4.8,6.     6.  42*.,  26fc 

6.  75t.  and  35*.       7.  5  and  7.       8    7,  10.       9.  2a.  6rf.,  1*.  8rf. 

10.  1,3,5.  II.  Tea,  5«.  per  pound ;  sugar  4e/.  12.  fiO. 

13.  ^3000,  jE4000,  £4500,  at  4,  5,  6  pw  cent  respectively. 

14.  SOperBona;  6BhiUiiigaeacL  16  8aodl2.  16.  £540;17pence. 
17.  300,140,218.  18.  £70.  Anoxco3te£10andalanibl8«.9d: 
19.  A  wins  21  games,  B  13  games.  20.  A  lit.,  B  38«.,  C  33«., 
D  32s.,  E  36s.      21.  90  miles.        23.  A  could  do  the  work  alono 

in80days,5in48d(iy8;  J  most  receive  ^  of  the  money,  and  £  5^ 

of  tlie  money.  23.  j4  in  5  minutee,  £  in  6  minutes. 

24.  2  J,  2  miles  per  hour;  distance  5  miles.      2S.  100  miles;  original 

rate  25  miles  per  hour.  26.  AZ%B\LC&.  27.  A  in  ^—  days, 
B  in  _^_  days.       28.  — miles  per  hour.       29.  4  yards  and 

5  yards.  30.  27.  31.  63.  32.  Coach  goes  10  miles  aa 

hour ;  trtun  goes  30  milee.  From  A  Ut  B  \a  16}  miles ;  tmm 
J  to  (7  is  20  miles ;  &om  (7  to  £  is  40  miles.  33.  600  yards. 

XIT.  1.  »       2.?^.      3.'.      4.0.       6.  itili. 
x  +  3  a  2 

8.  x=a+h.        9.  K=a,y=h,z=e.        10.  (x+l)  (a!+2)  (a!+3)  (aM-4). 

^^••■$^'-       '■'-'•        «•¥■       '■•=»-=■ 

y  =  e  — a,e=a  — ^        8.  Clear  the  given  relation  of  fractions ;  thus 

r..,,.,..;,:^,Gt)tH^le 
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W6  find  (a  +  fi)  (6  +  c)  (c  +  a)  =  0,  therefore  one  of  the  three  factors 
must  Tanish  ;  hence  the  required  result  follows.  9.  Each  child 

obtftmflil920.  12a.,  and  each  brother  £960.  6«.  10.  a!  =  -3a. 

XVI.    1.  l  +  4a:  +  10a:'+12a;'  +  9:e* 
2.  l-2a;+3a!'-4a^+3a:*-2a!'  +  !c'. 

4.  l+6a!+15ai'+20a!'+15a!'+6a;'+»'.  5.  2{'[+15x'+\Bxi*-¥3:f). 

9.  The  numerator  will  be  found  to  be  equal  to  5  (I  +  a:^'  and  the 

denominator  to  (1  +  af)',  so  that  the  fraction  =  = — -j  . 


XTII.    1.  x"-**].          2.  >?-2a;-2. 

S.  2a:'  +  3«-l. 

2a!'-;t+l.             S.  2i'-3™  +  4.'. 

6.  Sa^-Sax+ia'. 

(x-.):    8.  aVS-.    9.  («•+»■)  (<■+,;•)• 

10.  a'-6'+c'-e^'. 

.-2-1.                 12.^-!+?. 

11.  a'  +  {2b-e)a  +  e:      16.  (a - 2i) se* - <«  +  26 - 3.       16.  114. 

17.  af-Sx  +  2.  18.  2a!'+4ca!-3c'.  19.  2«'-3a:  +  4c', 
20.  5-51.                               21.  9009.  22.  22-22. 

23.  niUllU.  2i.  x--.  26.  The  given  expression 

=  (ic'-ys)  {{ic'-ya)*-(y'-aa:)(«'-a:y)[+  two  similar  expressions 

=  (a!'-y*)a!{a^+y*  +  «'-3!ry»}  +  two  similar  expressions 

=  {a;'  +  J'■^«'-3xJ«}^ 

XVIIL    1.  **,        3.  a-'l       3.  J^.       4.  1.       5.  (")". 

6.  oSj"i+a*ft4  +  a-l6'.  7.  aJ'  +  asiy-aiy*-!/*.         8.  a'-l. 

9.  o  +  o*-l+a"i  +  o"'.         10.  -4a"'6~'  +  9a"'6.         11.  as  +  y. 

12.  a!!-xia*  +  «i.  13.  a'  +  l  +  a-.  U.  S*"- Say  +  Sy". 

IS.  a  +  ttifii-fi.         16.    ^  V"     ■•         ^"-  !i"'^'^"ri- 
ar  +  Saw  +  a  ic'  ^y* 

18.  2tf'-36'+4el.  19.  I6a:t_16a,^  +  12-4a:-*  +  as"V 

XIX.    1.  a*  +  a'6*  +  a*6*  +  a«'+o*6*  +  Ji. 
3.  2*  +  2'.3*  +  2*.3*  +  2. 3  +  2* 3^  +  3!. 

r..„..    .    CJiTw^le 
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3.3«-3.5'+3l5l-5!.     4.  -2679492.     '■  3^^-*  +  '^^ 

8..-2j6'-S.       9.1  +  ^3.        10.2-^3.        11.^5  +  ^2. 

/25         /7 
11.^10  +  2^2.  13.3J1-2J3.  "-VT^Va' 

19.  |.y3-8.  20.1.  21.  1+^2+ ^'3- 

22.  l+y?-y|.       23.  V6W3-V5-1.        21.1  +  ^/2- 

25.  1  +  V«.         26.^3-^2.         27.  V6-V«-         29.  a;  =25. 

ah                      o*+6'+c*-26c-2ca-2a6 
30.  «i.7.       SI.  «.-=t:.^32.  a!^ E 


XX.    I.  x.l,  3.         2.  1,  4.        3.  j,    J. 
.3,1.  0.   17,|.  7.-4,-6. 

.3,11.  lO.L-1.  .a,-? 


.^.  J,  ■ 


-1       '  14    i       i.         IS.  4,-1.  16.  3, - 

■  10'    11  ■  ■  13'    60  ' 


7 


18.  6,-1.  19.  5,- 


22.  3,-J..        23.  10,. 


-'=-i're-      2'''^''-        *'■-''^       '"■-I- 

29.S,-?i.  30.2,16.  31.-2,-16.        32.6,-3. 

33.3,-5.  34.29,-10.        35.10,-29.  36.  1,  g. 

87.3,-*.  38.2,^.  39.8,-8.  40.10,-^. 

r.,„ ^,Gt)t)gle 
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41. 

2,-3. 

«•"■¥■    "■'.-"     "■'.-!■ 

45. 

3.-|. 

46.  t,  1,            47.  ^,  1.              48.  0,  4. 

49. 

o,|. 

60.  1,-?.          61.  2+V3,   and -(3 +^3)  2. 

62. 

aJ.6. 

63.  a-J(,a--i-).            64.  i±|,   il^. 

65. 

J|a  +  i  +  « 

*V(»'  +  6'  +  c'-aA-6c-(!a)}.              56.  a  +  6  +  c. 

67. 

-0,-6. 

jg   a'+6-*^l(.--6T*4.6^ 

-206                   ■ 

69. 

».^ 

-S«                    „„   2«-i       Sa  +  26 

61. 

JTTTl  t«*  +  6«  +  ~  •■  yi"''"  +  6'''  +  «'•'  -  o6e  ("  +  6  4-  o)a 

02. 

""•^(2^ 

In  the  following  Chapten  the  in&tionfd  roots  axd  tlie  impos. 
eiblo  roots  hsTe  not  always  been  given ;  and  some  of  the  roots  given 
ara  net  applicable  ;  see  Arts.  329,  330. 

XXI.  1.  1,  J.  2.1,-2.  3.  (-41)',  9.  4.  U",  (-1)". 
5.2,3.  6.  2-,  (-!)■.  T.  (->»V(<.-e)|'.  8.*  11. 
9.  .a2,VI0.     10.8,^.    11.  8,(-'i,;2)'.     12.  2^(-|)«. 

13.4,-1.        14.4,1.        15.   16,(-y)'.       16.  (-l)',g)'. 

17.  y,'       18.  2-,l.     19.9,-'!.     20.*5.     21.^^*=^. 

i     4  2*  '      o  2 

22.  16,0.  23.  18,3.  24.  2'  =  8  or -10  ;  so  that  «=- 8. 

25.  5,-8.  26.  0.  --/-^a.  27,  a!'=-^  or  ~  , 

'  *     2  n-2       n+1 

28.  a^  =  -«i*l(a'-6»)s'3. 

r..,,.,..;,:^,Gt)t)gle 
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29.  {J{x+2}  +  J(i^+2x)]'''ia-x-^x)',  a qvxAnHc  in ^x,  tnm 


wbid.>.-'""'-~'''"  "■■"'.  30.   1, 


(.  +  2)- 


31.  Multiply  np  and  ammge  x{J{a-x)-^(a^^))-^a{J{a'^a^-a}, 
iiquiii.,ta.«-0.*5^.     S2.  *2o.         33.1,-^1^.    34.  1,  i  . 

35.  i2o,i2»V(-I).        36.  a^.Oop     *''"  "^        ^ 


■^.   40.V2.   «.0,°"'^.<-«"'. 


11.0,*^ 

%■     "■«'  =  »■     «--=?^- 
*6.  a!'^?^.  47.{<>i.V(c'-l)}^.    48.0,JJ.    49.  *2»,  *aV(-S)- 

53.8,-^.  64.^.  55.   l,l^^ 

''^-   ^■K^ff!4-         57.  0,-1.  58.  0,  J(-6*y5*^^)- 

69.  0,  i{(i  +  ft+c*V(«'  +  6'  +  '''-26c-2co-2a6)}. 
60.  0,  — ^.      61.  0,  ±V(«'  +  *')-       62.  0,  ±  ^{mn  +  o (« - «)}. 
63.  0,  a  1 1  ■*•  2     I  "}  •  ^^-     Transpose  and  squikre ;  we  get 

2j:(2a;  +  1)  J{^  +  2)  =  2  {«'+  1)  (2a:  +  1) ;  jt  will  be  found  from  this 
that  the  only  solution  is  a:=- J.       65.1.      66.4,-9.     67.0,2, 

68,  0,-5,  A.-^.        69.1,-4,-^Y°'-  ^"-^'l 

n.  2,-5,i{-3±V241}.         72.  a  +  2,-— *-.       73.  %-\- 
74.  1,  —  2.  75.  a:'  +  6iM!  =  -5a**^(a*+e');  whence*; 

76.  aj^  +  3a'=7  or --;  whence  a;. 

77.  ?llf'=^5j!l^,4c;  aT  =  ^(-l*^5). 

ox       » — ar  'S  ^^         . 

r..:„i.7.<iT,CjOOglC 
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79.  (a:"-a:)'-(«'-a!)  =  o.  80.4,-3. 

81.  y«  +  V(«*')>'+v'«+V('*')-42.    ^-Oorgy. 

82.  (j!-4yrt)V2(«-47i)  +  l=0.    ii=7*4V3. 

83.  W«  +  »'(»*41'+V"i  +  y(»  +  «)-»  +  »;  io. 

84.  (a;*  +  a;)'  +  4{a!'  +  a;)  +  4=16ar'.   fl!=lor2. 

86.  (i'*<.")'.2o>-a)'.         86,  (n- -lY  +  af.  +  i^  +  S--. 
\        ax/         \        ax/  a 

89.  ^fB  -  -1-2  /"se  _  i^  +  1  =  0  aft«r  expunging  J(x  ~  1). 

90.  J  +  ^3*J(i  +  'iJZ),  l-V3*^/(3-3^3). 

91.  (x+l)(:^-x  +  l)  =  0.  92.  {a!+l){l+n{a?-a:  +  l}}  =  0. 
93.  x  =  5  is  obvioualy  one  solution.  04.  k=S  is  obviously  one 
solution.                     95.  a:  =  5  is  obviously  one  solution. 

96.  «  =  0  is  obviously  one  solution.  97.  (a^-i)  {x  +  l)  =  0. 

98.  x^a  ia  obviously  one  solution. 

99.  aE*-l  +  8(2!C-l)  =  0;   therefore  a:  =  J  is  one  solution. 

100.  3^— Q  =-(!C  +  5  1 ;  therefore  «  =  — a  is  one  solution. 

101.  a^  — 1  is  obviously  a  solution. 

1 02.  X  ^  —  m  is  obviously  a  solution.  1 03.  x  =  a,  b,  or  —  (a  4  6). 
lOi.  x+p-1  is  a  factor.                       105.  x(p~l)*l  is  a  factor. 

XXII.     1.  ${x-5)(x+^y  2.  (a;  +  C0)(*  +  13). 

5.  2(a!  +  2)(a!-|Y      4.  (x-62){x~2G).      5.  ar"-  Ua;  +  48  = 

6.  a!'-9i«!  +  20  =  0.  7.  a!'  +  a:-2  =  0.  8.  a:"- 2^-4  =  0. 
9.  42,36,117.             10.  t»=8.              11.  ^^^■/>0''-3y). 

12.  e3f  +  bx  +  a  =  0. 

r..,,.,..;,:^,Gt)t)gle 
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XXIIL    1.  ai  =  *3;  3,-**.  2.  jc  =  60,  40 ;  y  =  40,  60. 

5.  ai=2;y=2.     4.  a:=4,-^;  y  =  3,  | .        5.  3!=7,  5;  y=-5,-7. 

6.  !8=3,  6;  y  =  6,  3.  7.  a!  =  *7,  *4j  y  =  ±4,  *7, 
8.  »=-!.  5;  y— 1.5-  9-  «=!;  y  =  l. 

10.  «  =  *3,  *8;  y  =  *5.  11.  a:  =  5,  ^„^ ;  «  =  9,  ?I? 

'  *  '  28  '  ^       '  84 

12.  «=*3,*36;y=*5,T^.        13.  ie=*3,* J- ;y  =  ±2,±-\^  . 

IS.  x=*3,i-^;  j,=*l,..ij,.      16.  «=*4,.'.3V3;y.*5,»V3. 
"•— jll.^-^-  .8...3.-g,.  =  -4,f. 

19.  '-'■^l-.S-^^Jl-  20.  a;  =  -.6,j=*3,,3. 

21.  »-»3V2;  y-ji.rjl.  22.  j;.0,  4;».0,5. 

12 
23.  «=0,-I;  J-0,-.5  .  2i  ai.o,  15;  y-O,  45. 

25.  i.0,3,»V2;y-O,2,2»V2.  26.  ip=0,  4,-2;  j-0,  2,-4. 

2'.»'-5,  5^;y.3,g.  28.  «.4,  2;  ,  =  2,  4. 

29.  ».2,  0;  j  =  0, -2.  30.  aj-l,  4;  y.4,  1. 

31.  ».l,  10;.v.lO,  1.  32.  «.3,  2;  y  =  2,3. 

33.  1.8,  4;y-4,8.  34.  »»17,  1;  !,  =  1,  17. 

35..  =  4,2,-l.yy;,=  2,4,-l,y^. 

36.  a;  =  4;y.l.  37.  a:.  1,  4;  j/  =  4,  1. 

38.  >!=2,  3  ;  j,-3,  2.  39.  «=*2,y.i2;  or«.»2,  y-,2. 

40.  «.3,y  =  l;  «=I,y,3.        41.  i-S, -2;  j,.  2,  -  5. 

42.  «=.i2,..l;  j.*l,.t2.      43.  »!-l(9V73),y-H0»V73). 

44.  «-i3,i2;  y-*2,4.3.        45.  «...5,*3;  «.-,3,.5. 
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46.  x=a3,>i-2j  y-*2,^3.  47.  The  first  equation  majr 

be  written  thus,  ay(y +  a:-3)  =  5(4a!  +  y-a!j^);  combine  this  with 
the  second  equation  «=*  J(-~  3),  *  ^3;  y  =  3w  J(-  3),  *  2  ^3. 
48.  x  =  S,  2;  y  =  2,  8.  49.  !C  =  9,4;  y  =  4,  9. 

50.  ar=8,  64;  ff=64,  8.  51.  x=5,  13;  y  =  4,12. 

52.  !e  =  4,»;  y=9,  4.  53.  x=2,  8;  y  =  8,  2. 

54.  V*  =  2*^/6.i{-'^/a5)-5|;^/y=-2=t^/6.4{*^/05)  +  5}. 

55.  a!  =  5,  y  =  3.  66.  at=  ±  l,y-3.  57-  <e  =  ^,  !f=-^. 

58.  a-=H»'*V(«*+^6*)l;    j'  =  4{-'»'*V(''*+«')t- 

59,  a!y  =  J{2o*±^(2a*  +  26*)[;  whence  we  may  proceed, 

t           .                      CI               3ai-a'           ,    3ab-b* 
61.  a!  =  o,  6;  y  =  6,  o.  62.  a!  =  a,— j—  ;  y  =  6, r-  . 

63.  Proceed  M  on  page  199.  6{.  x'  =  *'-^,  *a*;y'=-^,  0. 
65.  x  =  0,  2{o  +  6);y=0,  2a6.  66.  4axy={\-xy)*;  thisgivesa 
quadratic  in  ™.  67.  ^*^=^,  thus  ja=  ^°^  "^  °K  ^ 

68.  »-"'^if  y ;  /-«»-;'■      69.  a!'=i'{2±^3};y'=«'{2Ts/3{. 

70.  Add;  thnaa!'(a;-l)'+y'{y-l)'  =  a  +  6;  also  the  first  giveu 
equation  may  be  written  x{x—\)+y(y  —  \)=a;  thus  we  get 
a:(i-l)  =  i{«*V(2'i+26-*')};  y(y- 1)  =  J{«=p  ^(2a  + 26-0^}. 

71.  a:  =  0,  2a;  y^b,~b;  z  =  c,~c. 

"■  *=2' ae'^^S'  13''=4'r4-  "■  Tt»e  simple  equations 

for  finding  aiy,  y«,  ase.        74.  Three  ^mple  equations  for  finding 

— ,    —  ,    —  :  also  a;,  Vi  smd  z  may  each  =  0. 
xy'    yz     ex'  ^  "'  •' 

75.  From  the  first  and   second    equations  by  subtraction  x=y 

or  a;  +  y  =  e ;  then  use  the  third  equation  to  complete  the  solution. 

We  shall  thus  obtun  a!=y  =  *{  {2<!  +  a*^(o'+ 4(W-4c')}*,  and 

*={2e-ai.7(a'+4ac-4c^}H-4a!;  or  x2J2=J{a+e)+J{5e-3a). 
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76.  Form  a  quadratic  in  x;  then3  =  6or~g;  wj^  the  first  value 

3BS  190 

we  get  x  =  i  and  y  =  5 ;  with  tha  ceeond  x  =  -j~- ,  y  =  -^  . 

77.  By  oliioiitatiiig  ^-we  get  x-t-jf*  —  =  ;;  and  ay  + =  s  ; 

ss^     A  xy       U 

Atn^re  (sB  +  y)   (  1 )  =    ^~     ,  Ac     2,  1,  J  are  the  valueB 

of  ic,  y,  <;  these  values  majr  be  arranged  in  six  ways. 

78.  We  may  deduce  a!y«=  Oj  thus  one  or  more  of  the  three  x,  y,  « 
must  he  zero.  The  results  aie  0,  0,  1,  which  may  be  arranged 
in  three  ways.  79.  a!=o*-i-*^(a'+6'+c^, 

80.  Form  a  quadratic  in  x  +  y-t- «  which  gives  9  for  one  value,  this 
leads  to  a  cubic  in  xy,  of  which  the  roots  may  be  seen  to  be 
6,  8,  12;  hence  for  the  values  oi  x,  y,  x  we  get  2,  3,  4,  which 
may  be  arranged  in  six  ways. 

XXIV.     1.  15  and  24.         2.  3.4. fi;  that  is,  60.        3.  120 
and  121  yaj^  4.  Five  miles  per  hour.  5.  66  on  one  sid^ 

22  on  the  other.  C.  2S  acres.  7.  11.  8.  ^(l4-,y&)iB 

theprodacodpart;ab«ngthe^venline.  9.  60andl5.  10.  18. 
11.  N'inepence.  12.  30  Austrian;  36  Bavarian.  13.  5  and  4, 
14.  The  first  worked  24  days  at  4«.  per  day ;  the  second  18  days 
at  Zb.  per  day.  15.  15  persona;    each  spent  5   shillings. 

16.  100  shares  at  £16  each.  17.  a!'+l'=9(3)4-l);  therefore  a!'=9; 
the  number  is  3.  18.  7  per  cent,  and  6  per  cent.         19.  Bate 

of  train  is  ^  thatof  coach;  14miles.     20.  ^  40hours;  £60houis. 

21.  70  miles.  22.  150  miles.  23.  6  hours  and  3  hours. 

24.  15  hours  and  10  houre.  25.  36  workmen,  and  each  carried 
77  lbs.  at  a  time;  or  28  workmen,  and  each  carried  45  lbs.  at  a  time. 


XXT.     1.  1.     4.  The  expression  = 


a6e(3fflfe-a'-6'-e^ 

(2oV6c)  (26'+M)(2c'+oi) ' 


then  see  Art.  55.      6.  1  +  a;' +«■-«•. 

i/i  -    - 
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8.  I  {J{1*  «  +  «■)  +  ^(1  -  «  +  n')].  9.  «  =  10. 

12.  We  get  by  working  oat(!>'xa/+a'y^-a*b')'+a'b'{x^-yx^*=0. 

13.  ^30.      U.  2,5,9.     16.  x=0,  |.       17.  «=1*^2, 1*^(-1). 

18.K-1,  2,  3,  ^{-n*V(-23)}.  U.x  =  S^J5,l*J5. 

20.  ^(2a!-l)-^(5a!-4)=^(4a!-3)-^(3ar-2);  then  square;  x=\. 

21.  x-a+ic  J{x-a)  +i<^  =  x*  a-  a  ^{x  +a)*iV;  extract  the 
square  root;  a;=(c*6)*+ j^ — ^.       22.  na!=n{a!+a-o);  divide  by 

^(«.+«)->;«=0.^^^.      23.  «=«,i(a+6);y=6,i(a+fi). 

24.  a!=-^;  y=-^.  23.  x  =  5,  |;  y  =  2,  -? 

a  +  b'  '     a  +  b  '  5'  '  B 

26.  2x'=a  +  e~b*^{a'  +  b'  +  <^-2be-2ca--2ab);  x  +  y=e. 

Ahox  =  J{ac),  !/  =  J{bc).  27.  x  =  2,  y=|,  «  =  1. 

28.  Add  the  four  equations ;  thus  (v  +  »  +  y + s)'  =■  4  (a  +  6  +  c), 
and  from  this  and  the  firat  given  equation  (u  +  a:  —  y  -  a)'  =  8a ; 

2t.  =  *  ^(a  +  6 -f  e)  *  ^(2a) -.  ^(2fi)  *  V(2c). 

XXVL     1.4:  9;  10:  12.  2.7:15.  3.  18  and  27. 

5.  Short  road  from  ^  to  £  is  2G  miles ;  from  £  to  C  52  miles. 

■     6.  Either    xa-yb^sc-i— -:  ;   or  eke  xa-t-yb  +  io=0 

"  be  +  ea  +  ab  " 

and  x  +  y  +  e  =  -l.        11.  «=6,  3/=8,  s=10.        12.  a!=*a(6'-c^, 
y  =  *6(c*  — a"),  s  =  *c(a'— 6*);  also  a;,  y,  and  «  may  each  =  0. 

2   8   32 
XXVII.  1.3.     2.6400.     3.57.     4.—^ .       9.  Suppose 

ad=bc;ai^a*d^{b+c)  =  a-b~(e~^J^~^^^^~''\ 

10.  In  the  first  the  wine  is  ^  of  the  wliole ;  in  the  second  |. 

11.  .il  has  .£72  and  £  has  .£96;  each  stakes  ^  of  bts  money. 

12.  .Female  criminals  four-fifths  of  tlie  male. 

r..„ .,Gt)tH.^lc 
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XXVIII.  1.  9.  2.  a=5b.  3.  4.  i.  1.  C.  |.  7.  10, 
8.  27ai'-V-        9.  y=2a:+?.      10.16.      13.10.     14.  (r'+r^)*. 

15.  We  hare  y  +  s  —  aj  =  ji,  (jc+'y  —  «)  (i  +  s  — y)  =  jBys  ;  thus 
«s*—  (y  —  «)'  =  2(ya,  therefore  as*—  (y  +  «)'=  (5  -  4)  ye,  therefore 
(x^y-*)(a;  +  y+a)  =  {Zf-4)y^or-^(»+y  +  *)=(B-4)ya. 

16.  2(n-l)hoani.  18.  4  hours. 

XXIX.  1.  1022634.  2.  321420111.  3.  3015333. 
4.  20646&  5.  209.  6.  624.  7.  2223.  8.  15^. 
fl.  1105t  10.  22441.  11.  17-6.  12.  75346-1.  13.  1341111. 
14.  124-96.                   16.  1099-39.                   16.  1589-349609375. 

17.  450,  1214;  product  613260.  18.  3483.  19.  152. 
20.  mil.  21.  44-4;inBC£Jo3itial001-2.  22.  62444261; 
■quare  root  ia  7071.  23.  1101111.  24.  8fa7.  25.  -739. 
26.  Eight  27.  Six.  28.  Eleven.  29.  Five.  30.  Six. 
31.  Pirn  35.  2"'+2'+2'  +  2'+2'+2*  +  2  +  l. 
36.  3'+3*  +  3*-3'+l.  37.  3'-3'-3-l.  38.  3'-3*- 3'-3+l. 
39.  Three  feet  eleven  inches.  40.  Twenty-three  inches  and  a  third. 
43.  r*  —  1  and  r""' ;  r  being  the  radix  and  n  the  given  number. 
43.  The  number  is  one  himdred  and  twenty. 

XXX.  1.800.  2.4.  3.-333.  4. -26|.  6.-2. 
6.  61i.  7.5.  8.425.  9.0.  10.  w(8  +  n). 

11.  ^-^-o—  -  12.  Common  difference  -  3.  13.  9. 

14.  4  or -11.  15.  2n-l.  16.  Number  of  terms  is  10  or 

12 ;  last  term  3  or  -  1.       17.  Common  difference  7.        18.  5,  9, 

13,17,21,26.  20.  ^{2+4(n-l)}   that  is  n(2n-l).  ■ 

21.1111.  22.20.  23.  J  (n  - 1)  M  (2n  -  1)  yards.  24.1,1334. 
25.  Nine  means,  3,  5,  7, ...  19.  26.  Number  of  terms  19  or -2. 
27.  5  or  - 10.  28.  4  or  7.  30.  The  number  of  terms  is 

«i+n  —  1  orm  +  n;  in  the  former  oaae  the  last  term  is  1 ;  in  the 
;iHtt«r  case  the  last  term  is  zero.  31.  4  or  9. 

^3.  p+7+(m-l)2y.  37.   17.  38.  100or-l«. 


ANSWERS.      XXX.   XXXI.   XXXII.  589 

39.  Number  of  terms?;  middleterm  11.     41.  »'.     i2.  -m(-1)*. 
43.  i{l-(2»+l)(-l)-J.  46.  9.  47.  Jn(n+ l)(»  +  2). 

m^09-n).  51-n-iV^'^-  «2.  25  months. 

53.  15.  54.  ^^  hours.  55.  408. 


-©■}• 


-ji2"-ll. 

3 

'{'- 

©■j- 

7.  I. 

8 

9. 

9.  10. 

-s- 

14. 

1 

.a.J. 

'  ■    1- 

r 

-■)■ 

J.      •■•  if.      1-  3. 
10.4.SV.     n.?5(|4). 

19.  4-(n+2)2-*'.  30.  6 

21.  U2+(-l)— ^^J.     23.81.     24.  £103,  £144,  £192,  £250. 

25.  -— -{a- (-!)■_  1}.      28.  £3.  4s.      33.  Common  ratio -^77-^  . 

33.  "y''  ~    ' — ~.     38.  r =2, 0=3  J  r  is  found  by  an  easy  cubic. 

»'?^(''4)-^»-     "•8?('<'--')4"-     «.  2,4,8,12; 


"'T'    2  '  2' 

2- 

' 

"■(1 

-r)^l-br)■ 

XXXII.     1 

6      3 

ir  7* 

^■l 

1 

5' 

1 
i' 

1 

•  ■n 

3.  Letf 

denote  it,  then  - 
F 

=  U(.- 

')(!- 

^)- 

4. 

8.  2  and  4. 

11.  2,  3,  6 

12.  The  terms 

„,^„a>; 

then  the  serieB 

con  be  continued. 

14 

We 

may  shew  that 

'-^-.-'"'t^ 

ejs  A  laidG 

™ 

thus  knoAvQ  iu  teiiiis 

^■■" 

.Google 
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(£  a  and  i,  we  can  find  the  two  quantities  in  terms  of  a  and  h. 

19.  a'  +  «ft,  a* -6',  a*~ab.  20,  The  common  difference  in 

2 
die  arithmetical  progresaion  formsd  by  the  reciprocals  ia ^ , 

XXXm.     1.1341-1323.         7.  36  miles.         8.  GigaUona. 
9.  ^jeiOO;  B£80. 

XXXrr.     1.  1120.  2.  *53600.  3.  454053600. 

A.    iifi«n  «    R  It   J^  r    20-19     19-18 

4.  34650.  6.  6.  «■  ^f^-  ^-  fTT '    -ITT' 

[95         |95  |60  \5 

*■  [a]a6'  \m^-  ®-  [12[48-        ^**-  ^'■-  "■  2- 

12.  Suppose  one  person  to  remain  fixed,  ajxd  all  possible  permu- 
tations formed  of  the  ether  n  —  1  persons.  This  gives  |w  —  I  aa 
the  number  of  vajB.  But  this  counts  aa  different  waja  a  pair  of 
cases  in  which  each  person  has  the  some  neighbours,  but  the 
right-hand  neighbour  of  one  case  becomes  the  left-hand  neigh- 
bour of  the  other,  and  vice  versa.  If  such  a  pair  of  cases  is 
counted  as  only  one  case,  we  must  diride  our  former  result  by  2. 
For  exEunple,  if  there  are  three  persons,  there  is  only  one  way 
of  arranging  them,  in  the  latter  view.  13.  [9,  [10 -|  9, 

^,    12.11.10      16.15.14.13  ,.    „,,  .         , 

14.     ■  ■   .  X r- .  la,  U  there  is  only  one 

thing,  it  may  be  given  away  in  n  ways ;  then  as  a  second  thing 
may  be  given  away  in  n  ways,  there  are  n'  ways  of  giving 
away  two  things;  and  so  on.  16.  n  =  2r+ 1;  r=8. 

17.  ,-,-^^^—  X,— r= —  x|»  +  r.     Or  if  the  m  things  are  exactly 
[r[m-r     ^^^     I 

\i  +  r                      n(n-\)(n-  2) 
alike,  and  also  the  n  things,  -r—. — .  18.  ~ . 

[r[»  [3 

20.  4080.  21.  86400.  22.  !5x[3;  if  however 
the  three  letters  are  to  retain  an  invariable  order,  the  answer  iB'[5. 
23.  10  .  9 .  8 .  7  -  9 .  8  .  7  witli  4  flags ;  10  .  9  .  8  -  9  .  8  with  3 
flags;  10.9-9  with  2  flags;  10  with  1  flag.     5275  signals  in  alL 

r..„ .,Gt)tH^lc 
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24.  90.     25.  36.     26.  3.<[4»:[4.     27.  n",      28.  ^~i.    29.  120. 
«(«-!)   p(p-l)  «(«-l)(»-2)  ;.(;>- !)(;>- 2) 

^"^  T3 r2^'^^-  ^^'^—[3 [3 — ■ 

124 
33.  IncpeasetheprecedmgreBultbyimitr.    34.  .■■  .isTTin)!-     35,  |7;if 

ll£i  ilfi 
however  each  set  may  be  in  order,  either  from  left  to  righl^  or  from 
rif^t  to  left,  the  auswer  is  8  X  [7.       36.    L  8.7.6.5  cases  without 

repetitioti.     II.  -r-^  x  L  cases  in  wUch  a  occurs  twice ;  also  as 

many  in  which  i  occurs  twice;  and  as  many  in  wliich  n  occurs  twice, 

14 
m-  iTTl  cases  ill  which  a  and  i  each  occur  twice;  also  as  many  in 

which  i  and  n  each  occur  twice  j  and  as  many  in  which  a  and  n 
each  occur  twice.    Total  2454.         37.53.        39.(4x11111x15. 

■X-TTXV     1    ^^-l^^'W      9  f'^*^,-^.      %    12.11.10.9    ,„. 
XXXV.   1.  ^-^a  5.    2.-^~^«a.    3. ^ a  b. 

2002  SOOl    — 
i.  j-^2 a'»a^.        6.  625-2000a!+2400a!'-1280«'+256ic'. 

.    9.8.7.6„,  ,,.  .      ,       10.9.8.7.6.,  ,!       .IL",, 
10.    t,(oW  +  oV).         U.  64a*-9&«*+36o'-2.         12.10c". 

1115 

U.  This  foUowa  directly ;  or  thus,  (l  +  a!)"*'(l-fl:)  =  (l+x)"(l-3:'). 

16.  From  2ndto5Uitennflof{3+2)'.     18.  ^^= 7(-l)*''. 

|2.(-l)-»—"-       [2»(-l)-;.. (-l)-ll.. 

[r-l  |2w-r4.1  '       [r^  |2n-r..l  '  {^(^     ' 

20.  (:.?+aV.i»  +  "V(-l)n'-»V(-l)l- 

L._. ^,Gt)t)^le 
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\i 
,5      (.-l)(8i.-l)(8.-l) Kr-l).-l|^ 

j5       (p-l)(ip-l)(3p-{) ](r-l)r-l|^ 


14. 


^. '■->'■  "■  [rS- 

7.8.11 (2--t5)   .  ,.    1.5.3 (tr-3) 


20. 


28.  SndiiiidSrdteniis 
30.  5th  and  6th  tenns 


*    2    '        oo   «_i.  12.13  1     78 

4.5.6  /5V     9375 
24U1' 

31.  3rf  Usnn  .  ° -'j  ( j^j .  32.    If  n  .  1  the  2nd  uid  3nl 

tenns  are  the  greateet ;  if  n  =  2  the  2nd  term  is  the  greatest ; 
and  for  all  other  valaes  of  n  the  firet  term  ia  the  gieatest 

33   "'^'^  34.  Siith  term.         37.  — *-' <2a'+4»+3). 

38.  Coefficient  of  a:*  i«  — ^ —     '"^",  ;  coefficient  of  a:*"  ia 

obtained  by  dividing  this  expreasion  bj  a.  41.  (l^a)     > 

t<».  i^  ^i       41    J|.        45.  g-('"^l)-;_;.(8»^^-l). 

XXXVU.    1.6.     2.-16.     3.  2'.3'+2'.3+2'.3'+y=19y5. 
4.  3.  6.  -  2*5  +  2*  .  3' .  5  -  3'3'5. 

fi    l,.,/^  2"  2"  3  1  \ 

"■  '^1181*     l7l2[3"^^6lJ|2"^(5]ti■*■|^8/■ 
7.  2'.S.7'-2'.3.5V7  +  2.5'.  a  -61.  9.  -20. 
15     35     (13  _     37                     1                      o^.^,.^35 

r..„ ^,Gt)tH^le 
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U  (y-'-y.;").       u.  50.       15.  "•^^•-f"'*"". 

16.  The  expi-easion  IB  {(1 +«)(! -«)"'}'■    Hence  tlie  coefficient  is 
7.6.e.i    f.6.5   1*     Vj   U.15     r  14.15.16     14.15.16.17 

|4       *    |3     'T*!.!'    1.2"  *1'       |3        +  [4 

17^4.1  .(n^l)(»-2)(„-3)        .(n-l)...(«-4) 

17.  m  +  1.  18.  ^  3+ |jjj 23 

»(-!).  .(»-5)           »(„-l)...(„-6)          n(„-l)...(„-7).. 
|4[3  -^3+  [e "* [8 2- 

19.  0.  20.  5o,*  +  20a,o,rt,'+10a>,*. 

21.  "'"-;.'i-'"v-»,».-^"'"-"ij-<"-'>v-.>. 

H-"'''-'>jj-'''-*>a.--V.       22.-23.       23,-1*^". 
24.  .«,<.» («-  l)»,a.t'" '" " ,'■> <"  -  ^> .;.  25.  20.     , 

26.  -210.  27.  1260.    .  28.  12600. 

29.  a-+™.-(6+e)+i|^'»— (i+c)'+^ii^=^&^»— (i+c)'. 

.(»-i)(„-2)  jio       ,,  ly 

30.  |3  d-    {atbtc).         31.  ijjjrj.         32.  jjjip. 

,1    ,     >.    ("1     3S'\         /36     Si-N         /3     15i"     356'\   , 

35.  l  +  fa-^j— j-)^-(^^-^J»-  +  ^j— j-H._g_j... 

36.  o-'-a-"fa-(o-"o-»-S')>!' 

+  (2a-'6c  -  a''b')  as*  +  (o"V  -  Sa'Vc  +  «-'5*)  a:'. 
37    1     ^."'"-"'x-    "(''-2)(— 7)j 

38.  May  be  proved  by  Induction.  39.  For  the  firet 

part  put  x=  1.  For  tho second  part,  let  .^denote  the  Bories,  bo  that 
£=a,  +  2a,  + 3a,4. ... +nra,^ ;  and  aa  the  coefScieots  of  terms' 
equidistant  trom  tlie  beginning  and  the  end  aro  equal,  by  Ex.  38, 
^=o^_,  +  2a__,+ ... +  Bra^     Then,  by  addition, 

25=nr{o,+ a,  ...  +  <!_}  =  nr(r+I)".- 
T.t  r,, GomIc 
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change  ths  sign  of  x,  mod,  emce  tiie  Doefficients  of  tenoB  equi- 
diatant  from  the  begimmig  and  the  end  are  equal,  we  hare 

(1  -SB  +  a^'  =  «„  -  <»^_,a!  +  fffc-r""  ~  *i— X  +  ■• 
Multiply  bother,  and  select  the  coefficient  of  a^ ;  this  will  there- 
jbre  be  equal  to  the  coefScient  of  x"  in 

{l  +  a;+a^'(l  -x+a^,  that  is,  in  (1  +a?  +x')\ 
Then  put  a*  for  a^*,  a,*  for  o„_,',  ...  and  divide  both  eidee  by  2. 

XXXVnL     1.  4.  2.  S.  3.  1.  4.  5. 

5.  3;-2.  6.  -698970-2;  -732393.  7.  -778151-3. 

10.  j  [log  10 -3  log  2}.  15.  20.  20.  About  125  yeus. 

XXXIX.     1.    This  is  an  example  of  equation  (1),  Art  545, 
in  which  m  =  (x+  1)  (x—  1)  and  n  — x', 

2.  log(ar+2/.)!»:-log(*+A)'  =  log|l- 

5.  log(3+3x+«')a:-31og(l+iB)  =  log|l-T=--^[.     6.  Webave 

to  find  a  series   for   log(a!  +  l)--= i^^'K^  +  s i'*'8(*~l)t 

that    18,    for    log  (l  +  -^  +  ^^log  A-iV      that     is,     for 


U+ 


M^4>^..-^-^-  »(i-3-=<>-£4.  ■)• 


i-i 


XL.     1.  Seriee=— < + ;; — Ac.V;  convenient  by 

a(x     x  +  a     x  +  2a  j  °  "" 

Art.  558.  2.  Divergent  if  a!>l,  convergent  if  a:<l.  Ifa!  =  l  the 
gena^I  term  is  — j — -,  which  is  >  - ,  and  the  series  is  divei^gent. 

3.  Convergent  if  o>l ;  divergent  if  a<\.  If  o=  1  the  series  ia 
obviously  divergent.  4.  Divergent  if  «>!,  convergent  if  a:<l. 
If  X  =  1  the  series  is  obviously  divei^;ent.  5.  Same  result  as  Ex.  4. 
fl.  Series  >  1  +  ^ — ^  +  - — -  +  — -  Ad,  and  therefore  divergent. 

r..„ ^,Gt)t)gle 
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7.  Divergent  if  *>!,  convei^nt  if  i«:<l ;  ifa;=l,  obviously  di- 
vergent 8.  E«suItB  the  same  as  in  Art.  562.  9.  Divei^nt 
if  a:  >  1,  convergent  ifa:<l;  ifa;=l  it  iaa  series  diacuased  in 
Art.  563.  10.  Conveigent  if  ij;<I,  divei^ent  if  a!>l;  if!t  =  l 
the  reaulta  are  the  same  as  in  Art.  563. 

XLL     2.  X900.  3.  ^.  4.  SJ.  5.  40  :  41. 

6.  Between  48  and  49.  7.  Nearly  32. 

XLII.     1.  Tyeara.  2,  120  days. 

A      ^        tf         ^         ^^  given  siun 

S^^  1F*~R^~  £-"+  H^  +  Jf^'  ^'  ^1"^** *^°  coefficients 
of  af  in  (l+iB)'=(l+a!)'(l+a:)'-'.  9.  Equate  the  coefficienta  of  aT 
in  (1  +  a;)'  =  (1  +  a;)""*'  (a!  +  1)""'.  10.  It  will  be  found  that  the 

whole  coefficient  of  a  vanishes,  and  also  the  whole  coefficient  of  j3. 

XLIII.  1.  .£24.  XOs,  2.  Cent,  per  cent  3.  4  per  cent 
i.  X6400.  5.  3J.  6.  £7297-98.  7.  £225,Wr- 

8.  l£i-^«?^alittIen.owthan9.        9.  ^r-^,  where^ 
log5-log4  E'      R~m 

is  the  first  payment ;  m  must  be  less  than  S.  10.  <"'. 

11.  7>/'^±iV  12.  P(l -»•)■.  13.  ./I  X  2-617238. 


TTTTV       1     r^.   1      1      1     '                 3      1      '      1      1 

1     1 

1  +  65 

,1111111     ,,111111 

'■  2+4*3+24-It2*170-      *■  '""44-1+1+11-24.3 

1   1 
fl— 3- 

,   3     22     355                         ,    1      7       8       39 
°-I'   f   lis-                        *■  J'   25'   33-   lol'" 

„■,._     ,    2     3     14     17                 „   3     19     11? 
J1.1.V.     '■   !■   ].    5  .    0  •                -'■  1'    6"'    37 

721 
228* 

,   3     4     11     15                                 ,    4     S3     2C8 
'■  1'  !•  T'  T-                          *■  I'  T'  IS-' 

2177 
■528- 

.    4     9     13     48                                 .   5     51     515 

5201 
1020- 
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S     SC     2M      1351 


7     32     B9     51 


a+  '2a+  2a  + 


.    6     7     37      S4 
*•  I'   I'  T'   T- 
10     Ml     4030     80601 
^       1  '    20  '    401  '    8040  ■ 
2g'  +  l      ia'-t-Sa       8a*  +  8a'  +  l 
2a     '      4a'+l  '        8a'+4ffl     ' 
1  1  1  1  a-l    a   2g'~a-l      2a*- 1 

12.  «»-l+i^2{a-l)+I+a(»-l)+'"     1    'i'     2a-l    '        2a    ' 

1111        a     Sa+I     4a' +  3a     8o'  +  8a+l 
*^  '**2+2^  2?2i""I'       -3     •     4»+l  '        &  +  4      " 

,      1         1         1    L„ 

14.  "-»+2T2{a-l)+2+2(a-l)  +  -- 

a-l     2a- 1      4a'-5<n-l      8a'-8a+l 
1    '       2     '       ia-S      •        8a-4      ' 
[IS  and  14  are  cotmeoted,  l>ecauBeo*-a=(«-l)'  +  a-l.] 
,„    256      ,.1520      ,.1  .1  -.1  ,1 

"■-ir-    ^'^273-    ^^■(44y'^2(49)'-   ^''- (240? ""^ 2(2Tn?- 
1         J       1  ofl   1   3   13  42     -,    485      .„    211 

2^-  (273?"'^2(2885y'-     ^^-  2'  7'  30'  VV    ^^-  396'     ^^-  W " 

-    ''''     '''  -"*  31.1^.  32.^3. 


360  '   360* 
PoeitiTe  Tooio{^+2x- 
Thatof  7«'  +  8«!-3=0. 


41  ■ 


35. 

XLVX  1.  «=-2)  y=l. 
&  i*~l  odC,  y  =  20or  1. 
6.  (i!=2fi-7^y  =  25  +  3(. 
?.  a:  =  e,  y  =  3.  6.  !C  =  ?, 


n.  4o 


10.  ar=3r,  y-13. 

13.  4,  or  5.  14.  2. 

17.  3  {fomoaB,  SI  half-crowns. 

19.  183,  15;  119,  81;  53,147. 

21.  "WTien  n  is  ev«n,  Uie  commo 
the  eoBUaoa  diffeveace  may  be  1 

2a  104  +  3.6.7.A  24.  97. 


114" 

=  0.  34.  That  of  7ib'-8ib-3=0. 

36.  Tliator59a;'-319a!  +  431-.0. 

2.  m  =  i,  y=^S. 
4.  S=l  +  7<,  a!=41-10t 
Si.  a:  =  90-19i,  y=13t 
=  5.  9.  a;=ll,  y  =  18. 


12.  19  or  20. 
15.  16.  16.  5. 

"  18,  3  BOvereignfl,  20  franoa, 
2Q.  2?,  20. 
'  ia  3 ;  vlken  n  is  o44 
22.  245. 
26.  Ascribe  to  y  succe^- 


nvdy  the  values  1,  2,.. .8;  and  in  each  case  find  the  ocsreepond. 
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ing  values  of  x  and  z.  2&.  x  =  I  +  St,  y  =  51  -  It,  »  =  63  -t-lSf. 
27.  Allowing  a  lero,  there  we  15  eolations;  ezcludibg  it,  there 
are  14.  The  solutions  are  found  fixnn  100  — <  half-crowns,  6( 
'shillings,  and  100  -  7*  sixpences. '  28.  Allowing  zeros, 

4  BolutKHis ;  sxcluding  lliem,  2.  The  solutions  ai^  foimd  ^m 
i  —  t  gninea*,  5t  crowns,  and  12  —  4f  shillings.  2Sl.  6  crowns, 

1  half-crowns,  2  florins.  30.  100.  SI,  205,  SOS.  32.  S74. 
33.  5567.  34.  80  ducks,  19  ox^n,  1  sheep;  or  100  sheep. 

35.  ^ ,  I ,  ^  .  36.  49,  43,  38.  37.  The  107*  and 

104'^  diviaione  rockoned  from  either  of  the  coitunoa  ends. 

38.  We  must  solve  5a!  +  4;/  +  3?  =  20 :  t^e  accompanying  table 
exhibits  the  wlutiona  of  this  equa- 
tion. Then  we  can  use  (1),  (4),  (5); 
or  (2),  (3),  (5);  or  (3),  (4),  (4). 

(1)  (2)  (3)  (4)  (5)  (6)         39.  £2.  11».  6rf.      40.  £.2,  15». 

XLVn.    1.  a:  =  2,  y.4;  ai  =  3,  y=l, 
i.  x=ti,  y^21;  x  =  B,  y  =  7.  3.  x  =  18,  t/  =  S. 

I.  a!=10,  y=l.     5.  360.     6.  1684  square  yards.      7.  10  and?. 
).  (B=0,  y  =  3j  a!  =  2,  y  =  I.  10.  »  =  J,  y  =  3;  81=53,  y=  15, 


V 

0 
2 

0 
5 

1 
0 

1 
3 

3 
1 

4 

0 

4 

0 

5 

1 

2 

0 

XLTin.    1. 


1/2: 


(¥)■■ 


»-{3(-»)--p,]"^. 


■  \2     2-' "2. 3"') 

.  ^a^■l)^.               6.  (T«*5)<3a!)-.                1  («  +  !)■«•. 
,  l  +  x-af-ic' 9.   l*Sx  +  a^-ia^~llx* 

■2*2***2*8  "'J^rf*,."     ?•■■■ 

■  a-I  \l+x     l+aTxJ 

_^_/J 1 '        ,         V^ 

•      (l-ffl)'Vl+a!      1  +  ax     l  +  aTx     1  +  o^W ' 
.  a=l,  b=U,  e^n,  d~l,  et^O. 

r..„ ^,Gt)t)^le 
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i-Ux         ,,  ,.     ,,„  ,. 


4.  asleastiiani.  5.  2-'{5n  +  S).  6.  3"-»-l. 

1  1  1(1  1        )    _i^ 

^    *         it;;"  iU     2(r.+  l)(n  +  2);'  32' 

1/1    1    1    _1__   1        1  \    11 

•3\I*2'*'3     n  +  1     »  +  2     n  +  3/'   18* 


96     2(»  +  2)(n-f3)     4(»*l)(»  +  2)(n»3)(»  +  4)'   96' 

5  31.4-5        ,  6  ,    n(^  +  i)(n-H) 

6  {n  +  2){n-t-3)'  6'  *■  6 

„    '^'""-'>-J,"^5"-''"".             12.  »..(,  +  h-)-. 
13.  Eipuid  and  m  gel  (i^.{l +(]-^+ (TT^* }• 

u.  yfi.^.ti-^ .■........".'"')  ■'":"'-^'.-'!. 


-Mr-('-r 


18.    Ifi5.  19.   460. 


22.  Proceed  aiua;  suppose  (l  +  aw)(Ui«!'w)  (1+**") (1+*:'''} 

=  1  +  AiV+  A^^+ +  A.fV',  where  J„  J, A^  do  not  coii- 

tein  V.     Ifoto  ekcmge  v  into  xv  ;  thus  we  can  infer  that 

(\*AyV  +  Aji^  + +^if)(l+a!'*'i.) 

={l  +  -i,aw  +  ^,a!'o'+ +  .i,afty)  (I  +  *»). 

Kow  equate  the  coefiGcients  of  the  same  powers  of  «  on  the  two  sides. 

25.  i±J=.j_-i--^;  therefore  {1+»){1-V +  «'-«■+ { 


"l-ajV    "^1-*/     '"l-iC     (l-ic)*"*'(rr^ 


"(l-«)' 


Expand  each  term  of  the  last  line  hy  the  Binomial  Hkeorem  ami 
then  equate  the  coefficients  of  x'  on  Uie  two  sides.     .  , 
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LL    8..  2*'  is  >  pr  <  se  +  1  mscordulg  ae  »  la  >  or  <  1. 
1 6.  This  depends  on  the  sign  of  (a  --h){b-  e)  (c  -  a). 
32  and  24  depend  on  Art.  681.  23.    Ab  many  of  the  fol- 

lowing inequalities  as  may  be  required  will  be  found  to  hold: 

2(M-l)>n,    Z{n-2)>n, ;   then   by  multiplication  the 

result  is  obtained.  25.    This  may  be  deduced  from  Ex.  23. 

29.  See  Ex.  3  of  Chapter  XXV.  31.  Multiply  up  j  then  use 

Art.  681.  32.    Put  l-a  =  6,  and  expand  (l-6)'by  the 

Binomial  Theorem ;   the  series   will    be    convei^ent.     We  shall 

then  have  to  shew  that  l--^^~J^^+^°'~^\*'°~^^^', >1; 

If-  15 

and  this  is  obvious,  since  x  is  <  1. 

LII.    2.  66.  3.  3.5'.4r.  4.  S'.S'.a*. 

8.  2'.{823)'.  12.  Supposen  to  lie  between  m' and {m  + I)*; 

then  n  —  aS  =  (m' +  m  —  n)',  19.  n'  —  n+\  is  gl-eater  than 

(n— 1)' and  less  than  n'.  20.  Suppose,  if  possible,  n'+ 1  =m'; 

then  n*  =  (j»-l)  (nt  +  1).  Now  no  factor,  except  2,  can  divlds 
both  m  —  1  and  m  + 1,  and  2  Cannot  here  divide  them,  for  n  is 
odd.  Hence  m—\  and  ni -f  1  must  both  be  perfect  cubes  ;  but 
this  is  imposaible;  for  the  difference  of  two  cubes  cannot  be  so 
small  as  2.  35,  36,  37,  38.     These  aU  depend  on  Fminat's 

Theoi-em.  40.  48.  41.  96.  42.  400.  43.  ^968ft 

44.  2"'5-'.  45.  12.  46.  12.  47.  160;  1481040. 

48.6.  49.  12S.  50.  24  J  15.  51.  (»  +  l)'.  53  and  54 
must  be  solved  by  trial;  the  answer  to  53  ia  2*.  3".  5,  and  the 
answer  to  54  is  2'.  3'. 5.  7.  57.  a:  =  2.  5'.  7'.*';  y  =  2.5.7.t 

LIII.    1.  27  to  8  against       2.  ||.       4.  |.      5.  |.     6.  ^. 

7.  ^.       8.  7b)2.       10.  .^'s  chanoe  of  losing  is  |,  and  of  neither 

winning  nor  losing  is  | ;  D'b  chance  of  winning  ia  |,  and  of 
neither  winning  nor  losing  is  ^  ;  £  and  C  have  each  the  chance  J 
of  winning,  ^  of  losing,  ^  of  neither.  Or  more  simply,  ^'s  chance  of 
winning  is  \,  B'a  and  Ca  ^,  and  D'&  ^,  if  we  suppose  that  one  of 


the  boabs  fmuf  «in. 

11. 

6 
9- 

12.j|j.      U 

3 

:».!. 

16. 

?•  '»• 

18586 
(3«r 

.     19. 

31031      „„    12393 
6-     •    ^°-  126UU- 

21. 

■-©■■ 

22. 

'-(i)' 

23. 

2551 

84. 

5-lSS,5-    - 

62.51.50.49' 

2072      „ 

n    * 

,„    1 

/»- 

ly-' .  f,  /'»-: 

IV) 

„   ' 

27.  f^.  29.5.  30;  ^Vj  H'-lVjl-?S5- 
32.  The  chaaoo  of  the  Borereign  bomg  in  the  first  pnrBe  is  to  the 
chanoe  of  its  bemg  In  the  second  as  10  is  to  9.  33.  ^. 

42. 


34 

■  6"  • 

6> 

36.  J. 

40 
4i 

46. 

16    11 

■  J-^7-3-3 

lalala ■ 

1 

■3^ 

6 

'7 

47. 

41. 
48. 

D33. 
11 

lml» 


So- 

1  both  casea. 
?     .,    16 

-g .       ...   J..      ™ „.    „;    J,.     51.   jj. 

£3,  Let  J'b  chance  of  winning  a  single  game  be  a^  and  .3*8  chance 

1  —  a! :  then  A'b  chance  of  winning  the  set  is  .■  —  ~  -^ .      54.  tt;  ■ 
l-as  +  ar  16 

_.  64       66     .  49  ,       .,_    ,  _.„  „    SO      ,  31 

^«-  W9'Wr   Wr  ^^'  (^^)-  ^^-  6l  '^^.6T- 

69.  21  shillings.       60.  43  shillings.       61.  ^£400.        62.  358.  SA, 

63.  £10.  64.  A  flcMin.  66.'  3florinB,  1  Borereign. 

66.  2  to  I;  J  of  what  each  stakes.       67.^^.       68.  ?'i^*!?. 
*  ^  (J*'+  1) 

69.   33333  ahUlingH.        70.  -  n  ahiUings.         71-  n"*         ^^-  5 ' 


"■;r]STT)-         "■   S-  '"■   1286'  *5144 

:77.  |.  80.  y.  81. 


1265      ,5087 
1286" 
mb*a 
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Answers,    uv.  lv.  lvi.  601 

LTV.    I.  ^{\-as')=-l^J3.     2.  Substitute  for  a?  from  the  first 
equation  iu  the  second ;  thus  we  obt^n  either  w*  =  6re  or  aj  =  -^  . 

4.  Square;  and  put  the  equation  in  the  form  (3;*-4a!)*  =  24(iB—l)*. 

5.  e  =  220.  6.  Multiply  up  in  the  given  relation. 


■©'={<-^ 


9.  Equate  the  coefficient  of  ib"  in  the  expansion  of  ■= -^f 

and  in  the  expansion  of  the  partial  fractiont  into  which  this 
expres^on  may  be  decomposed. 

3.8.  5.5.  6.  a!=26(:  y=495-21(.  7.  l-^~-^f -, 
■where  p  =  2".  8,  (1  -  «*)'  +  a:'  (1  -  (b)'  is  never  n^ative^ 

12.  -l<^n  =  log^.g.j.... 
general  term  of  the  series  as  -  +  log  (  1  —  - 1 ;  and  by  expanding 

It^  n 1  Uie  general  term  is  found  te  be  numerioally  leas  than 

— j.     Then  see  Art,  562.  14.  If  he  draws  again  from 

the  tame  bag,  his  chance  of  getting  &  sovereign  is  f,  and  his 
chance  of  getting  a  shilling  is  f  ;  thus  his  expectation  is  ^  ahil- 
lingB.  If  he  draws  from  the  other  bag,  his  chance  cf  getting  a 
sovereign  is  its  ^^d  bis  chance  of  getting  a  ■Trilling  is  f ;  thus 

his  expectation  is  -'  abillinga.  16. —r-a — rri 1 

whwe  S  is  Uie  amount  of  one  pound  in  one  year. 

'  LVI.  6.  Convergent  if  x  is  less  than  unity,  divergent  if «  is 
greater  than  unity ;  if  ic  is  equal  to  unity,  convergent  if  a  is 
negative,  diveigent  if  a  is  positive.  8.  Divergent  if  a;  is 

greater  than  unity,  convergent  if  ai  is  not  greater  than  unity. 

r..„ ^,Gt)tH^lc 
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9.  Divergent.  10.  Convei^nt  if  j  — p~l  is  poeitire,  diver- 

gentif  {— p-1  is  negative  or  zero.  13.  Convergent  if  a;  b 

less  than  «~*,  divergent  if  a:  is  not  less  than  «~'.  IG.     I.  Sup- 

poae  a- A  positive  :  the  seriea  is  convergent  if  /3  4- 1  is  greater 
than  a,  divei^nt  if  ;8  +  1  is  less  than  a ;  if  j8  -f  1  =  a  the  Beriea  is 
convergent  if  a  —  j1  is  greater  than  unity,  divet^;ent  if  a  —  j1  is 
not  greater  than  unity.  IL  Suppose  a  — A  n^atire :  the  series 
is  divergent.  IIL  Suppose  a  —  A  =  0;  then  apply  Art.  767,  and 
discriminate  as  in  Case  L 

LVIL     4.  y.  =  5a-'  +  (» -  2) b'a—  +  ^" ~  ^^,^'* ~ *^ &'«-' 

^(n-4)(.     5)(»-6)^.^._,^ ^ 

15 
then  ^^  can  be  obtained  by  Example  3. 

10.  Every  component  has  unity  for  denominater  j  the  numerator 
of  the  first  component  is  1,  of  the  second  is  ^x,  and  generally  of 


(2r-l)2r''"""^""'^^-"'^    "2r(2r-fl)- 
LVUI.     2.  ab  +  be  +  ca  +  2abe=l. 
3.  (a'  +  J'  +  c')'=-8(o6+6<:  +  ca)'.  4.  rt"  +  6' +  o'-oJc  = 

5.  a'bV  (o*  +  6'  +  c*  +  2abc)  =  aVe'.  6.  (»'  -t-  y*)'  =  a*. 

7.  5(a*-6")(2(i'+6')  =  9a(a*-c'). 


■{^J-(fifh 


10.  (a-6)*(o'+6'}  =  a'6*.  II.  (a  + /))*  +  (a - ^)>  =  2. 

13.  x{^~z^^2!,(z'-a?)  +  iz(a?-!,')-0. 

14.  (a  +  6)*-{a-6)'  =  (8e)*.  16.  399. 

17.  This  problem  can  be  Bolved  by  the  ud  of  the  prineiples 
I,  and  II.  of  Art.  814.  Let  p^  be  the  probability  of  a  sin^e 
event  with  three  cards  of  a  selected  suit ;  let  p,  bo  the  probability 
of  a  selected  pair  of  events ;  let  p^  be  the  probability  of  a  selected 

triad  of  events ;  and  so  on.     Then  i*,  =  mp^ ;    P,  =  — ^-5 />,; 

/*,= jg-     —    PiJ Wehavonowtofindp,,^,,  p,, 
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Imagiue  three  cards  fastened  together,  bo  as  to  fbrm  one  card ; 
we  should  then,  liave  mn  -  2  cards  iustead  of  mn.  The  number  of 
&vourable  cases  irould  be  \mn  —  2,    and  the  whole   number  of 


obtain  p^  we  mnst  multiply  this  result  by  [3,  for  the  cards  imagined 
to  be   fastened   together  could  be  permuted   among    themselYea 

6  6'\mn-i 

in  [3  ways.      Thus  p,  = —y. .      Similwly  p^  =  — .  ; 

and  so  on.     Hence,  finally,  the  required  chance  is 


-,»t{Tft-l) 


»(™-i)(™ 


IJ 

n{mn—l)     mn  ...  (mn—  3)       mn (mn-5) 

becomes  by  .e::pansion 

x  +  a^  +  s^  +  X^  +  af-h... 
-a;*  — a:' -«:"-«" -a:"—... 

-  a;'-  ib"  -  a:"  -  a:"  -  w"  -  . . . 


Then,  by  adding  the  vertical  columns,  we 

1  +  a:*  "^  1  +  a:'  "^  TT^' 


„  =  (l_:,)(l_a=')(l_a>)....    ^  =  (1 +x)  (I  ^^-Xl +«;') ..., 
y^il-^il-x'Hl-x-)...,    8  =  (l+a=')Cl-.-a>'){I+aO-.-; 
then  a^  =  a-iO(l-«')0 -«")■■•.  yS  =  (l -i«*)<l -a=')(l -*">■■ 
thus    «/3y8  =  Y;  therefore  q^S=1,    and   therefore   -  =  ;88. 
21.  4K*s/(2'"-pV)}  =  {3**V(2r*-p")}'. 
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C04  AKSWEBS  TQ  1I13CELLAKE0US  EXAMPLES. 

ANSWERS  TO  MISCELTiAHEOUS  EXAMPLES. 

1.  7a-2y-6s.  2.  ax*  +  b3^  +  e. 

5j+2  26a!'-f38aa!  3a*  +  6aa; 

'  7iB-4*  (5*+3«)(7ic+9a)'     (2fl  +  «) («' - a^) ' 

5.  I.  6.  x==,   y  =  3.  T.  ^travels  64  houre  before 

LeoTcrtateaJ.  8.80,128.  9.  o'  +  o-~.  10.  3,  | . 
11.  10.  12.  «'-(4a'+96')ai'  +  3ea'6';  7**  +  Ew'y-83y'-3y'. 
13,  ,...,(..3)(...,  1*.,^'^^".%-  '»■!• 

16.  3:  =  11,  y=6,  17.  49 iS:  minutes  past  9.  18.  Each  in 

50  days.  19.  2x-.3ii +s,  Sa  2,  4.  21.17. 

22.  x'+{a+h)x^-(Ga'-ai,+Gl>')x'-e<a(a+b)x+36aV;  x'+ix+lS. 

23.  x+2.  24.  1.  25.  3.  26.  x  =  ^,   y  =  ^. 

27.  9f  miles  from  Ely.  28.  90  benches;  10  persons  on  eacL 

29.  a!'-2a:'  +  a;-2.  30.  |,  -^.  31.  7,1,3. 

6       3*     2^      .        ,  »V5j;  +  24  3(1-1- a^ 

*2-  loo-io-'Tu-'^'^^^-    *^- 24i=T5STT-     ^*-T3^- 

35.15.     36.  !B=ll,y=7.    37.  48  of  each  kind.    38.  A  man  receivM 

£4.  it.,  B.  Toman  £3,  a  child  £1.  16*,  39.  -  -  ^  -  4^ . 

y     2      2a: 

40.  6,  -^.      41.  4,2,  4.      43.  The  Becond  expression  will  divide 

the  first ;  so  the  Becond  is  the  a.  c.  h.,  and  the  first  is  the  l  a  M. 

44.  ijLL^Ji±3,       45.  J.        46.  x=3,  y=5,  «=7.        47.  30. 

48.10.       i9.  J(a-b)+J{b-c).       50.  1,3.       51.  4{aa!4-6y-i-«), 

53.  (c'  +  y".  54.  2.  55.  i.  66.  x  =  ^,  ff  =  -|. 

57.    J  in  36  days,  ,5  in  60  days,  0  in  15  days.  58.  4J  miles. 

69.  as'-a^-S.      60.0.-7(06).      61.  2(a!  +  4).      62.  ^"^jj"^. 

I..., ^,Gt)t)gle 


ANSWERS  TO  MISCELLANEOUS 
63.  a!-3y.         64.  ^~^.^|.  65.  2.  66.  x  =  a,y  =  b: 

67.  XIOOO.  68.  84  for  the  resolution,  onil  G3  against  it.  69.  6, 
70.^,^.         71.9.  73.  .-5.         7...-.         75.2^ 

76.  x=y-z=a*+b'i-c*-td>-bc-ea.  77.    In  10  more  minutes. 

78.  Twopence  on  the  first  day,  J  of  a  penny  on  the  second  day. 
80.-4,-7.  83.  a:"- So*  +  a'.  ^^-  Y^'  ^^'  ^' 

86.  x  =  l{b  +  c),  y^lic-va),  *  =  J(a  +  6).  87.  £600000  of 

ordinary  stock.  88.    3,  4,  5  milea  an  hour  reBpeotively. 

89.  -05772.  90.  c,c-^.  91.20.    93.  a;V(2m-3)a!-6m.    95.  a:- 1. 
96.  x-a  =  y-b  =  z-o=-^{a  +  bi-c).        97.  60,30,  12. 
98.  14  miles  from  J  to  J,  16  from  5  to  C.  100.  111,112. 

101.  *1,  ~ ^ * ^^ .         103.  3,4,5.         103.  ar  =  3,  6;  y=6,  3. 

104.  3,-13.  105.  -1\.  106.  ^(l  -  \^;  ?^.  107.  6. 
110.  Between  90  Mid  11 9,  both  inclusiva  HI.  *(a+6),  ±{a-6). 
112.  a!'+'^~     ai  +  l=^Q.  113.  a!  =  ±2,  *4i  y=*4,  i2. 

114.  7.  U5.  IG3.  116.     ^ 

118.  M  —  m+l  ifr  is  not  greater  than  m;  »  —  r+1  ifr  lies 
between  m+l  and  n+1  both  inclusive;  0  if  j-is  gi'eater  than  n+1." 

119.  Divergent  120.  3'06864.  121.  1,-4^*^*^  122.  26'=9ac 
123.  3,4,-6iVS;  4,3,-6^2,^6.  124.  30,36,45.  125.^-^ 
must  be  a  positive  integer,  and  f-r —  1  >  +  -7-  must  be  a  perfect' 

square  and  a  positive  integer :  these  two  integers  must  be  both 
r  than,  the  bqi 


root  of  the  latter. 


ANSWERS  TO  MISCiXLANEOUS  EXAMPLES, 
l-t' 


12C. 
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■  ar-'{l-ry 
k  =  0  or  =-2abe 


120.  3.      131.  3,  ^. 

;  —  c  =  — ^— = — - ,    where 
134.  JSlhatf- 


(b-e)  +  b'(c-a)-K^{a-b) 

'(b  -  e)'+  b'(c  - a)'+<^{a-b)' 

croviiB,  16  stuUings,  13  sixpences ;   £  29  half-crowns,  24  shUlings, 

Tsutpencea.     137.  6 [6.     130.  Divei^ent    141.6,-3.    142.6400. 

143.  a!=*|,  -=^;  y  =  *S.  '^-  ^**-  ^^  '"'^^  "»  ^*>"''- 
140.  18.  151.  5,  -H.     168.  ^=2*.  (H)*;  ff=2*.  g)*. 

154.  75  per  cent.  157.  [7-2[6.  159.0.  160.  1666  nearly. 
161.  a:+-=.-4*,y0,  whenoeatinaybefound.  162.  ^  10  miles 
an  Lour,  B  12  miles  an  hour.       163.  k  =  -2,  -tT'  y^T'  **• 

164.  jc^O,  y  =  0,  s  =  Oj  ori  =  s.  y  =  s,  «  =  -!■       ISO.  Either 
40726 


)r6=-2a,andc=4a.     169.- 


170.  1-21534  nearly, 


171. 


^1 


172.  aV-2a'(6'-2ac)a!  +  6'{6'-4<M)  =  0. 

69       21    

"  25  '  '■  29  ■  29 


i«-p|„-^l^lg- 
183.  a!=81,  16;y=16,  81, 


174.  Odays.  176.  1,  2,4,  8.  177. 

'^'-  ^'  \'  -\-  1^2.  £1045. 

184.  l=»V6-....2„fe.         186.   ^J^..  j£_,-^^_^^ 

ISO.  Convergent    if  x    ia    teas    than    e;     otherwise    divergent. 

191.  X-  -  =  —  o  *  ^(a' —  4),    whence    *    may    be    found. 
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b'tJ*  +  c*a'  +  a'b*  -  2a'b'e'  (a*  +  6'  +  e*) 
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J93,  11!  and  y  may  be  found  from  ib'+  I  =  *  —  a!,  y*+l=*mny. 

199.  Coni-ergent.         200.   [n  +  S  (^^ "^  ^^i^ ■*"  "^""jg""''^} • 
201.  l-x-!>^*x'+!>f+x'-af-a^-x"+x"+x-'-x";  l~x~x'+x'+x'~x'\ 
S05.  The  solutions  ore  found  fi»m    14t  ireighte   of  9  lbs.   and 
160  -  9i  weighta  of  U  IbB.  206.  (2'"-»-3}a'. 

209.  y^ofashillmg.  210.  Divergent  213.  19  years. 

215.  Tbe  solutions  are  found  &om  taking  204 -lit  for  tbe  nu< 
merstor,  and  l+5t  for  the  denominator ;  so  that  I  may  have  any 

integral  value  between  13  and  IS  botli  inclusive.  219.  j , 

222.  a:'-o*=y'-6'=s'-c': 

223.  rp  +  ?  =  2.  224.  The  quotients  are  a,  h,  Za,  b,  2a,  ... 

225.  (x-lly+lX2«+y-3).  233.  £693.  234.  The  quotients  are 
o-l,l,2(n-l),l,2(a-l),...  235.52.  240.  Divergent.  243.  18 nearly. 
244.  The  firat  quotient  is  a;  then  we  have  1,  2,  o,  2,  1,  2a, 
which  recur.       245.  Either  10  sheep,  and  2  buUocks;  or  5  bullocks. 

SM.  X8J.        250.  ^+  fatr-  32»--208.--  "'f "'' "'f "  . 
"  a:'— 4a: +  12 

251.  x  =  -i,  |;y=l.  I-  252.  a^-a  =  r{a,-a)+':^^d; 

put  »  +  1  for  r  and  b  for  a,^, ;  thus  a,  becomes  known  :  d  must 

lie  between  - -i—"^  and  ^^^.    253. £-645 nearly.    255.  Either 
«{n+l)         n{n+l) 

5  apples,  Spears,  and  4 peaches;  or  13 pears.     261.     , r^-f 

265.  The  emallest  number  of  coins  consists  of  121  of  the  lai^;er  and 

15  of  the  smaller;  the  smallest  sum  of  money  consists  of  10  of 

the  hu;ger  and  150  of  the  smaller,        269.  ,.," — ■  shillings. 
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COS  JUfSWEBS  TO  HISCELLAlfEOUS  EXAUPLI8. 

272.  x=a,  b;  y=b,  a.    273.  (7(*2)'.    275.  The  coefficient  of  a:"  i: 

10"+n(-3)-'.     276.  \-ix-23?;  l-3a;*-2a!'.     279.  IIj  ahillmga. 

281.  Between  land -4.     282.  (xy)^  =  <  **  7.    .o  =  &»»»  ttis  and 
ihe  first  given  equation  ve  can  find  x^  and  y^.  285.   66,  78. 

293.  ""-^^n^^^-  294.  a!  =  8,y  =  3;  x=127,3/=48. 

295.  27.  297.  £240.  300.  2  log  2  -  1. 


,  l_.i.)i.  hHc 
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